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1.1

Chapter 1

Introduction

Causality is the fundamental principle in deriving sum rules: a signal can be influenced only
by signals lying in the past light cone. As an immediate consequence of causality, a scattering
amplitude must be an analytic function in the complex energy plane. Based on this general
property of the scattering amplitude, relations between physical observables can be inferred, in
particular sum rules. These relations are important tools in understanding the general constraints
of a theory, especially when a perturbative approach is unsatisfactory, e.g. the strong interaction or
the theory of bound states.

In particle physics, causality together with the unitary property of the scattering matrix S
imply that the scattering amplitude .4 (s,#,u) of a process, where s, #, and u are the Mandelstam
variables, is analytic in the complex plane, excepting a set of singularities and branch-cuts, which
have physical interpretation [1, p. 276]. Based on these, rather loose, constrains on .4(s,t,u),
Gell-Mann, Goldberger, and Thirring published a dispersion relation for the forward Compton
scattering [2]. After that, supported by the low energy theorem [3; 4], a series of famous sum rules
were developed: the Baldin sum rule (Baldin-SR) [5], the Gerasimov-Drell-Hearn sum rule [6; 7],
the Burkhardt-Cottingham sum rule [8], and the Schwinger sum rule [9]. In recent years, [10]
proposed three sum rules for the light-by-light scattering, and in [11], the Schwinger sum rule is
employed to estimate the hadronic contributions to anomalous magnetic moment of the muon.

Sucher [12], and Bernabéu and Tarrach [13] introduced an unsubtracted sum rule for the longi-
tudinal polarization of a photon interacting with a nucleon, hereinafter referred to as longitudinal
sum rule (LSR). This sum rule should link the electric dipole polarizability ag; of a particle to the
longitudinal photo-absorption cross-section [14]. LSR in combination with Baldin-SR would allow
the independent assessment of the electric ag; and magnetic By dipole polarizabilities of particles.
Llanta and Tarrach [15] proved that LSR holds up to a constant in quantum-electrodynamics
(QED) for spin-12 particles. In consequence, the LSR should be rewritten as a subtracted dispersion
relation. The need of a subtraction point made LSR inappropriate for apprising ag; and Sy
because the subtraction required is a function of the energy-momentum transfer @? of the photon.

Outline of the Thesis

The current paper revisits LSR in QED to leading order in perturbation theory for the cases of
the interaction between a photon field and a vector or a scalar neutral field, respectively, involving
a fermion field or a charged scalar field, see Table 1.1. This is a framework slightly different from
the one used in [15], see Appendix A for the Feynman diagrams used by Llanta and Tarrach. As
a novelty, it is shown that there exist interaction Lagrangians for which LSR holds, at least in
leading order. For the other interaction Lagrangians studied, LSR holds up to a constant, denoted
by A., a result compatible with [15]. An interpretation of A, is given in the light of the Sugawara-
Kanazawa theorem [16], and an ultra-violet (UV) completion of the interaction Lagrangians is
proposed such that LSR is fulfilled exactly, i.e. A, = 0. Based on these insights, an UV completion,
in the from of a Nambu-Jona-Lasinio interaction, is suggested for the theory analysed in [15].
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Table 1.1: List of Lagrangians analyzed in the current paper. m is the mass of the fermion field v, or

charged scalar field 7, depending on the context. M is the mass of the scalar field ¢, or of the massive vector

field B, depending on the context. A, is the photon field. e is the electric coupling. g is the coupling of ¢ or
By, to v or 7, also context dependent. F,, =0,A, - 0,A, and Gy, =0,B, —0,B,.

# Lagrangian

L L =PyHi0,—eA Y +gyyd—myy — {F i F* + 50,04 — M

2. Lo=yyri0,—eA )y +igPysyd— myy — 1F F*Y + 10,p00 ¢ — T M2p?

3. L3=yHi0u—eA )y +gUy Y5yt —myy — {Fu FH + 50,04 ¢ — 5 M>¢?

4. Ly=yyi0, - eA Y + Yy wBy - myy — 1F, F* - 1G,,G* + IM?B,B¥

5. L5=yyi0u—eA)y +gyyuysyBy—myy — tF FW - G, G* + M?B,,B*

6. Lo=yy"id,—eA vy +gpot yGy — myy — 1F, F* - 1G,,G* + 1 M?B,,BH

7. ZL=[0u+ ieA,u)n]T (0" +ieAM)n]+gn'np—mu'm — 1F, F*Y + 10,00 ¢ — T M2p?

8. Ly=|0u+ieA,+igBn] (0" +ieA* +igB")n] - mn'n - 1F, F* - 1G,,G* + 1 M?B,BH

Notable is also that, a light-by-light interaction involving fermions or charged scalars could allow
a super-convergent sum rule or the estimation of A by using the cross-section when both photons
are longitudinal polarized and the cross-section when one photon is transversal polarized and the
other is longitudinal polarized.

In Chapter 2 the optical theorem and the mathematical foundations of dispersion relations
are introduced. Chapter 3 analysis the unsubtracted sum rule for longitudinal polarization of the
photon (LSR) in leading order QED for a set of interaction Lagrangians. To set up the stage, a
short discussion to cross-sections, forward double virtual Compton scattering (FVVCS), dispersion
relations, and sum rules is given. A reformulation of the LSR is proposed in Chapter 3.3. The
calculations preformed are exemplified in Chapter 3.4, and the main results are discussed in
Chapter 3.5. Chapter 4 examines the photo-disintegration process of a vector particle. The results
are reviewed in Chapter 4.2, manly by considering the LSR implications in light-by-light scattering
case. Chapter 5 concludes this work and advocates for future efforts regarding LSR.

Conventions and Notations

This section aims to list the conventions and notations that are used throughout the paper.
They follow the current consensus in the scientific community, at least for the foundations of
quantum field theory (QFT).

In this paper the natural units are used, where the speed of light and the Plank constant have
the numeric value 1, i.e. ¢ = A = 1. Einstein summation convention states that terms indexed with
the same indices connote a summation, e.g.:

ulm]vkml — Z uzmjvkml
m

The contravariant metric tensor of the underlying Minkowski space is denoted by ¢g* and it is
defined by

S O O
o
|
—
=]
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The covariant metric tensor g, is the inverse of g"*, thus with the same matrix representation as
gtV from above. Given the metric tensor g"”, the scalar product of two four-vectors x* and y" has
the form

x-y=xtguy’ =y, =200 -x-y.
For brevity, x2 = x-x. A four-vector x is said to be: (i) time-like if x2 > 0; (ii) space-like if x2 < 0;
(iii) light-like if x2 = 0.

