
Theoretical Physics 6a (QFT): SS 2022

Exercise sheet 2

02.02.2022

Exercise 1 (100+25 points): Dirac field

(0)(0 points) How much time did you spend in solving this exercise sheet?

(a)(50 points) Without using an explicit representation of the gamma matrices,
prove the following identities:

γµγ
µ = 4,

Tr[γµγν ] = 4gµν ,

Tr[γµγνγσγρ] = 4(gµνgσρ − gµσgνρ + gµρgσν),

γ5 =
i

4!
ϵµνσργ

µγνγσγρ,

γ25 = 1,

[γ5, γ
µ]+ = 0,

Tr[γ5] = 0,

Tr[γµγνγ5] = 0,

Tr[γµγνγσγργ5] = 4iϵµνσρ,

Tr[γµ1 ...γµn ] = 0, if n is odd,

Where γ5 = iγ0γ1γ2γ3 and ϵ0123 = 1.

(b)(50 points) Real-valued Lagrangian for spinor field is:

L =
i

2

(
ψ̄γµ∂µψ − ∂µψ̄γ

µψ
)
− V

(
ψ̄ψ

)
It is invariant under Lorentz transformations of general form.
For simplicity consider the potential V = mψ̄ψ. Identify the equations of motion.

Find the energy momentum-tensor (use either Noether theorem or metric variation)
and the conserved current. Check their conservation and make sure that Tµν is
symmetric.
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(c*)(Advanced level problem for those who are interested - 25 points)
Dirac equation in Hamiltonian form is:

i
∂ψ

∂t
= Ĥψ

Ĥ = αip̂i + βm

Matrices α and β have following properties:

[αi, β]+ = 0

[αi, αk]+ = 2δik

β = γ0

βαi = γi

By analogy with classical mechanics we can introduce the velocity operator:

v̂i =
∂Ĥ

∂p̂i
= αi

And the magnetic moment operator:

µ̂i =
e

2

[
ˆ⃗r× ˆ⃗v

]
i

Prove that the expectation value of this operator in the stationary state (i.e. in
the state with defined energy) is:

⟨ψ|µ̂i|ψ⟩ =
e

2mγ
⟨ψ|L̂i + 2Ŝi|ψ⟩

Where Li is the orbital momentum, Si is the spin and γ is the Lorentz-factor:

γ =
1√

1− v2
(1)

Hint : the proof can be simplified if you use the following identity:

⟨ψ|µ̂i|ψ⟩ =
1

2E
⟨ψ|[Ĥ, µ̂i]+|ψ⟩
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