Appendix B

Legendre Polynomials, Associated
Legendre Functions and Spherical

Harmonics

1. Legendre polynomials

Let us consider the real vatiable x such that —1 < x < +1. We may also

set x = cosf, where ¢ is a real number. Th ;

(1=90,1,2..) r. The polynomials of degree /
1 d

i g =V

are known as the Legendre polynomials. They satisfy the differential equation

P(x) = (B.1)

(1—x2)d—2—2xd Ki
ey % + Kl + 1) {P{x) = 0. (B.2)

Furthermore, P,(x) !1as the parity (—)' and has / zeros in the interval
(—1, +1). A generating function for the Legendre polynomials is

1 ]
= Px)t, it < 1.
(l — 2xt + 12)112 lgo I( ) ” 1

One also has the recurrence relations

(B.3}

@4+ OxPy -~ (1 4+ P, = 1P, =0, {B.4a)
dp I+ 1D
2 _ oyt
(x 1) e =I(xP, — P;_}) = 21+1(P1+1 ~ Pi_y) (B.4b)

{also valid for I = 0 if one defines P_, = 0). The orthogonality relations read

(B.5}

+1 2
P . = —————
.[_] {(x)P(x) dx 2+ 1511'-
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One also has the closure relation

1Y (21 + 1) P(cos 6) P/(cos 8" = &(cos 8 — cos ). (B.6)
120
Important particular values of the Legendre polynomials are
PN =1, P(~1)= (- hH. (B.7)
For the lowest values of / one has explicitly
Po(x) = 1,
Pl(x) = X
Pylx) = $(3x* — 1) (B.8)
Py(x) = 3(5x* = 3%)
Py(x) = $(35x* — 30x* + 3).
2. Associated Legendre functions
These {unctions are defined by the relations
dll!
Pr(x) = (1 — )2 e P(x)y m=0,12...1 (B.9)

and we see that they are the product of the quantity {1 — x2)™? and of a
polynomial of degree (/ — m) and parity (—)' ™™, having (/ — m) zeros in the
interval {(— 1, +1). The functions PP satisfy the differential equation

[(1 ~ %) €S - L]P}"(x) -0  (B.10)
dx? dx 1 - x*
aftd they are given from a generating function as
m e}
2m - DI - xH™? a- 2xtt+ LR = EMP}"(X)I', <1
with
(m — Dt =1-3.5---2m — D). (B.11)
In particular, one has
PP(x) = P(x), (B.12)
Hm=m—mm—ﬂ% (B.13)
The functions P} satisfy the recurrence relations
@I+ DxP? - ~m+ DP; ~ (I +mPL,=0, {B.14)

(x* - l)(—g:—f = ~( + DxP7 + (I — m + DPTy

PP =+ mPL, O0€m€i=1 (BIS)
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X
P = 2m o+ DgmgiaPi ™+ (= m)(+ m 4 DPF =0,

Osmgli—2,
Pliy = Pl = — Q@+ (1= xB2ppt,
and the orthonormality relations

(B.16)
0<sm< -1 (B17)

+1 '
.[-1 PI(x)Pi(x) dx = 57—2+_1 %ﬁ—:ﬂ% - (B.18)
Important particular values are
Prty=Pr-D=0, m#0 (B.19)
[for m = 0, see eq. (B.7)]
. (2s + 2m)! )
PI(0) = {(*) Fis v myi’  fmm=2s (B.20)
0, ifl—m=25+1.
The first few associated Legendre functions are given explicitly by
Plx) = (1 - x})'7,
Pi(x) = 3(1 — x¥!x,
Px) = 3(1 — x¥),
Pi(x) = 3(1 — xH)H12(5x? — 1), (B.21)

Pix) = 15x(1 — x%),
PY(x) = 15(1 =~ xH*2,

3. Spherical harmonics

The spherical harmonics Y,.(8, ¢) are eigenfunctions of the operators
L% and L.. That is,