Because g"" and g,, have the same symmetric matrix representation, the following tensor
notations are equivalent:

AV =AF =AF=... (1.1)
AT =AR T =AF =, (1.2)

For matrix elements, gamma matrices and Feynman rules the conventions used in [17, p. 801]
are adopted.
As a rule of thumb, the following notations are widely used in this work:

1. p is the four-momentum of a massive particle with mass M,

2

ki

2. ¢ is the four-momentum of a photon with energy-momentum transfer @2 = —q

3. k is an unbounded four-momentum in a loop diagram and/or integral,

4. A, is the photon field,

5. v is a fermion field,

6. mis a charged scalar field,

7. ¢ is a scalar field,

8. B, is a massive vector field

9. m is the mass of a fermion ¥ or the mass of a charged scalar n, depending on the context,
10. M is the mass of a scalar ¢ or the mass of a vector B, depending on the context,
11. e is the charge of a fermion vy or the charge of a charged scalar 7, depending on the context,

12. g is the coupling of a scalar ¢ or coupling of a vector B, to a fermion v or a charged scalar 7,
depending on the context,

13. s is the energy of the system in the center-of-momentum reference system (COM),

14. v= % is the fractional energy of the photon.
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Chapter 2

Mathematical Methods

Dispersive sum rules emerge from combining the optical theorem with the analyticity property
of the scattering amplitude. The optical theorem is an immediate result of the unitarity of the
scattering matrix S. The analyticity of the scattering amplitude has its roots in the causality
principle.

The Optical Theorem

Conservation of probability is postulated in QFT. It claims that any state |i) of a system can
be expressed at a later time as a combination of the complete set of states that characterizes the
system [1, p. 181]. This claim applies also to asymptotic times ¢t — oo, therefore the scattering
matrix S is unitary

STs=1. (2.1)

In terms of the transition matrix 7 = S — 1, the above expression becomes
(T - =T'T. (2.2)

Consider i) an initial state, with total four-momentum p;, and |f) a final state, with total
four-momentum p¢. The invariant matrix element .# of the transition amplitude between |i) and
If) is given by (f|T i) = 2m)*6*(p; — pp)4 (i — f). This equality motivates the application of |i)
and |f) to both sides of Eq. 2.2, and the introduction in the RHS of Eq. 2.2 of a complete set of
Hilbert-states of the system, thus

FROTT=Dliy =iGITIY* —ifITi) (2.3)
=i@2m)*6*(p; — po) (M *(f — i) — MG — f)), (2.4)
FIT DIy =Y f dTTy (FITT R (XIT i) 2.5)
X
=Y dIIx(2m)°*6*(p; — px)6*(pr— px) f MG — XM (f —X). (2.6)
X

By combining the above two relations with Eq. 2.2, the generalized optical theorem is obtained
MG — )= M (f —i)=1) f dTix(2m)* 6% (ps — px)A (i — X).4*(f —X), 2.7)
X

Note that Eq. 2.7 is valid at any order in perturbation theory [18, p. 454].

A special case of the generalized optical theorem is when the initial state |i) and the final state
|f) can be identified with same two-particle state, i.e. |i) =|f) =|p1,p2), see Fig. 2.1. For this case,
Eq. 2.7 has the form

2Im.#(p1+p2 — p1+p2) = Z/dﬂx@n)“é“(m +p2—px) U (p1+ps—X)?. (2.8)
X
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p1

2Im =) f dI1spy
X

p2 b2 b2 p2

Figure 2.1: The optical theorem. The unitarity of the S-matrix relates the imaginary part of forward

scattering amplitude p1 + p2 — p1+ pg to the cross-section of p1 + pg — X. The quantum numbers of the

initial state |i) = |p1,p2) and final state |f) = |p1, p2) must be the same. This figure is a reproduction of
Fig. 7.5 from [17, p. 231].

In addition, the identification dIIx(27)*6%(p1 + p2 — px) = dIlpispy in Eq. C.4 yields a relation
between the imaginary part of the forward amplitude .#(p1+ p2 — p1+ p2) and the cross-section
of the scattering p1 + ps — X

Im./#(p1+p2— p1+p2)=2E1E3|vi—v2|) o(p1+p2—X)
X

y (2.9)

=2[(p1-p2)? -mim3] " Y o(p1+p2—X.
X

The above equation is named the optical theorem. Note that if o(p; + pg — X) is the cross-section
associated to a tree diagram, then .#(p1+ p2 — p1+ p2) must represent a loop diagram.

Dispersion Relations

Derivation of Unsubstracted Dispersion Relations

Let f(2) be an analytic function in the complex plane with no singularities aside a branch point
at vo € R. Using the Cauchy theorem on the contour C =C,,uC_uUC,,UC, of Fig. 2.2b, f(2) can
be expressed in its analytic domain through

f()__j{ fw)

fw) f(w)
2n1fd w-—z 2711[(1 (2.10)

fd f(w) 1 dw f(w).
2n1

w—z

CVo

As stated, v is only a branch point, it is not also a pole, thus the integration along C,, is null.
From the construction of C. and C_, the integrals along these curves are

i d f(w) _i f(x+1€)

2mi ww—z_Zm x z +ie’
C, Vo

1 —

1 Olwf(w) _ 1 d [flx—ie)

21 w—-z 2mi x—z—ie’

where the change of variable w — x +i¢, with e — 0" and x € R, is considered.
For simplicity, presume that f(z) — c, ¢ a constant, on the curve C.,. Therefore, the integral

along C, is given by
1 fw)
dw =

2mi w-—z
Coo
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Q
3

(a) Integration contour with one branch (b) Integration contour with two branches

Figure 2.2: Integration contours for f(z). The function f(z) has no singularities on and inside the
contours, if stated otherwise. The integration path is taken counter-clockwise. (a) vq is a branch point with

no other singularities. The integration path consists of C; UC,, UC_UC,,, (b) v1 and v are branch points
with no other singularities. The integration path consists of C14 UCY UCg, UC,, UCs_ UCLUC;_UC,,.

By substituting the integrals along C,, C., C_, and C, in Eq. 2.10, f(z) reads as

T (k-2 [fx+ie)-fx—ie)] . flx+ie)+ flx—ie)
f@)=c+ %ellr(% da (x—2)2 +¢2 ~e (x—2)2 +¢2
Vo

1 [ AW
=c+— [ dx x‘
2mi xX—z

Yo

(2.11)

The quantity A(x) = f(x +1i€) — f(x —i€) is the discontinuity of f(z) across the branch cut.

A useful generalization of the above result is when f(z) has two branch points, v{ and v9, as in
Fig. 2.2b. Suppose that f(z) — ¢ on both C, and C_,. The same method as for one branch point
can be employed. By making a change of variable for x — —x in the integrals for Co, and Co_, f(2)
is described by Eq. 2.12, where A (x) = f(x +1i€) — f(x —i€e) and A_(x) = f(—x +i€) — f(—x —i¢).

f(z)-c+— fdf“’” fdx

(2.12)
x+z

Furthermore, if f(z) has a reflection symmetry around the imaginary axis, then vi = —vg = vy.
In this context, two cases arise:

1. f(z)is even around the imaginary axis, i.e. f(—v+10) = f*(v+1i0), thus A, (x) = A*(x) = A(x)

and
f@)=c+s— fdxA(x) fdxA—(x)

x+2z
o " (2.13)
1 f 2x1Im A(x) + 2z Re A(x)
=c+— dx 5
2mi x2—22

2. f(z)is odd around the imaginary axis, i.e. f(-v+i0) = —f*(v+i0), thus A, (x) = —A* (x) = A(x)
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and
A A*

f(z)—c+— fdx &) fd )

x+2z

o (2.14)
1 2xRe A(x) +2ziIm A(x)
=Cc+ — dx
2mi x2—22

In QFT, scattering amplitudes can have a region where they take real values on the real axis
[19, p. 31]. This encourages the investigation of the function f(z) when there is a domain 2 on
which f(z) € R for z € Rn%y. This conditions, jointed with the analyticity of f(z) implies that
f(z) must have a symmetry around the real axis, Schwarz reflection principle [20, p. 379], see
Chapter 2.2.4.

