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1. Exercise (70 points) : Non-relativistic neu-
tron and electron gases
At extremely high density inside stars, inverse beta decay, e− + p+ → n+ ν,
converts virtually all of the protons and electrons into neutrons. These stars
(called neutron stars) are stabilised against gravitational collapse by the de-
generacy pressure of their neutrons (this is a pressure of free neutron gas).
Assuming constant density, the radius R of such an object can be calculated
as follows:

(a)(5 points) Write the total neutron energy in terms of the radius R,
the number of neutrons N and the neutron mass M.

(b)(15 points) Calculate the gravitational energy of a uniformly dense
sphere. Express the result in terms of the gravitational constant G, R, the
number of neutrons N and the neutron mass M.

(c)(15 points) Find the radius for which the total energy is minimal. Ex-
press this equilibrium radius R a function of h̄, q, G,M , and N . Express R
numerically as function of N.

(d)(5 points) Determine the radius of a neutron star with mass of the
sun. (Sun mass - 1.989 × 1030 kg, nucleon mass - M = 1.674 × 10−27 kg).
Compare the radius of the neutron star with the radius of the Earth.
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(e)(10 points) Determine the Fermi energy for the neutron star, in MeV,
and compare it with rest energy of a neutron. Are neutrons relativistic ?

(e)(20 points) Other cold stars (called white dwarfs) are stabilised against
gravitational collapse by the degeneracy pressure of their electrons (this is a
pressure of free electron gas). Repeat (a)-(e) for white dwarfs, the number
of electrons per nucleon q, where the electron mass m can be neglected in
comparison with nucleon mass M, and where N is the number of nucleons
(protons and neutrons). Assume q = 1/2 for the numerical evaluation. Are
electrons relativistic ?

2. Exercise (30 points) : Exchange forces in a
quantum well
Consider 2 particles in a one-dimensional infinite potential well

V (x) =


∞ when x < 0
0 when 0 ≤ x ≤ L
∞ when x > L

with L > 0, and where the particles are non-relativistic.

(a)(5 points) Find the energy spectrum and normalized wave-functions for
one particle. Classify the states as eigenstates of the parity operator. Here,
parity is understood as reflection symmetry with respect to the center of the
well. Is it possible to say a priori if these states are eigenstates of the parity
operator ?

(b)(8 points) Evaluate < x >a, < x2 >a and < x >ab. Find a condi-
tion on a and b for non-vanishing < x >ab. Consider the case of a = b
separately. Is it possible to have a state of two fermions with a = b?

(c)(7 points) Evaluate < (x1 − x2)
2 > for 2 particles 1,2 in a quantum

well in states a,b in case of distinguishable particles, as well as for bosons,
and fermions. Find numerically the relative influence of the exchange force

2



for the eight lowest states of energy for both particles.

(d)(10 points) Now consider two electrons in the same quantum well. Each
electron’s spin wave-function can be χ+1/2 or χ−1/2 (up or down). To what
spins can the spins of two electrons couple? Write down the spin wave-
functions of the two-electron system in terms of the spin wave-functions of
the individual particles. What can you say about the symmetry of each of
the two-electron spin wave-functions?

The total wave function consists of a spatial part and a spin part. What
can you say about the symmetry of the total wave function? What combi-
nations of spin wave-functions and spatial wave-functions are allowed such
that the total wave-function has the correct symmetry properties?
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