LY, = Il + Dh?Y,,, 1=0,1,2,... (B.22)
LY, =mhY,, m=—1L-I+1...,! (B.23)
with
L.= ih(sin ¢ E + cot #cos ¢ i) (B.24)
a0 3o/’
) i ] d
L,= —1ﬁ(cos ¢ e cot Bsin g a) s (B.25)
.0
L, = —u‘a% (B.26)
and
2
P=LI+L}+L= -ﬁz[s-'—i-hl-—-a (%(sin Ba%) + s—:ﬁlz—ﬂc%] {(B.27)

om g .

et L o LD ek e

R T

APPENDIX B B4

One has [1] .
Yl ) = (-1)" [(H‘; D 2 ; Z:;,] PrcosB)e™, m >0 (B.28)
Y0y @) = (= D" Yiri0; ). (B.29)

The functions Y, have the parity (—)". Thus, in a reflection about the
origin such that (8, ¢) — (m — 8, ¢ + =), one has
Yoln - 6,6 +m) = (=) V). (B30
We also note that for m = 0 and m = I'the spherical harmonics are given
respectively by the simple expressions

2+ 1
Y,00) =( -

)”2 P{cos 6) (8.31)

e 204+ 1 @ T2
v + - - t ilﬁ. Bl32
Y6, ¢) = (=1 [—-&— W] sin‘fe (B.32)
The spherical harmonics satisfy the recurrence relations
Ld: Y!m = ﬁ[I(l + 1) - m(m * 1)]”2 Y!.nl:l:ls
LY, =0
L+ Y:"_, = 0 {B.33)
with ) )
i — 4+ — . B.34)
Li=L,,11L,=ﬁe*""[iae+1cotﬂa¢] (
The orthonormality relations are

2=z L4
[ vi. @ om0, 000 = | Ja0 [[ a0sin0 Y210, 610, 9

= 8y Oy (dQ =sin 640 d¢) (B.35)
while the closure relation reads
53 V0. 0n0.9) = K2 = @) (8.36)
=0 m=-—
" 50 — 0)5(¢ — ¢ (B.37)
@ - @)= sin @ )

The first few spherical harmonics are given by
Yoo = (4"‘)_”2,

3 142
Y, o= (E:) cos 8,
P \1/2
Y1 = —(g-) sin f e'?,
' n
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1/2
) (3cos? 6 — 1),

5
Y-, = —_—
2.0 (1 T

6
15\1/2
You = _(ﬁ) sin 0 cos 9 e'?,

15 i a2 2i¢
Y2 = 2 sin’ g e*'%, (B.38)

172
Yio= (_n) (5cos® 8 — 3 cos 6),

6dr

10542
Y5, = (32—n) sin? 0 cos 8 ',

35 172
Y3 = -—(m) sin® 0 ¢3¢,

21 \!/2
Yy = “(—) sin @ (5 cos? 0 — 1) &%,

4. Some useful formulae

If r, and r, are two vectors having polar angles (0,, ¢,) and (6,, ¢,), and if
we denote by 0 the angle between these two vectors, the “addition theorem”
of spherical harmogics states that

w
13 4 +1
Picos0) = gy 5 Yi0u 6¥inl0n 62 (B.39%)

[+
or

dn +1
P{cos 6) = 57— Y Yh{P)Y.(P2)

m= -1
where ¥ denotes the polar angles of a vector x.
Other useful relations are

1 o . 3l
- Z (re) P(cos 8) (B.40)

[ry = 4 - =0 (?‘>)H1‘ !
or
1 - g 4 O () *
T T DA o, oy PPOYe(r) (BAD
where r< is the smaller and r> the larger of r, and r;. One also has
explikle, — )} . 2
caplikle, - il =ik ¥ (21 + 1) jfkro) b (kr,) Pfcos ) (B.42)

Py — #at =0

(B.3%b)
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or
; . w  +i
SRl =0 g T 5 ik HOr) YD VB (B4
12 =0 m=-1

where j, and A{" are respectively the spherical Bessel function and the
spherical Hankel function of the first kind (see Appendix C).

The development in spherical harmonics of a plane wave exp{ik-r) of wave
vector k is given by

exp(ik-r) = 4n )'fo S jikr) Yih) YinlP. (B.44)
120 m= -1

Using the addition theorem (B.39), we may also write

explik-r) = 5 (21 + Dij(kn) Pleos0) . (B4S)
[]

I=

where @ is the angle between the directions of the vectors k and r. In particu-
lar, if we choose the z-axis to coincide with the direction of k, we have

explik-ry=e% =% (21 + 1) it j(kr) P(cos 0). (B.46)
=0
Finally, we quote the relation

[ Yim (@ $inl0, )Yy 0, $) AR
=[(211+1)(2I;+1)(213+1)]”2(11 A 1,)(1, I 13) B4

4n 0 0 0Amy m my

where we have introduced the Wigner 3-j symbols (see Appendix E). From
eq. (B.47) one also finds that

b LTQl + D l)]”2
Yh.lm(gi ¢)Yh,ﬂu(9’ ¢) ‘—L=|hz,-h| M_Z_'_‘[ 47[(2[4 + 1

X <111200iL0><Illzm1m2!LM>.YL,M(B’ ®) (B.43)

where we have used vector addition coefficients (see Appe ix E). This last
equation may also be written in terms of Wigner 3-j symbols as
I+l +L

Y05 @) Yo, (0, ) = (~-DM

L=|h=i) M=-L

@l + DL+ DEL+ T2 L LY 1 L
x[ 4n ] 0 0 0f\m, m, M Ye,-ul0, 9)

(B.49)

Additional useful formulae involving the Legendre polynomials, associated

Legendre functions and spherical harmonics ma be found in the references
5] - . s

References and notes on page B7
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References and notes

[1] The equations (B.22)-(B.23} and (B.35) determine the functions Yim(8, $) up to a phase,
The choice of phase made in writing down the relations (B.28)~(B.29) ensures that
i) The functions Ym obtained in this way verify the recurrence relations (B.33)
ii) ¥ of@, 0} is real and positive.
Since different authors choose different phase factor conventions for the spherical
harmonics, one should be careful to check this point in dealing with the functions Yi,
used in the physics literature.

[2] AsramMowrrz, M. and 1. A, STEGUN (1965), Handbook of Mathematical Functions
{Dover Publ.,, New York) Chapter 8.

3] Macnus, W, and F. OBERHETTINGER (1954}, Fornulas and Theorems for the Functions
of Mathematical Physies (Chelsea, New York) Chapter 4.

(4] ERDELYI, A., W. Macnus, F. OBERHETTINGER and F. G. Tricom (1853), Higher
Transcendental Funetions (Bateman Manuscript Project, McGraw-Hill, New York)

1, Chapter 3.
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Appendix C

Spherical Bessel Functions

Let us consider the differential equation (4.20), namely

o2 I i

zdz
with [ = 0, 1, 2, . .. Particular solutions of this equation are:

i} The (genuine) spherical Bessel functions {or spherical Bessel functions
of the first kind)

1 \/2 .
if2) = (E‘z‘) JH-uz(z) (€C2)

where J.(z) is an ordinary Bessel function of order v. The functions f(z) are
regular at the origin {see eq. (C.11a)}

ii) The spherical Neumann functions

n 1/2
nfz) = ("’I)HI(E) Jop-1pa(D) (C.3)
which are irregudar solutions of eq. (C.1)
iii) The spherical Hankel functions of the first and second kind
hiM(2) = j2) + inz2) (C4)
and
W¥(z) = jlz) — in(2) (C.5)
which are irregular solutions of eq. (C.1). Thus
jlz) = 3[H"@) + W] (€C.6)

‘References on page 5
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and

n2) = ZTH) ~ K] cn

The pairs {j(z), n(z)} and {i1)(z), h{*¥(z)} arelinearly independent solutions
of eq. {C.1) for every /.

The first three functions j, and n, are given explicitly by

. sin z
Jo(z) = —,
. sinz  cosz
Ji2) = — - o (C.8)
. 301y . 3
jo) = {5 = -}sinz = cosz
z z z
and

nol(z) = Rk

z

cosz sinz

niz) = ——4 - —, (C.9)

z z

301 3
ny(z) = — =75 cosz—;smz.

The functions jy(x), ji(x), jo(x} and ng(x), n,(x), n,(x), where x is real, are
plotted in Figs. C.1 and C.2.

The functions j,(z) and #,(z) may be represented by the ascending series

[1-3]
(32%)? _
QM+ D3I+ 5

__Q@-npn 32’ (4z9)?
mE) = [1 TIE S TS G -2 }(C'mb)

where

z! I'l _ _}_22 .

jlz) = rF 1)![L 20+ 3)

- ] (C.10a)

20+ DN =1.3.5...Q2I + 1),
We see from egs. (C.10) that for z = 0 one has

1 2
e a—p ——— { Mgt e —— .
z "(‘)zqo(zu nw’ J‘(z),ﬂo(zu» nn’ (C.lia)
21— Dt
2 () - ~2 =D nlzn ~ m(——z,—+fl. (C.11b)
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Fig. C.1. The first three spherical Bessel functions.

For real x somewhat larger than X/ + 1) one may use the asymptotic
formulae

%) = Ssine ~ 3in),

(C.122)

W) = = ]; cos (x — 4in), (C.12b)
BO(x) > — iw, (C.12¢)
HOG) — § SR )} (C.12d)

X0 x

1.0

Fig. C.2.

The first three spherical Neumann functions.
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Some important properties of the spherical Bessel functions f; {with
1 jp y, B§V, HiP] are the recurrence relations (we assume that [ > 0)

21
fok® + fin@ = 2250 (C.13a)

d 1
5 e = m[’f:-;(Z) -+ Dfia(=)  (C13b)

1+1 d
Ji-i(2) = —‘z—‘fn(z) + a“;f:(z) (C.13¢)
i d
Jes@) = FD) = & Ji2). (C.13d)
One also has the differentiation formulae
d
) = 2 f- (@), (C.14a)
d
a‘;[z_‘fi(z)] = =z fi4.(2) {C.14b)
and the analytic continvations (with ,,m =0, 1,2,...}
JizemHy = em=ij(z), (C.15a)
n{zemty = (—1)" em=ly (z), (C.15b)
]!}”(Z gl2m+ 1)xl) = (_ ])lh’(Z)(z)’ (C.iSc)
D)z e2mr Dndy = (= DY), (C.15d)
Iz g2y = hf¥Nz),  k=1,2. {(C.15¢)
In particular, we see that
ji(=2) = (=12, (C.16a)
n{—2) = (=1)'"'nyf2), (C.16b)
MP(—z2) = (— 1K), (C.16¢)
W(~z) = (= )'AP2). (C.16d)
Additional useful properties of the functions j, and #, are
jk2) m- () — Jr=i(2) nfz) = =72, (>0 (C.17a)
d d
i) 3 =) = nh2) g 0lE) = z7? (C.17b)
[ 730y x? dx = $2°[jgx) + no(x) 1] (C.17¢)
§ 0300 ¥ dx = 3[nd(x) — jolx) 1, ()] (C.17d)
f i) dx = —jo(x) (C.17e)
[ jo(x) x* dx = 5%y () (C.17)
[ 7300 %% dx = BOLFY = Jim i OViren )], - 1> 0. (CATg)

APPENDIX C 5

! The last three formulae are equally valid with the j's replaced by the corre-
q sponding 7’s.

Let us also quote a few definite integrals [4} involving the functions j; and
which are often used in scattering theory calculations, namely

g I = Jab' M + 1)

¥

;

e S ()

! + 141 —b?
"3’"(H st "*i‘?)

2’ 2

(Re(a + ib) > 0, Re(a — ib) > O, Re(n + 1) > 0), {C.18a)

_@yyrd+n

L e jb0) ¥ dx = Sy (Rea > {Im b, (C.18b)

L] i
™ j(bx) x'*? dx = w (Re a > [Im bj). (C.18¢)
o (a* + b%)

Similar integrals involving higher powers of x may be obtained by differentiat-
ing with respect to the quantity a.
Finally, we note that

J. Jk) JAKT) P dr = o Bk — K. (C.19)
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