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Exercise 0.

How much time did it take to complete this exercise sheet?

Exercise 1. (100 points):
Dirac particle in a spherical potential well

Consider the Dirac equation,

la-pe+ Bmoc?| (r) = [E = V(r)]v(r),

in a spherical potential well,

Vi) = -V for r<R,
0 for r> R.

a) (25 p.) Show that

o o h B
a-p-—z(a-eﬁ(ﬁar%—r—rl(),

with K = (¥ -L+h)and &, =r/r.
Hint: use V =¢é.(e,- V) —é&, x (é x V).



b)

(25 p.) Starting from the Dirac equation, rewrite « - p as in the previous question

and then use the ansatz
oty = (£040.0)
if(r)os(0,0))’

where ¢ 4,p are the eigenstates of the o - L operator,

(0 L)ps=—h(k+1)¢a,
(- L)¢p = h(k — 1)¢s,

to find the differential equations for G(r) and F(r). They are related to g(r) and
f(r) as

foy =" gy = E
(25 p.) For '
k2 = i) (B +Vo)? = mgc*| > 0.

the general solution of the differential equation of question b is given by

G(r) = rayji, (kr) + azy, (k)]

K hckr

F(r) = 5l E + Vo + moc® a1 i, (k) + agyi, (k)]

where j; and y; are the spherical Bessel functions of the first and second kind.

For

- 1
2= ~The? (B +Vo)? = mgc'| >0

the general solution is given by:

2kr ~ -
G(T) = T\/T {blKlA_‘_l/g(l{ZT) + bQIlA+1/2(kT>:| ,
hekr 2kr ~ -
F(r) = (=01 K12 (k) + bayy (k)|

T E+ Vo + moc?

where K;;/2 and Ij; /5 are the modified Bessel functions.
In either case,

1

la= j+3 for k=j+3,
j—3 for k=—(+73)

and
i j—3 for k=j+1,
y j+3 for k=—(G+3).



Show that the transcendental equation that gives the energy spectrum of bound
states for which £ — mgc? > —V and —moc® < E < moc? is

Ji(kR)  kk  E4mec® Ki12(kR)

Jin(kR) |k EE + Vo +moc Ky 41 /a(kR)

You do not need to solve this equation.

Hint: your solution must be normalizable. Consider limits of the special functions
(Bessel, etc.) — do they exclude certain solutions?

You will end up with different expressions for ' and G for r < R and for » > R.
You can match their ratio at r = R, ie gigg = giggg, to cancel out the constants
and get an equation for the energy spectrum.

d) (25 p.) Starting from the equation of question c, derive the following relation for

s-states (I = 0), which correspond to j = 3 and k = —1:
R E + Vi + myc?

1 _ E V)2 — 2 4) \/
an (hc\/( +Vh)? — mic SRR T—

" he [ 1 1 } moc? — E | ]
R LE+myc2  E+ V4 myc? me2+E |
This equation relates the energy eigenvalues of the s-states to the properties of the

spherical potential well. Remarkably, we can (still) find analytic solutions!

Hint: you can use the following Rayleigh formulas for (spherical) Bessel functions:

Julw) = (~1)"a" (1;;) <n<>> |
yal) = —(~1)"a" (;;) <<>> |
in(z) = 2" (ii)" (Sini(w)> |

i = (1 0) ().

(@) =\ hop(e)  and k(@) = [ K ()

with