Whenever f(z) satisfies the Schwarz reflection principle, Chapter 2.2.4, the discontinuity A(x)
is related to the imaginary or real part of the value that f(z) takes just above the cut. In this thesis
only the symmetry f(z*) = f*(2) around the real axis is of concern.

Firstly consider f(z) with one branch point, Fig. 2.2a. The symmetry around the real axis
implies that f(x +i€) = f*(x —i€) and, in consequence, A(x) = 2i Im f(x +i€). By substituting A(x) in
Eq. 2.11, it follows that
Im f(x +1ie)

x—z

f(z):c+%fdx (2.15)

If z = v +i60 extends a real quantity in the complex plane, then Imz =6 > 0 [20, p. 369]. Thus,
to apprise the value of f(2) for z = v real, the limit 0§ — 0" must be taken:

Im f(x +1i€)
x—2z

1 o0
f(v) = lim c+—,fdx
0—0* Tl

o0
1 I i
=c+—,PrfdxM +2inTm £(v),
1 X—V

Vo

where Eq. 2.16 below, in the sense of a distribution, was used.

1 1
im —— =Pr +imd(x —v). (2.16)
6—0* x —v F1i6 x—v

The separation of f(v) in imaginary and real part will be useful in the subsequent chapters of
the paper,

1. .1 i
Ref(v):Rec+—PrfdxM, (2.17)
b4 x—v
Vo

Imf(v)=Imc+Imf().

Note that Im ¢ must be null, because the identity for Im f(v) must hold identically. Equation 2.17
represents the unsubstracted dispersion relation of a function that is even around the real axis
and has one branch point on the real axis.

Secondly consider f(z) to have two branch points v{ = —vg = vg, Fig. 2.2b. Based on the analysis
done in this paper, only the case when f(—z) = f(2) is considered, the function f(z) has an even
symmetry around both the imaginary and real axes.

If f(-2) = f(2), then A(x) = 2iIm f(x +i€), ReA(x) = 0, and Im A(x) = 2Im f(x + i€). Replacing
A(x) in Eq. 2.13, f(z) has the form

xIm f(x +1i€)
22— 22

f(z)=c+gfdx
7
Vo
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For areal z=v+i0, 0 — 0", the above relation becomes

—c+ lim —
f=et fiy o

—es 2 Pfd xImzf(x-;-le)
x2—v

fdx21lmf(x+1€) N dleImf(x+1€)

xX—=V x+v
Vo

fdxé(x v)Im f(x +1€) — fdxé(x +v)Im f(x +ie).

Vo Yo
The first integral over 6(x —v) yields Im f(x +i€) for v € (vg, 0co). The second integral over d(x —v)
yields Im f(x +i€) for v € (—oo, —v(), because the assumption f(v +i0) = f*(—v +1i60) implies that
Im f(x+i€) = —Im f(—x +i¢€). Thus, the real and imaginary parts of f(v) are

(e.0)

Ref(v)=Rec+ %PrfdxM

Vo

Imf(v)=Imc+Imf(v).

o (2.18)

Note again that Imc has to be zero. Equation 2.18 is the unsubstracted dispersion relation of a
function that is even and has two branch points on the real axis.

2.2.2 Sugawara-Kanazawa Theorem

A generalization of Eq. 2.12 is the Sugawara-Kanazawa theorem [16; 19, p. 32]. Amongst
others, it allows the assessment of the constant ¢ in Eq. 2.12 if the limits f(co+i€) and f(oco —i€)
on Cq; and C;_, respectively, are known. This theorem plays an important part in the analysis
carried in Chapter 3 and Chapter 4.

Theorem (Sugawara-Kanazawa). Let f(z) be a complex function with the properties:

1. f(2) is regular excepting two branch cuts on the real axis, as in Fig. 2.2b, and excepting a
numerable set {w;} of poles on the real axis such that ve < x; < vi; the poles are not illustrated
in Fig. 2.2b,

2. The limits f(co+i€) and f(oco—i€), € — 0T, exist and are finite on the cuts C1. and C1_,
respectively,

3. The limits f(—oo+i€) and f(—oo —i€) tend each to monotone functions along the cuts Coy and
Cq_, respectively,

4. There exists n € IN such that |f(2)| < |z|" as |z]| — oco.
Under these assumptions,

|l‘im f(2)=f(oo+ie) forany zeCL,

. i _ (2.19)
Iz1‘11)nOO f(2)=f(co—ie) foranyzeC,,
and Res[f(w;)] 1
f(z)ZZM + =[f (oo +1i€) + f(oco—1i€)]
T 2w 2
dx f(x+ie)— f(x —1ie)
2n1 f x—z (2.20)

fd f(x+1e) f(x—le)

2711
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where Res[f(w;)] is the residue of f(z) at w;.

Derivation of Once-Substracted Dispersion Relations

Chapter 3 and Appendix E.1, where the Baldin sum rule (Baldin-SR) is employed, makes use
of the so called once-substracted dispersion relations. The Baldin-SR assumes a function f(z) that:
(i) is even around both the real and the imaginary axes; (ii) has two branch cuts as in Fig. 2.2Db,
with the branch points vy = v{ = —vg; (iii) takes a defined value f(x1) at some point x; on the real
axis, with x1 € (—vg,vg). The function f(z) can be also described using a dispersion relation.

To construct a dispersion relation for f(z), consider the function

g(2)= M (2.21)
z—x1
The function g(z) is analytic in x; because
. @) flx1) df(2)
g(x1) = lim = .
zox1 z—xq dz lz=x
Apply Eq. 2.12 to g(z), with the outcome
f@-fG) 1 f Aw) ]" A ()
8(z)= z—x1 Y dx(x—z)(x—xl) * dx(x+z)(x+x1) (2.22)
Vo Yo

To maintain the calculations simple, the constant c is considered to be null, e.g. ¢ =0 if g(z) — 0
for |z| — 00, z € C,UC_,. The quantities A.(x) and A, (x) are still given by the relations: A, (x) =
flx+ie)— f(x—ie) and A_(x) = f(—x +i€) — f(—x —i€), where ¢ — 0". Note that in comparison with
Eq. 2.12, there is a plus sign between the two integrals of the above equation. This sign comes from
the additional term (x —x1) — —(x + x1) in the denominator when the change of variable x — —x is
made.

Because f(z) is even around the imaginary axis, then A, (x) = A* (x) = A(x). With some algebra,
Eq. 2.22 can be rewritten as

f@-f) 1 ]"d 2xi(z +x1)Im Ax) + 2 (x2 + zx1) Re A(x)
B * (22 — 22)(x2 —x%) '

g(2) (2.23)

zZ—x1 27

Yo
As f(z) is also even around the real axis, the Schwarz principle implies that A(x) = 2i Im f(x +i€).
By replacing Im A(x) = 2Im f(x +ie) and Re A(x) = 0, and by taking the limit z = v+i0 — v+i0™,
from Eq. 2.23 follows the once-substracted dispersion relation for f(v):

xIm f(x+1i€)

, (2.24)
PV (=)

Ref(v) = f(x1)+ E(vz —x%)Prfdx
T p (x
Imf(v) =Imf(v).

Schwarz Reflection Principle

Theorem (Schwarz reflection principle). Let f(z) be an analytic function on a domain 9 of the
complex plane. Suppose that there exists a subdomain 2y € 2 on which f(z) e R for ze RnD, or
f(2)€iR for ze RnDy. Then, f(z) has a symmetry around the real axis, or around the imaginary
axis, respectively.

Proof. The Schwarz principle can be proved by making a Taylor expansion around a point x € 9.
Let

o0

1
f@=Y mf(”)(x)(z—x)”,

n=0 """
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for some z € 2y and x € Dy N R. If f(x) € R, then any derivative of f(x) are in R, thus

X1
feH=Y mf‘”)(x)(z* —x)"
n=0 """
= f Ly -y
n=0 n!
= f*(2).

For the case when f(x) € iR, the derivatives of f(x) belong to iR and

S 1
fe)=Y =fP@eE" -2"
n=01:

n=0 """

< 1
== [ 2 P We-o"

=—f*(2).

Analytic continuity of f(z) from the domain 2 to the complex plane guarantees that the Schwarz
reflection principle on the domain 2. O
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3.2

Chapter 3

Unsubtracted Sum Rule for
Longitudinal Polarization of the
Photon

The analysis conducted in this paper focuses on the photo-disintegration process y+P — X, and
the corresponding forward double virtual Compton scattering (FVVCS) y+ P — y+ P in leading
order QED. The symbol y represents a photon, P can be a vector or a scalar neutral particle, and X
is a fermion pair e*e” or a charged scalar pair 7'7. The attention will be mainly concentrated on
the Lagrangians listed in Table 3.1. For most of the entries in Table 3.1, the photon field A, does
not interact directly with the particle P, and the interaction involves a fermion field ¢ or a charged
scalar field 7. All the Lagrangians have electro-magnetic invariance. The relevant Feynman rules
used in this work are listed in Appendix B.

Cross-Sections at Tree Level

In leading order, the photo-disintegration y + P — X is given by Feynman tree diagrams. The
kinematics of the process is defined via the variables: (i) g is the four-momentum of the photon y
and Q2 = —¢? is the energy-momentum transfer of the photon, (ii) p is the four momentum of the
particle P and M is the mass of the particle P, with M2 = p2, (iii) v = % is the fractional energy of
the photon, (iv) m is the mass of the particles in the pair X.

o.(v,Q?) stands for the photo-absorption cross-section averaged over the transversal polar-
izations of the photon. o.(v,Q?) is the photo-disintegration cross-section when the photon is
longitudinal polarized. If applicable, the polarizations of the particle P and the spins of the pair
X are also averaged when computing o.(v,Q2) or o.(v,Q?). For an overview of kinematics and
cross-section calculations, see Appendix C.1 and C.2.

Forward Double Virtual Compton Scattering

The FVVCS y +P — y + P is characterized by the Mandelstam variable ¢ = 0, i.e. incoming
momenta for each particle are equal to outgoing momenta, respectively, see Fig. 3.1. If FVVCS
exhibits electro-magnetic gauge invariance, then the matrix element .#"", possibly averaged over
the polarizations of the particle P, has the gauge invariant structure [21]

TP 1 . .
M (v,Q%) = (—9‘” + L] )Tl(v,Q2)+ — (p“ - p—zqq“) (pv - p—zqu) Ts(v,Q%). 3.1
q M q q

T1(v,Q?) and Ts(v,Q?) are scalar functions that depend only on the variables v and @2. For a
short discussion about FVVCS refer to Appendix D.2.
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Table 3.1: List of Lagrangians analyzed in the current paper. m is the mass of the fermion field v, or

charged scalar field 7, depending on the context. M is the mass of the scalar field ¢, or of the massive vector

field B, depending on the context. A, is the photon field. e is the electric coupling. g is the coupling of ¢ or
By, to v or 7, also context dependent. F,, =0,A, - 0,A, and Gy, =0,B, —0,B,.

# Lagrangian

L L =PyHi0,—eA Y +gyyd—myy — {F i F* + 50,04 — M

2. Lo=yyri0,—eA )y +igPysyd— myy — 1F F*Y + 10,p00 ¢ — T M2p?

3. L3=yHi0u—eA )y +gUy Y5yt —myy — {Fu FH + 50,04 ¢ — 5 M>¢?

4. Ly=yyi0, - eA Y + Yy wBy - myy — 1F, F* - 1G,,G* + IM?B,B¥

5. L5=yyi0u—eA)y +gyyuysyBy—myy — tF FW - G, G* + M?B,,B*

6. Lo=yy"id,—eA vy +gpot yGy — myy — 1F, F* - 1G,,G* + 1 M?B,,BH

7. ZL=[0u+ ieA,u)n]T (0" +ieAM)n]+gn'np—mu'm — 1F, F*Y + 10,00 ¢ — T M2p?

8. Ly=|0u+ieA,+igBn] (0" +ieA* +igB")n] - mn'n - 1F, F* - 1G,,G* + 1 M?B,BH

The transversal amplitude of 4" (v,Q?) is the function T (v,Q?). The longitudinal amplitude
of ./%“V(V,Qz) has the form

T.(v,Q2) = e yery " (v,Q2) = —T1(v,Q%) + 2

QZ
To(v,Q?), (3.2)
Q?
where ¢, is the longitudinal polarization of the photon. FVVCS has crossing symmetry under
the exchange of the photons, thus .#*"(v,Q32), T1(v,Q?), and T.(v,Q?) are even functions in the
variable v.

Dispersion Relations and Sum Rules

A consequence of causality is the analyticity of the scattering amplitude in the complex energy
plane, up to branch cuts on the real axis, which have physical interpretation. In the FVVCS
y+P — y +P, this implies the analyticity of the matrix element .#*"(v,Q?) in the energy complex
plane v, excepting branch cuts along the real axis. Because .#"*"(v,Q?) is an even function of
v, there are two branch cuts on the real axis: (—oo,v(] and [vg,00), where v is the threshold of
particle photo-production. Thus, T1(v,Q2) and T, (v,Q?) are also even analytic functions in v with
the branch cuts (—oo,vg] and [v(,00).

Analyticity paired with the optical theorem, see Chapter 2.1, enables a set of dispersion
relations for T1(v,Q?) and T.(v,Q2). A short mathematical introduction to dispersion relations
is available in Chapter 2.2. Crossing and convergence properties impose a once-substracted
dispersion relation for T1(v,Q2) under the form

12 2
Tyv,Q2) = T1(0,@2) + 2 f av Y +Q V@), (3.3)

Based on the above equation, the low energy theorem [3; 4] and the interplay between T1(v,Q?)
and T2(v,Q32) in the limit @2 — 0, Baldin [5] linked the electric ag; and magnetic Bu1 dipole
polarizabilities of a particle to the photo-absorption cross-section o(v) = (v, 0) through

aM [ /
=M f avZ") " Baldin Sum Rule (Baldin-SR).  (3.4)
QZ 0 T v

T2(V Q%)

ag1+Pm1 =

QZ
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Figure 3.1: General diagram of the FVVC process. The incoming momenta for each particle are equal
to the outgoing momenta, respectively. q is the momentum of the photon vy, p is the momentum of the
particle P.

Appendix E.1 presents a derivation of Eq. 3.4 for a neutral particle.
The longitudinal amplitude 7' (v,Q2) can be written using an unsubstracted dispersion relation

[d , v’2+Q2 a.(v,Q?)

V2 Q2 ’

TL( ,Q” )— (3.5)

Q2

in the hope that éTL(v, Q2) tends to 0, at least in the limit v — 0 and @2 — 0. With this desiderate,
the following sum rule was proposed in [12; 13]

TL(O Q%

aE1 =

,(TL(V Q%)
dv . (3.6)
f Q

Q2 Q2—>0 N2 Q2—0

A derivation of the above relation is accessible in Appendix E.3. In [15] it was proven that Eq. 3.6
holds up to a constant given by T Q )|g,?f,%

The current work establishes the following equation

TL(V Q ) v—0

Q2 _}0_ Q2 TL(V Q )

_4aM ,(IL(V QR?)
== f av = e 3.7)

as an improved variation of Eq. 3.6. This variation is based on the hypotheses of the Sugawara-
Kanazawa theorem (SK) [16], the statement of the theorem in Chapter 2.2.2. In the rest of the
paper, Eq. 3.7 designates the longitudinal-sum rule (LSR) and the following notation is used

TL(Va Q2)

V—00 *
Q% g2

AL:

Investigation of the Longitudinal Sum Rule and Baldin Sum Rule by Using the
Photo-Disintegration of a Vector Particle as Example

For exemplification, consider the Lagrangian
: : Tt Lio Al L oBH . pv_ 1 pv Lo Jn
Ly =[(0y+ieA,+igB)n|' [(0* +ieAF +igBM)n| —mn H_ZF“VF —ZGMVG +§M B,B".

Photo-disintegration is given by y + B — 7 + 7', with the tree level Feynman diagrams in Fig. 3.2.
The associated FVVCS process ¥y + B — y + B has the Feynman diagrams in Fig. 3.3. The schematic
representation of photo-disintegration and FVVCS for all the other cases is a subset of the diagrams
in Figs. 3.2 and 3.3, respectively.

The computation of o4(v,Q2) and o.(v,Q?) are straightforward. Appendix D.1.1 presents a
detailed calculation of o(v,0) for %5, followed in Appendix D.1.2 by a cross-check which exploits
the optical theorem. Appendix D.1.3 provides the full expressions of o1(v,Q2) and o, (v,Q?) of the
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Y q
k1
T
&Y
/
R
p p ko
B B < 4l
(a) Photon interaction with charged scalar (b) Photon interaction with charged scalar
particle anti-particle
Y b/
q k1
p ko
B at

(c) Four-point interaction of photon and mas-
sive vector with charged scalar particles

Figure 3.2: Tree level diagram of the photo-disintegration process for £s. The four-momenta of the
particles are: g for the photon y, p for the massive vector, k1 for the charged scalar particle 7, and k2 for the
charged scalar anti-particle 7'.

cases &1, Lo, %4, and ZL5. The expressions for UT(V,Q2)|Q2_,0 and éaL(v,Q%le_,o corresponding
to the interactions discussed in this paper are listed in Table D.1.

For %3, the quantities required in the RHS of Egs. 3.7 and 3.4, the evaluation of LSR and
Baldin-SR, are

f 1,097 e’ (40" ~10p* +15) g (4(p*-T)p?+15) L a8
- - i :
@ oo 288m2p2(1-p?)  288n2Zm2p3 (1- p2)P? o
fd 0V.Q%) _ "g?(18-10p%) "g?(8(p?-7)p?+39) 3.9)
C v @0 9672m2p2(1-p2)  28872m2p3 (1-p2)%? o '
where p = 5—. As mentioned in Chapter 3.3, the LHS of Eq. 3.7 and Eq. 3.4 are related to the

FVVCS amphtude MM of the diagrams in Fig. 3.3. The evaluation of these relations for £g, when
v—0and Q% — 0, yields

T.(v,Q?) _e?g%(4p*-6p+5) e2g%(4(p?-T)p%+15)
—s —|v—0 = 5 53 T 3 arcsin(p), (3.10)
Q Q-0 96m°m?p%(1-p2)  28872m2p3 (1 - p2)
To(v,@2) 2g2(13-10p2%)  e2g%(8(p%-7)p%+39) .
5 |v—0 = RGP oy 7 arcsin(p), (3.11)
Q% lgao 967°m?p*(1-p%)  28872m2p3 (1-p2)
A= lim =Ty (v.Q2) g’ (3.12)
= 11 = - . .
B e @ L 3672m2

The computations of Ty and T, are more involved than the ones for the cross-sections due
to the presence of Feynman loop-integrals. In consequence, an algorithm for reducing tensor
one-loop integrals to scalar loop-integrals and the evaluation of the latter was implemented in
MATHEMATICA'. Appendix F.2 contains details about the design of the algorithm, while the

1In the limit v — 0 and Q2 — 0, the calculations were double cross-checked by using a direct computation of the
tensor one-loop integrals, and X-PACKAGE [22]. For the limit v — oo, both methods are inadequate.
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Y B Y Y
Y kg Y q p q q
q q
p P k+p k+q k k
k—p
B B p q p p
B Y B B

() (k) (Y]

Figure 3.3: Feynman diagrams of the FVVCS process between a photon and a neutral vector

particle. The FVVCS process is governed by the Lagrangian %;. Leading FVVCS is achieved

through a one-loop diagram and the process involves the charged scalar particles 7, n'. Incoming momenta

for each particle are equal to the outgoing momenta, respectively. ¢ is the momentum of the photon v, p is

the momentum of the neutral vector particle B, and % is the unbounded momentum of the one-loop. The
crossed diagrams are not displayed.
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decomposition of .#*"" in scalar one-loop integrals is presented in Appendix F.3 for £, %, %4,
and %s.

Equations 3.9 and 3.11 confirm the Baldin-SR given by Eq. 3.4. The LSR in the from of Eq. 3.7
is also confirmed based on Eqgs. 3.8, 3.10, and 3.12. This result for the LSR is in agreement with
the SK theorem, yet it also suggests that the LSR should be rewritten in a subtracted from.

A closer study of the FVVCS diagrams in Fig. 3.3 indicates that a different weight of the
diagrams Figs. 3.3e and 3.3l in the entire matrix element would actually make the LSR hold
exactly, i.e. A, =0. Adding the following term

2
L'sint = —§g27ﬁﬂ3y3” (3.13)
to £g, the new Lagrangian
2
L's=[0,+ieA,+ igB”)n]Jr [(0" +ieA* +igBH)m| - ggZJITnB”B“
T 1 H 1 % 12 M
—-mn H_ZFﬂF —ZG’UG +§M B#B

yields a LSR with A, = 0. However, £ no longer has gauge invariance in the massive vector
field B. Figure 3.4 depicts the FVVCS Feynman diagrams corresponding to £'s in; ~ gn'nB uB,
implicitly appended with the interaction between the field A, and the field 7. There is no possible
cut to reduce the diagrams in Fig. 3.4 to the tree level diagrams in Fig. 3.2. Thus, o, and o of £’y
are identical to those of £g. A notable property of the diagrams in Fig. 3.4 is the electro-magnetic
gauge-invariance.

The amplitude TLg,int(v,QQ) for Fig. 3.4 does not depend on v

VaTTQE
Q

2.2
TLg’int(v,Qz):e?)—gz _1+ arcsinh(i) . (3.14)
T

2m

This is also valid for the part in 7T\ (v,Q?2) associated to Figs. 3.3e and 3.31. Therefore, in the limit
2,2
Q2 — 0 and any v, the LSR Eq. 3.7 holds for % up to A, = —==5—, and for % exactly. This was

36712m2’

expressly checked, see Eq. E.22 for the closed form of %TL(V,Q2)|Q2_,O in the %5 case.

(a) (b)

Figure 3.4: FVVCS Feynman diagrams of $é int With the additional interaction of the photon

with the charged scalar field. Incoming momenta for each particle are equal to the outgoing momenta,
respectively. q is the photon momentum, p is the momentum of the neutral vector particle B, and % is the
unbounded momentum of the one-loop. The crossed diagrams are not displayed.

Results and Discussions of the Longitudinal Sum Rule

The procedure to compute the Baldin-SR and LSR of the photo-disintegration process for the
Lagrangians in Table 3.1 is similar to the one presented in Chapter 3.4. In leading order, the
Baldin-SR holds for the photo-disintegration process for all the Lagrangians under study. In a
sense, Baldin-SR was used during the calculations as a cross-check. The results for the Baldin-SR
corresponding to Table 3.1 are listed in Table E.1.
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Table 3.2: A = TLg Q” )I aﬁo for the interactions considered in the present work. m is the mass of

the fermion v, or charged particle . M is the mass of the incoming particle. The interaction Lagrangian of

the photon field A, is implied as being of QED or scalar QED type, context dependent. ¢ is a scalar field, B,

is a vector field. The last column represents the dimension of the interaction Lagrangian without counting
the dimension of the couplings.

# Zint A% [gint]ﬁelds
— e2g2
1. Liint=80y¢ — s 4
— 1 p e2g2
2. Lo =1gYwysd —EE 4
3. L3int=8YYuysyore 0 5
- e2g2
4 Lyine=8VYuyBy oz 4
— e2g2
5. ZLsint=8VYuys¥By —og 4
2 202
6. gG,int = glﬁvaw(O"BV —0"BH*) _ zgng;n% 5
7. Lrm=gnng 0 3
8 Ly int =igndyn’ —n'0,m)B" + g nB,B" 22 )
. + 2egnTnAuB” " 3672m?
- 2
. Laint=8gUYY’ oL 5
b %= owwB, B* _ e2g 5
. b,int = syvy. v 37
2
¢ Loiny=gn n¢p? Yot 4
2
d. xd,int :gﬂTﬂBuB’u _ﬁ 4
3. xé ,int iglp‘l’%(l’ + ﬁg%—/imbz 0 405
4. "%ilnt gipyﬂwBﬂ_%gzlpruBM 0 405
8 Ly iy =18@0,nt —n'0,mBH + L g nB, B! 0 4
+ 2egﬂTnAuB“

A modified version of the LSR is proposed in Eq. 3.7. This relation holds for the Lagrangians in
Table 3.1 in the case of photo-disintegration process within the framework of leading order QED.
This is also true for any v when @2 — 0. The non-primed arabic entries in Table 3.2 highlight
the values of A, for the studied interactions. Table E.2 is a detailed version of the LSR results in
Table 3.2

As pointed in Table 3.2, the interaction £7;n = gn'n¢ yields a null value for A;. The inter-
action Lagrangian Z7 ;, is an example of a renormalizable theory that does not need modifica-
tions in order to meet the LSR exactly. The Feynman diagrams of the FVVCS are similar to
Figs. 3.3a, 3.3b, 3.3c, and 3.3e, up to the replacement B — ¢.

The interaction Lagrangian 3 i, is an example of a non-renormalizable theory that satisfies
the LSR exactly. The FVVCS diagrams are glven by Figs. 3.3a, 3.3b, and 3.3c, with the mod-
ification B — ¢. By changing the coupling g — %, Z3int is equivalent to 2’ , to first order
through a chiral field redefinition of the field  [23]. However, £, . . has the FVVCS diagrams of
Figs. 3.3a, 3.3b, 3.3c, and 3. 3e with B — ¢. The new triangle dlagram Fig. 3.3e is in a one-to-one
correspondence to the term 2m = g2y 2.
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Given the Lagrangians in Table 3.1, a four-point UV completion can be derived from the
above examples in order to drive the quantity A, to zero, at least in leading order QED. The
lettered entries of Table 3.2 are illustrations of such UV completions, or prescription, for #;—%s.
The Lagrangians Z; init, Zb,init, and £ init generate a FVVCS diagram as Fig. 3.4a, and L nit
generates Figs. 3.4a and 3.4b. With a suitable selection of the coupling constants, the primed
arabics Lagrangians in Table 3.2 can be set up, which yield A;, = 0.

A further reason that mitigates for the four-point UV completion is the form of the scalar
one-loop decomposition of the FVVCS matrix element .#*" in the cases 1, %o, %4, and L5, see
Appendix F.3. For these cases, the only scalar-integral that gives rise to the constant A, for any v

when Q2 — 0, is .
d*k 1
B(g®) = f ) 3.15
@ 2m)? [k2 - m2] [(k - q)%? —m2] 6.15)

Nevertheless, B(g?) is essential for the electro-magnetic gauge invariance. B(g?) matches a
diagram similar to Fig. 3.4b.

It might not be physical that the scattering amplitude of a photon with an infinite energy
should depend on the virtuality of the photon, see Eqgs. 3.14 and 3.15, and Table E.3. If it is
assumed that T.(v,Q?)|v—oo € {0,00}, then A, = 0. In consequence, A;, # 0 could be interpreted as
an artifact of the theory, at least in leading order QED, and the UV completion could be a way to
remove this artefact.

The four-point UV completion suggests the introduction of a Nambu-Jona-Lasinio interaction
LNgL ~ (py )2 — (1217’51//)2 such that A, = 0 for the result in [15], provided the interaction constant is
suitable chosen. However, #ny1, is a non-renormalizable interaction. The additional diagrams of
the FVVCS process are given by Fig. 3.5, see the Feynman rules in Appendix B.

The four-Fermi interaction can inspire an interpretation of the UV completion proposed in this
work. Assume that causality and unitary should render the LSR exactly. Then, the four-point
interaction that completes the FVVCS matrix element corresponds to a short range interaction
between the involved fields.

v_p p v

k+q k+q
(a) (b)

Figure 3.5: FVVCS Feynman diagrams of the Nambu-Jona-Lasinio interaction. Incoming momenta

for each particle are equal to the outgoing momenta, respectively. g is the momentum of the photon, p is the

momentum of the fermion v, and % is the unbounded momentum of the one-loop. The dashed lines indicate
the charge flow. The crossed diagrams are not displayed.
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Chapter 4

Longitudinal Sum Rules for
Light-by-Light Scattering

More insights can be gained from the photo-disintegration process of a vector particle if the
transversal and longitudinal polarizations of the particle are taken into account. As a result, the
attention is focused in this chapter on the Lagrangians

o _ _ 1 1 1
Ly =py"Mi0, — eA )y + gUywB — myy — ZFWF‘” - ZGWG’” + §MZBMB“,
1 1 1
Ly =[0,+ieA, +igBn| [(0" +ieA” +igB*)n] - mu'm - ZFWF“V - ZG,WG’“’ + §M2B”B“.

With the replacement M? — —62, followed by the limit Q2 — 0, the vector field B, can be viewed
as a photon field with —Q2 = p.p < 0. Thus, the results in this section can be easily translated into
results about light-by-light scattering. To allow a consistent transition between the massive vector

and massless vector, the redefinition v = }% — v =p-q is employed.

Cross-Sections, Forward Double Virtual Compton Scattering and Dispersion
Relations

Consider the vector particle B characterized by the transversal polarizations y_ and y,, and
the longitudinal polarization y.. Regard only the longitudinal polarization of the photon, denoted
by €.. Then, for each of the polarizations y_, x., and y, a cross-section can be defined. However,
the cross-sections of y_ and y, are equal. Thus, define on(v,Q?) as the cross-section for the
polarizations y, and €, and O'LL(V,Qz) as the cross-section for the polarizations y, and e¢,. The
following relation holds

oL (v,@%) == [ZUTL(V QY +0.(v,@%)].

For the forward double virtual Compton scattering (FVVCS) process, only the amplitudes
Tr(v,Q%) = Xeak peruerv- P (v,Q7),
Tuu(v,Q%) = traXperperv M P (v, @),

can be considered, where .#"V*$(v,Q?) is the general matrix element of FVVCS. The following
relation holds

T.(v, Q )=3 [ZTTL(V Q )+ Tu(v,@Q )] (4.1)

Causality, unitarity and crossmg-symmetry can be exploited, similar to Chapter 3.3, in order to
write unsubstracted dispersion relations for Ty (v, Q2) and Tr.(v,Q?). In the limit @2 — 0, these
relations have the form

Q%)

, LSR-L (4.2)
@20

Q2 TLL(V Q ) 1/_>0 =A== fd /ULL(gz
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(v )
QZTTL(vQ )| v0 =An =~ f dy/ T Q g LSRT (4.3)
Q-0 -
where
Ay, = Q2 TLL(V Q )é?cx())’ (4.4)
1
Aq, = Q TTL(V Q )éaoo (4.5)
0

Note the redefinition v = p - ¢. By making an analogy with Chapter 3.3, Eq. 4.2 can be interpreted
as the longitudinal sum rule (LSR) form of the longitudinal polarization of a vector particle (LSR-L),
and Eq. 4.3 can be interpreted as the LSR form of the transversal polarization of a vector particle
(LSR-T).

Results and Discussions

Due to the increase complexity of the matrix element .#*'*f(v,Q?), the LHS computations of
Eqgs. 4.2 and 4.3 were carried out using a direct calculation of the tensor one-loop integrals. This
approach can be successfully employed in the limit v — 0 and @2 — 0, while its usability in the
limit v — oo is restricted. Hence, A;;, and Ay, could not be directly calculated’. In this section, Ay,
and Ar, are regarded as the difference

A, = TLL(VaQ2)| o — é/ dv /ULL(V Q )| ,
Q> @m0 Ty Qz ¢¥

Ag = TLL(V,Q2)| o — é OOdv/ o (V' ,Q2)| ,
Q2 Q-0 Tl Q2 Q*—-0

However, strong clues support Eqs. 4.4 and 4.5, e.g. electro-magnetic gauge invariance and Eq. 4.1.
A decomposition of .#**F(v,@?) similar to the algorithm in Appendix F.2 is required to properly
compute A according to Eq. 4.4, and A, according to Eq. 4.5.

For the Lagrangians %5 and %3, the LSR-L is fulfilled exactly, i.e. A;;, =0. In contrast, LSR-T
gives A, = %AL, with Ap in Table 3.2. These result are compatible with the results of the LSR
given by Eq. 4.1. Therefore, in the case of a vector particle, A, is generated by the transversal
component of TL(V,Qz).

A notable limit is M2 — 0, and it implies that

‘ 1 g2e?
i S Tus Q) G0 = Tzt = 961 (4.6)
A,}izlllo Q2§‘42 Tr5(v,Q%) 52_,_?0 = % =32c¢1,1, 4.7
A}lzmo Q2M2 Ti8(v, Q%) é’;—?o = % =96¢1,0, (4.8)
A,}lzmo Q2§W2 Trs(v,Q%) 63/;—?0 = % =32c1,0. (4.9)

The quantities c1y, and c1 are the low energy constants of the Euler-Heisenberg Lagrangian
Zru = cl(FWF’”) +co(Fy, VF*)2 for a spin-¥2 and spin-0 matter particles, respectively?. The
substitution M2 — —@?2 coverts the above relations into statements about light-by-light scattering.

1These calculations were cross-checked by using X-PACKAGE [22]. The capabilities of the X-PACKAGE are also
limited when v — oo.
2Fmy = 0yAy—0yA, and FHv = e"“’“ﬁaaAﬁ, where A, is the photon field
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In this context, Eq. 4.6 to 4.9 are in agreement with the low-energy expansion via an effective
Lagrangian discussed in [10], and

o
Clyp=——, 4.10
1,]/2 907[277’1,4 ( )
Ta?
=—) 4.11
107 144072 m4 @10
match the known values [24, p. 6-9], where a = % is the fine structure constant.
The calculations undertaken for the current work also yielded the constants
Ta?
= 4.12
2% = 36072m*’ (4.12)
i (4.13)
C =, .
207 144072mA4

by a similar analysis of the amplitude )(+a)(fﬁ€,#€fa%”v“ﬁ(v,Q2), in the limits v — 0, 2 — 0 and
QZ — 0. The constants cg y, and cg o also match the known values [24, p. 6-9], and the relations
obtained for y.q,x* ﬁe_ﬂefa/% #veb(y @2) are in compliance with [10].

The above results confirm the low energy expansion of the Euler-Heisenberg Lagrangian
in leading order QED. Because the LRS-L holds with A;;, = 0, the light-by-light cross-section
o1, (v, Q?) can be related to c1,y, and c1,0 by using Eqgs. 4.2, 4.6, 4.8 and by invoking the replacement
M? - —QZ:

(e,9)
i[d‘/ ULL(V’,QZ) 2o
24n o Q2Q? 50
This is not the case for o (v,Q2) because of the additional Ay, # 0 in LSR-T given by Eq. 4.3.
Remark that Eq. 4.14 is a result of leading order QED.

Equations 4.6 to 4.8 point out an interplay between

1= (4.14)

2
TL(V Q* )léf—;oo nd TLLEQVZ,Q )|é’2—;00 if MZ -0

v =0. (4.15)

1 3TTL( ) TLL( )
im Q2M2 [ v, Q> v,Q?)] o

For a massless case, the quantity Ay, = %AL can be linked to the cross-sections o (v,@2) and
o.(v,Q?) through

ATL 3A

Q2—0’

The above relations is derived by combining Eqgs. 4.15, 4.2 and 4.3, and by assuming that A, =0.

