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Lamb	shi)	in	ordinary	H-atom	
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Lamb	shi)	in	ordinary	H-atom:		
reported	at	Shelter	Island	conference,	June	2-4	1947
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Precision hadronic structure 
from muonic atom 

spectroscopy program  



Lamb	shi)	in	muonic	H:	QED	correcEons
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Calculated)by)several)groups)

1)loop)electron)

2)loop)electron)

ΔE)=)205.0282)meV))

ΔE)=)1.5081)meV))

Muon)self?energy,)vacuum)polarizaCon) ΔE)=)?0.6677)meV))

ΔE)=)0.1509)meV))

other)QED)correcCons)calculated):)all)of)size)0.005)meV)or)smaller <<)0.3)meV)

Pachucki (1996, 1999)  

Borie (1976, 2005) 
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Muonic	Hydrogen	(μH)	spectroscopy	program	at	the	

Paul	Scherrer	InsEtute	PSI		(Villigen,	Switzerland)		
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The	μH	Lamb	shi)	setup	(2010…)	
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Principle	of	μH	Lamb	shi)	experiment

Pohl et al.(2010)  Antognini et al.(2013)  PSI	experiment	
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Proton	radius	from	Hydrogen	spectroscopy

3.70	meV	 0.0332	(20)	meV	

O(α5)	correc<on	

Pohl et al.
(2010)  

!H Lamb 
shift  

Antognini et al.(2013)  

 ΔELS$=$206.0336$(15)$$/$$5.2275$(10)$$RE2$$$+$$$ΔETPE$$$$$$$$$$meV$



Proton	radius	puzzle
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Pohl et al.(2010)  

RE	=	0.8409	±	0.0004	fm	

RE	=	0.8775	±	0.0051	fm	

5.6	σ	difference		

ep	data:	

μH	data:	

Antognini et al.(2013)  

CODATA(2014)  

2016		
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rp puzzle (2): Is the µp theory wrong ?

∆Eth = 206.0668(25)− 5.2275(10) r2p [meV]
Discrepancy = 0.31 meV
Theory uncertainty = 0.0025 meV
⇒ 120δ(theory) deviation?

10 -3 10 -2 10 -1 1 10 10 2

1-loop eVP
proton size
2-loop eVP

µSE and µVP
discrepancy

1-loop eVP in 2 Coul.
recoil

2-photon exchange
hadronic VP

proton SE
3-loop eVP

light-by-light

meV

Pachucki, PRA 60, 3593 (1999)
Borie, arXiv: 1103.1772-v6
Jentschura, Ann. Phys. 326, 500 (2011)
Karshenboim et al., PRA 85, 032509 (2012)

A. Antognini ECT∗, Trento 01.08.2013 – p. 13

Lamb	shi):	status	of	theory

μH	Lamb	shi):	summary	of	correcEons

largest	theore<cal	
uncertainty

Carlson, Vdh (2011) + 
Birse, McGovern (2012)

elas<c	contribu<on	on	2S	level:	ΔE2S	=	-23	μeV		

inelas<c	contribu<on:			 ΔETPE	(2P-2S)	=	(33	±	2)	μeV	

total	hadronic	correcEon	on	Lamb	shi)	

Current	experimental	precision	on	ΔELS		:	2.3	μeV	
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Proton	charge	radius:	present	experimental	status

from	recent	compilation		
H.Gao, M.Vdh   

Hydrogen	2S-2P		

Hydrogen	2S-4P		

Hydrogen	1S-3S		

Hydrogen	1S-3S		

2020		

- 3	out	of	5	new	results	are	fully	consistent	with	muonic	hydrogen	result	
- inconsistency	between	Fleurbaey	et	al.	(Paris)	and	Grinin	et	al.	(Garching)	results	for	1S-3S	H	:	
					Grinin	et	al.:	factor	2	more	precise,	2.1𝜎	smaller	than	Fleurbaey	et	al.,	∼2𝜎	larger	than	𝜇H	result			

Rev.	Mod.	Phys.	94	(2022)	015002
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Proton	radius	from	scattering:	PRad	experiment	@	JLab
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Xiong et al. (2019)  

➢ High-resolu<on	e.m.	calorimeter	(HyCal)	
instead	of	magne<c	spectrometer	

➢ unprecedented	low	Q2	

➢ to	control	background:	windowless	
cryogenically	cooled	gas-jet	target	

➢ Luminosity	control:	e-p	normalised	to	Moeller	

stat.	uncertainty	shown,	syst.	uncertainty		∼	0.1	to	0.6	%			
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Proton size  
and  

electromagnetic structure 
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Chiral	PerturbaEon	Theory	of	Lamb	shi)	

Eur. Phys. J. C (2014) 74:2852 Page 3 of 10 2852

Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3mℓ

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
ℓ) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P(Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

=

 Alarcon, Lensky, Pascalutsa (2014)  LO BChPT prediction:

EhLOi pol.
LS

(µH) = 8
+3

�1
µeV
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Fig. 3 The !(1232)-excitation mechanism. Double line represents the
propagator of the !

