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4.3	Eigenfunk$onen	von	 	und	⃗L 2 L3
Gradient	in	krummlinigen	Koordinaten:						

<latexit sha1_base64="3jLQQBe6h305A17ttJuUfe50ofc="></latexit>

~x = x êx + y êy + z êz ⌘ x1 ê1 + x2 ê2 + x3 ê3
<latexit sha1_base64="SHYroEDzJ4HoJvdAQiiThpJyxTE=">AAACSnicbZBbSwJBFMdnzcrsttVjL0sSBIXsqlgvgdBDPRrkBVxZZsdRh2YvzpyNZPGb9Gl6zS/Q1+gtImhWJVrtwMCf37nMOX835EyCab5rmbXs+sZmbiu/vbO7t68fHDZlEAlCGyTggWi7WFLOfNoABpy2Q0Gx53Lach9vknzriQrJAv8BxiHtenjgsz4jGBRy9Or1yLHsC3uIIbYp4IljnY+cUoqUFCmnSNnRC2bRnIXxK6xlUUCLqDv6t90LSORRHwjHUnYsM4RujAUwwukkb0eShpg84gHtKOljj8puPLtvYpwq0jP6gVDPB2NG/3bE2JNy7Lmq0sMwlMu5BP6bg+dkoEx9HydlrhvwpaWgf9WNmR9GQH0y36kfcQMCI/HV6DFBCfCxEpgIps4yyBALTEC5n1d+rbizKpqlolUtVu4rhdrtwrkcOkYn6AxZ6BLV0B2qowYi6AW9ojc01abah/apfc1LM9qi5wilIpP9AVsps38=</latexit>

= q1 ⌘̂1 + q2 ⌘̂2 + q3 ⌘̂3

		Basisvektoren	in	krummlinigen	Koordinaten̂ηi :

Maßstabsfaktoren:	
<latexit sha1_base64="5YjaIpmE4f1I0ER5dq6UqCn7uE8="></latexit>

hi :=
������
@~x
@qi

������ , ⌘̂i =

 
@~x
@qi

!
1
hi

Gradient: <latexit sha1_base64="0hUafhki/tn4iuqNrhaINgRK0Js="></latexit>

~r =
3X

i=1

⌘̂i
1
hi

@

@qi

Kugelkoordinaten:
<latexit sha1_base64="O3GNRyziM5pVHS+x5ODZbGKvfYA="></latexit>

x ⌘ x1 = r sin ✓ cos', y ⌘ x2 = r sin ✓ sin', z ⌘ x3 = r cos ✓

<latexit sha1_base64="yVYqUsdBUB0VUfQKdPrfPJF9060="></latexit>

) ~r = êr
@

@r
+ ê✓

1
r
@

@✓
+ ê'

1
r sin ✓

@

@'

<latexit sha1_base64="9YMPtMRAsQ/tqvEPkY1B+0is6YI="></latexit>

~x = x1 ê1 + x2 ê2 + x3 ê3 = r êr

<latexit sha1_base64="Zr8qGAT53V0fly1FKak/Ls9aMhg="></latexit>

hr =

�����
@~x
@r

����� = 1, h✓ =
�����
@~x
@✓

����� = r, h' =
�����
@~x
@'

����� = r sin ✓
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<latexit sha1_base64="rp2viq2H6kdtBHqsliuQk5meVFQ="></latexit>

) � sin' `1 + cos' `2 = �i
@

@✓
[1]

25

		bilden	ein	Rechtssystem:{ ̂er , ̂eθ , ̂eφ}
<latexit sha1_base64="Uwhhhgo4NZJ7pEOVGTKW5wkiIkw="></latexit>

êr ⇥ ê✓ = ê' , ê✓ ⇥ ê' = êr , ê' ⇥ êr = ê✓

Kugelkoordinaten:
<latexit sha1_base64="O3GNRyziM5pVHS+x5ODZbGKvfYA="></latexit>

x ⌘ x1 = r sin ✓ cos', y ⌘ x2 = r sin ✓ sin', z ⌘ x3 = r cos ✓

<latexit sha1_base64="3mDiZtGOy3yXviACFjN20Q1vTQ0="></latexit>

) @x1

@'
= �x2 ,

@x2

@'
= x1 ,

@x3

@'
= 0 ,

<latexit sha1_base64="6A9zP+9bbHRMT/yNqXJNLvYj5kc="></latexit>

@

@'
=

3X

i=1

@xi

@'

@

@xi
mit

<latexit sha1_base64="ztVGVioQKwpVhsmkjGvDNEo/wJw="></latexit>

@x1

@✓
= x3 cos' ,

@x2

@✓
= x3 sin' ,

@x3

@✓
= r sin ✓ ,mit

<latexit sha1_base64="p99gdlun5WBpzbKzV2hk5qlw1lY="></latexit>

@

@✓
=

3X

i=1

@xi

@✓

@

@xi
<latexit sha1_base64="m8OQDcpIIEQhrdFi1cm8wuqCPEE="></latexit>

) @

@'
= i `3 ,

@

@✓
= i (cos' `2 � sin' `1)

