Theoretical Physics 6a (QFT): SS 2025
Exercise sheet 5

12.05.2025

(0 points) How much time did it take you to solve this exercise sheet?

Exercise 1. (50 points): Photon field

(a)(25 points) Consider the Lagrangian:

1
L= EEm + EG’.F. = -7 ,ul/ij -

1
2¢
where £ is a real constant. Derive the equations of motion and invert the result to
obtain the general photon Feynman propagator.

Hint: In momentum space the equations of motion contain no any other vectors or
tensors except for g and k*. Thus the propagator can be parameterized as:

DM = A(K*)g" + B(k?)kM kY

Note: Physical results do not depend on the choice of &, because this term goes
zero anyway after gauge fixing, thus for simplicity it is often set to be 1. Sometimes
the choice of £ is called by abuse of language a choice of gauge, £ = 1 refers to the
Feynman “gauge”.

(b)(25 points) Consider a state |U7) which only contains transverse photons.
Futhermore, construct a state |U7.) as:

w5 = {1+ a [af(F3) - o' (F,0)] } [wr),

with o a constant. Show that replacing |Ur) by [¥/.) corresponds to a gauge trans-
formation:

(V| A ()W) = (Pr|A*(2) + " AlPr)
where A is given by:

Alz) =R ia\gie“” .
Wk

Note: 0,0 A = 0, which means this is a transformation within Lorentz gauge.



Exercise 2 (50 points) : The angular momentum operator

(a)(25 points) Starting from the transformation law for the classical Dirac field
under Lorentz transformations, show that the generators of these transformations
are given by:

1
M, = i(x,0, — x,0,) + S0
Hint: The Dirac field transforms as

$(@) = ¥'(@) = S(a)p(a o),

under the Lorentz transformation x — z’ = az. The definition of the generator of a
a

Lorentz transformation is,

7
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Y(z)=e 2 P().

Explore the infinitesimal limit ot = g& + wl, with wf < 1 of the above equations
to find the solution.
(b)(25 points) The angular momentum of the Dirac field is given by:

1
M, = /d3x %(ﬂ?) |:i($u81, - xuau) + 50#11 5 wﬁ(x)

Prove that

(M) = =000 = 20000 (2) = 500,

where «, 8 and « in the above equation correspond to spinor indices, not Lorentz!
Hint: Under this notation, the equal-time anti-commutation relations have the form

[$p(2), 95w, =0,
WL @) vs(v)] | =80 @ - ).