!E (inel)
nS = −αem

π
φ2

n

∞∫

0

dQ
Q2 w(τℓ) T (NB)

2 (0, Q2)
n=2= −5.2 µeV.

(17b)

This looks very different from the dispersive calculation,
cf. Table 1. The main reason for this is the !(1232)-
resonance excitation mechanism shown by the graph in
Fig. 3.

We have checked that the dominant, magnetic-dipole
(M1), part of electromagnetic nucleon-to-! transition is
strongly suppressed here, as is the entire magnetic polar-
izability (βM1) contribution, cf. discussion below Eq. (15). It
is not suppressed in the ‘inelastic’ and ‘subtraction’ contri-
bution separately, but it cancels out in the total. Thus, even
though it is well justified to neglect the graph in Fig. 3 at
the current level of precision, the split into ‘inelastic’ and
‘subtraction’ looks unfair without it.

In most of the dispersive calculations the cancelation of
the ! excitation, as well as of the entire contribution of
βM1, occurs too, because the subtraction function is at low
Q expressed though the empirical value for βM1. Even the
HBχPT-inspired calculation of the subtraction function [13],
which does not include the !(1232) explicitly, is not an
exception, as a low-energy constant from O(p4) is cho-
sen to achieve the empirical value for βM1. Even at O(p3)

HBχPT, the chiral-loop contribution to βM1 is—somewhat
counterintuitively—paramagnetic and not too far from the
empirical value, leading to a reasonable result for the ‘sub-
traction’ contribution. We take a closer look at the HBχPT
prediction for the various Lamb-shift contributions in the fol-
lowing section.

The central value for the ‘subtraction’ contribution obtained
by Gorchtein et al. [14] is negative, even though the !-
excitation is included in their ‘inelastic’ piece. The quoted
uncertainty of their subtraction value, however, is too large
to point out any contradiction of this result with the other
studies.

4 Heavy-baryon expansion

The heavy-baryon expansion, or HBχPT [20,29], was called
to salvage “consistent power counting” which seemed to be
lost in BχPT, i.e. the straightforward, manifestly Lorentz-

invariant formulation of χPT in the baryon sector [16]. How-
ever, as pointed out by Gegelia et al. [30,31], the “power-
counting violating terms” are renormalization scheme depen-
dent and as such do not alter physical quantities. Furthermore,
in HBχPT they are absent only in dimensional regularization.
If a cutoff regularization is used the terms which superficially
violate power counting arise in HBχPT as well, and must be
handled in the same way as they are handled nowadays in
BχPT—by renormalization.

In this work for example, all such (superficially power-
counting-violating) terms, together with ultraviolet divergen-
cies, are removed in the course of renormalization of the pro-
ton field, charge, anomalous magnetic moment, and mass.
We use the physical values for these parameters and hence
the on-mass-shell (OMS) scheme. This is different from the
extended on-mass-shell scheme (EOMS) [17], where one
starts with the parameters in the chiral limit. The physical
observables, such as the Lamb shift in this case, would of
course come out exactly the same in both schemes, pro-
vided the parameters in the EOMS calculation are cho-
sen to yield the physical proton mass at the physical pion
mass.

Coming back to HBχPT. Despite the above-mentioned
developments the HBχPT is still often in use. The two EFT
studies of proton structure corrections done until now [11,13]
are done in fact within HBχPT. We next examine these results
from the BχPT perspective.

One of the advantages of having worked out a BχPT result
is that the one of HBχPT can easily be recovered. We do it by
expanding the expressions of Appendix A in µ = mπ/MN ,
while keeping the ratio of light scales τπ = Q2/4m2

π fixed.
For the leading term the Feynman-parameter integrations are
elementary and we thus obtain the following heavy-baryon
expressions:

T (NB)
1 (0, Q2)

HB= αem g 2
A

4 f 2
π

mπ

(
1− 1√

τπ
arctan

√
τπ

)
,

(18a)

T (NB)
2 (0, Q2)

HB=−αem g 2
A

4 f 2
π

mπ

(
1 − 1 + 4τπ√

τπ
arctan

√
τπ

)
.

(18b)

The first expression reproduces the result of Birse and
McGovern (cf. T

(3)
1 in the appendix of [13]1). We have

also verified that these amplitudes correspond to the ones

1 At subleading order in the heavy-baryon expansion, we obtain

T
NB (4)
1

HB= αem g 2
A

12π f 2
π MN

m2
π

{
3 − 50τπ + 48τπ (1+τπ )−3√

τπ (1+τπ )
arcsinh

√
τπ

+18τπ

[
7 + 4 log

(
mπ
MN

)]}
.

This expression reproduces the g 2
A terms of T

(4)
1 in the appendix of

Ref. [13], apart from the terms inside the square brackets. These terms

123

Δ prediction:

Eh�-exch.i pol.
LS (µH) = �1.0(1.0)µeV
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 Lensky, Hagelstein, Pascalutsa, 
Vdh (2018)  
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present	accuracy	factor	5-10	worse	than	experimental	precision				

present	accuracy	comparable	with	experimental	precision	

Future:	factor	5	improvement	in	LS	planned				μH:	

μD,	μ3He+,	μ4He+:			

Muonic	atom	spectroscopy	needs	nucleon/nuclear	input

THEORY		 EXPERIMENT		

2S-2P	
Lamb	Shi):	

�ETPE ± �theo (�ETPE) Ref. �exp(�LS) Ref.

µH 33 µeV ± 2 µeV Antognini et al. (2013) 2.3 µeV Antognini et al. (2013)

µD 1710 µeV ± 15 µeV Krauth et al. (2015) 3.4 µeV Pohl et al. (2016)

µ3
He

+
15.30 meV ± 0.52 meV Franke et al. (2017) 0.05 meV

µ4
He

+
9.34 meV ± 0.25 meV Diepold et al. (2018) 0.05 meV Krauth et al. (2020)

�0.15 meV ± 0.15 meV (3PE) Pachucki et al. (2018)
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Next	fronEer:	Hyperfine	splifng	in	muonic	Hydrogen

dd dd dd dd dd dd ddd ddd ddd
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ddddddddddddd

ddddddddddddµddddµddd

Calls	for	re-evalua<on	of		
empirical	parametriza<ons	
of	nucleon	structure	
func<ons		

Measurements	of	the	μH	ground-state	HFS	planned	by	
CREMA,	FAMU,	J-PARC	collabora<ons	⏰

Towards the measurement of 
muonic hydrogen  

ground state hyperfine splitting 
ΔEHFS(�p)1S  

High precision spectroscopy in muonic hydrogen 

Andrea Vacchi on behalf of the FAMU Collaboration 
INFN LNF 7 December 2017 
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Hagelstein	et	al.	(2019)		

In	addiEon:	theory	shows	disagreement	between	data-
driven	evaluaEons	and	chiral	perturbaEon	theory

compilation	by  Hagelstein, Pascalutsa (2019)  

precision	goal:	1ppm	!

Currently:	theory	has	precision	of	only	around	160	ppm	
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	Next	fronEer	in	electron	scahering:		
Form	factor	program	at	MAGIX@MESA		

(Mainz	Energy-Recovering	SuperconducEng	Accelerator)



Low-Q2	proton	FF:	MAGIX@MESA
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Belushkin (Dispersion Analysis 2007)
Bernauer (MAMI 2010)
Data until 1980
MAMI ISR (Proposal 2017)
MAGIX at MESA E0 = 105 MeV
MAGIX at MESA E0 = 45 MeV
MAGIX at MESA E0 = 20 MeV
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High	resolution	spectrometers	MAGIX:
§ double	arm,	compact	design
§momentum	 resolution:	Δp/p <	10-4
§ acceptance:	±50	mrad
§ GEM-based	focal	plane	detectors
§ Gas	Jet	or	polarized	T-shaped	target

Operation	of	a	high-intensity	(polarized)	ERL	beam	in	conjunction	with	light	internal	target
à a	novel technique in	nuclear and	particle physics

18.1	msr	

➢ GEp	forward	measurement	at	
MAGIX	with	beam	dump		

				(105	MeV,	10	𝜇A)		

➢ MAGIX	with	ERL	mode	full	
experimental	campaign			
to	measure	GEp	and	GMp		
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QuadrupoleJet Target
DipolesScattering Chamber

Scintillation
Detectors

GEM 
based 
TPC