<latexit sha1_base64="Wxo6FGjWJrO9JOT4jSOE3KIzBHg="></latexit>) tan ✓
�

cos' `1 + sin' `2
�
= �`3

<latexit sha1_base64="E/gAQpnlZbhbr0Ia8hh5v/q0mrs="></latexit>

x1`1 + x2`2 + x3`3 ⌘ ~x · ~̀ = ~x · (~x ⇥ ~p) = 0
<latexit sha1_base64="696NCwBJCEtuYRXE9YS3Hu8OoX4="></latexit>

) cos' `1 + sin' `2 = i cot ✓
@

@'
[2]
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<latexit sha1_base64="2c92zECPKCOUc7ijYGqCJOTyimI="></latexit>

� sin' “[1]” + cos' “[2]” : `1 = i
⇣

sin'
@

@✓
+ cot ✓ cos'

@

@'

⌘
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<latexit sha1_base64="LEVRCxfOC/mnmCVZtHhMvyReXaY="></latexit>

) � sin' `1 + cos' `2 = �i
@

@✓
[1]

<latexit sha1_base64="C0a1Ngq+JFlkiAdmNSgmeD8EQhQ="></latexit>

cos' “[1]” + sin' “[2]” : `2 = i
⇣
� cos'

@

@✓
+ cot ✓ sin'

@

@'

⌘

<latexit sha1_base64="696NCwBJCEtuYRXE9YS3Hu8OoX4="></latexit>

) cos' `1 + sin' `2 = i cot ✓
@

@'
[2]

<latexit sha1_base64="ik4+KJL7fVTy4tL/gPNwkwMQZJg="></latexit>

`3 = �i
@

@'

<latexit sha1_base64="Xc1gOeiYU3FNJGlamacDFQN0648="></latexit>

`1 + i`2 = ei'
⇣ @
@✓
+ i cot ✓

@

@'

⌘
,

<latexit sha1_base64="FVcCpzCMLCQmzCh5Fh4iJOFbrJU="></latexit>

`1 � i`2 = e�i'
⇣
� @
@✓
+ i cot ✓

@

@'

⌘

<latexit sha1_base64="X7y+iWbv2C6YeqtsToe3+jywFkk="></latexit>

) `+`� = ei'
⇣ @
@✓
+ i cot ✓

@

@'

⌘
e�i'
⇣
� @
@✓
+ i cot ✓

@

@'

⌘

<latexit sha1_base64="IABfmLHc49bkBMQNVoVeNpaAI5E="></latexit>

= . . . = � @
2

@✓2
� i
@

@'
� cot ✓

@

@✓
� cot2 ✓

@2

@'2

<latexit sha1_base64="CHGckqH1GTT5TAf/Oeqt0suxKJg="></latexit>

~̀2 = `+ `� + `
2
3 � `3 , `+ `� = (`1 + i`2) (`1 � i`2)Drücke durch	Ableitungen	nach		 		und	 		aus:θ φ

<latexit sha1_base64="03O4J7h298DQCoPzDYeDQ1Z45zM="></latexit>

`33 � `3 = �
@2

@'2 + i
@

@'
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<latexit sha1_base64="IABfmLHc49bkBMQNVoVeNpaAI5E="></latexit>

= . . . = � @
2

@✓2
� i
@

@'
� cot ✓

@

@✓
� cot2 ✓

@2

@'2

<latexit sha1_base64="CHGckqH1GTT5TAf/Oeqt0suxKJg="></latexit>

~̀2 = `+ `� + `
2
3 � `3 , `+ `� = (`1 + i`2) (`1 � i`2)

<latexit sha1_base64="03O4J7h298DQCoPzDYeDQ1Z45zM="></latexit>

`33 � `3 = �
@2

@'2 + i
@

@'

<latexit sha1_base64="RKSgrH3hVilVOfmWdgENFeSz2Dg="></latexit>

= � @
2

@✓2
� (1 + cot2 ✓)

@2

@'2 � cot ✓
@

@✓

<latexit sha1_base64="X4EurN80UZ0KeuUBY4Jbuc4E6Fo="></latexit>

= �
(

1
sin2 ✓

@2

@'2 +
@2

@✓2
+ cot ✓

@

@✓

)

<latexit sha1_base64="PFqsmblBm0f7BPnoIouDXfOdu70="></latexit>

= �
(

1
sin2 ✓

@2

@'2 +
1

sin ✓

"
sin ✓

@

@✓

 
@

@✓

!
+

 
@ sin ✓
@✓

!
@

@✓

#)

<latexit sha1_base64="kKKZmTUVS3K5p7ccYAdTjgqe6Uc="></latexit>

= �
(

1
sin2 ✓

@2

@'2 +
1

sin ✓
@

@✓

✓
sin ✓

@

@✓

◆)

<latexit sha1_base64="H+PLfocbGwTFhqSw9XC8MsmMW5o="></latexit>

=

 
@2

@r2 +
2
r
@

@r

!
+

1
r2 �✓,'

<latexit sha1_base64="M5kaHdhQdF/oN8b6uKaYYmZW9Rg="></latexit>

� =

 
@2

@r2 +
2
r
@

@r

!
+

1
r2

(
1

sin2 ✓

@2

@'2 +
1

sin ✓
@

@✓

✓
sin ✓

@

@✓

◆)
Laplace-Operator	in	Kugelkoordinaten:


