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Exercise 0.

How much time did you take to complete this homework sheet?

Exercise 1. (50 points): Lorentz invariance and time-
and space-like four-vectors

a)

c)

(7.5 p.) Consider a four vector p with p*> > 0, i.e. (p°)> — p? > 0. Such a four
vector is called time like. Show that one can find a Lorentz transformation (a
boost, in this case) p — p’ such that the three-momentum p’ vanishes in the new
frame.

Hint: The use of rotations is allowed. So, feel free to choose your coordinate
system such that p points along one of the axes.

(7.5 p.) Show that it is not possible for p* < 0 (space-like four vector) to find a
Lorentz transformation such that the three momentum vanishes in the new frame.
Show that instead one can find a Lorentz transformation such that the energy
vanishes in the new frame.

(7.5 p.) Consider two four-vectors p; and ps of massive particles with masses my,
my # 0, ie. p? = /p? +m?2, i = 1,2. Show that p = p; + p, satisfies p*> > 0. Do

not use that one may choose a frame p, + p, = 0, because this would require
2
p° > 0.

Hint: Make use of the result of (a), i.e. for any four vector k£ where you know that
k? > 0 holds you can choose a frame with k = 0.



d) (7.5 p.) Consider two four vectors ¢; and ¢o of massive particles with the same
mass m # 0. Show that ¢ = ¢, — ¢o satisfies ¢ < 0.

e) (10 p.) Show that the following quantities are Lorentz invariant, i.e. do not change
when a system is rotated or boosted. The new system is denoted by a prime:

— The measure of the four-dimensional energy-momentum integral
dtp = diy, 1)
— the four-dimensional delta function for energy and momentum,
0 (p—q) =80 ), (2)

— the sign of the energy if the corresponding four vector is time like: if p° > 0
and p? > 0 then p° > 0.

f) (10 p.) Show in two ways for a three momentum p and the corresponding energy
E, =

VP? + m? that
&p _ & (3)
2E,  2F

holds for boosts and rotations. First by a direct calculation and then by relating
d’p / dp° 6(p* — m*)0(p°) (4)

to Eq. (3).

Exercise 2. (50 points): Rotations around the z-axis

a) (40 p.) A finite rotation can be expressed as a series of N successive infinitesimal
rotations where N — oo. For a rotation around the z-axis, this can be written as

2" = lim [(l—l—wJ)N]“ x¥
N xT 14 )

N—oo

where J, is the generator of an infinitesimal rotation around the z-axis. Show
that the finite rotation is given by

't = [1 + J? + cos p(—J?) +sin ngxr i

and calculate the corresponding rotation matrix.



b) (10 p.) Show that
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is a Lorentz transformation, i.e. that it satisfies
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