£ TL(VQ )I v—0 TLL(VQ )l v—0

In the case of &5, the computations o Q2—0 @ and Q2—0 yielded that a form of

Eq. 4.15 can be written for any M?>

v =0. (4.17)

iQ [(6m2 - M2)TTL(Va Qz) - 2m2TLL(V7 Q2)]
Q Q%—0

In consequence, for a massive vector particle, Eq. 4.16 takes the form

2m?2

ATL - AL - Q2 [6 92 Mz

o (v, Q%) — o (v,Q )] (4.18)

@0

in leading order QED. Note that Eqgs. 4.15 and 4.16 are recovered from Eqs. 4.17 and 4.18,
respectively, if the limit M? — 0 is taken.
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By employing the change M2 — —@2, where @ is the virtuality of the second photon, the
following relation can be derived for the light-by light scattering in leading order QED

(4.19)

o0
Aq_ 3AL_ 4 1 1
lim —2 = Jim =22 = lim — [ dV [gULL(V,,Qz)_OTL(V’7Q2)] Q*—0"

P 1 ~
@-0 Q%  @-0 2Q7 @-o7J)  Q%Q*
0

Even though, Eq. 4.19 is satisfied in leading order QED, the hypotheses of the SK theorem and the
low energy expansion of the Euler-Heisenberg Lagrangian in [10] suggest a broader validity.

As mentioned before, Ay _;,;. is given by MZQ% |é?§%, which is a constant, at least in leading
order QED. A first question would be if A _,;, = 0 when higher order expansions are considered or,
even more, when the full, non-perturbative theory is considered. The second question is inspired
by the UV completion discussed in Chapter 3.5: Is there a sensible UV completion of the light
theory that makes Aq, 1, = 0? Nevertheless, the most stringent questions is if T, (v, @2)|y—oo can
actually depend on Q2 if the energy of the photon in infinite. If TV, @%)]y—oo € {0,00} for any QR2?,

then Aq 1, =0. Equation 4.19 transforms into a super-convergent sum rule if A, = %AL,LbL =0:

.4 1 1
0= 5%1110 - dv' YT [gaLL(v’,Qz) —on(V,Q%|. (4.20)
Q‘Z_.O Vo

The above super-convergent relation is an appealing object of study and raises multiple questions.



Chapter 5

Conclusions and Outlook

Causality and the unitarity of the scattering matrix S are the fundamental principles that
lead to dispersive sum rules. Causality implies that the scattering amplitude must be an analytic
function in the complex energy plane, while the unitarity of the scattering matrix connects the
imaginary part of the scattering amplitude to the cross-section of the scatterer via the optical
theorem. Nevertheless, additional constraints and assumptions on the amplitude of the scattering
matrix must be considered when deriving dispersive sum rule. Such a constraint can be the low
energy theorem, whereas the high energy behaviour of the scattering amplitude is assumed to be
bounded.

Even though, dispersive sum rules should hold for both perturbative and non-perturbative
processes, their examination in filed theory is essential due to the additional constraints and
assumptions imposed on the scattering amplitude. This examination can confirm the sum rules or
it can be used to further refine the constraints or assumptions used in the derivation of the sum
rules. In consequence, a first step is to check if the sum rules hold in first order QED.

The current work examines the unsubstracted sum rule for the longitudinal polarization of the
photon (LSR) [12; 13]. It considers a large number of models and it investigates the associated
photo-disintegration and forward double virtual Compton scattering (FVVCS) in leading order
QED. The proposed LSR in [12; 13] is not validated for the majority of the considered models.
However, a revised variant of the LSR is proposed, by refining the assumptions on the high energy
behaviour of the scattering amplitude. The LSR would hold exactly if the longitudinal amplitude
of the scattering matrix does not depend on the virtuality of the photon if the energy of the photon
is infinite. In addition, the LSR proposed in this work allows a deeper insight in the light-by-light
scattering process and a possible super-convergent sum rule is highlighted in this case.

A new interpretation for the LSR proposed by [12] and [13] is suggested. This interpretation is
based on the assumptions of the Sugawara-Kanazawa (SK) theorem: the LSR holds up to the a
value A, of the amplitude at v — co. The SK theorem proves to be a suitable setting for the LSR,
as it provides a rigorous interpretation of A;. In consequence, the LSR is reformulated according
to Eq. 3.7. The proposed reformulation of the LSR is compatible with the result obtained in [15].

Equation 3.7 is verified in leading order QED when considering photo-disintegration processes
governed by the interaction listed in Table 1.1, see the results in Table 3.2. In Chapter 3.5
examples of renormalizable interactions, e.g. £7int = gn*n([), and non-renormalizibale interactions,
e.g. L3int = gVYuYswot o, that fulfill the LSR with A, = 0 are highlighted. If A, # 0, an UV
completion of the interaction is proposed by using a four-point type interaction, the lettered entries
in Table 3.2. The non-renormalizable Nambu-Jona-Lasinio interaction is suggested as a way to
drive the LSR exactly for the example discussed by [15].

The rich structure of the process y + B — y + B, where B is a neutral vector particle, enables
further insights. Similar to Eq. 3.7, LSR relations can be derived for the amplitudes T..(v,Q?) and
To(v,Q3), LSR-L given by Eq. 4.2 and LSR-T given by Eq. 4.3, respectively. In leading order QED,
it is proven that LSR-L holds exactly, while LSR-T gives rise to the quantity A, = %AL.
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An interesting limit discussed in Chapter 4.2 is M2 — 0 for y + B — P + P— v + B. In this case,
a recast M2 — —Qz grants access to the light-by-light scattering. The amplitudes T}, (v,Q2) and
T (v,Q3) of the light-by-light scattering enforce in leading order QED the low energy expansion
of the Euler-Heisenberg Lagrangian examined in [10]. Through Ty.(v,Q?) and Ty.(v,Q3?), the
constant ¢ of the Euler-Heisenberg Lagrangian is recovered to the known values of QED or scalar
QED.

In the light-by-light scattering, Eq. 4.15 combined with LSR-L and LSR-T yield a relation
which links Ap = %AL to the cross-sections o, (v,Q?) and o (v,Q2), Eqs. 4.16 and 4.19. If A, =0,
then Eq. 4.19 would transforms into a super-convergent sum rule given by Eq. 4.20. Even though
Eq. 4.16 is a result of leading order QED, it could prove of theoretical value due to the more general
statements of the low energy expansion in [10] and SK theorem.

Further developments of the new form proposed for LSR Eq. 3.7, with the LSR-L and LSR-T
variations, could include higher order calculations of the photo-disintegration process and of the
FVVCS process. The photo-disintegration of charged particles can add useful observations to
the LSR. The Compton scattering y+ P — y + P, where P is a charged particle, should also be
investigated for interactions beyond that analyzed in [15]. This investigation might bring to light
other interactions for which the LSR holds exactly and might reconfirm the validity of Eq. 3.7.

The LSR deserves also an extension to the entire Standard Model framework, especially for
the photo-disintegration of the Z-boson, or to non-Abelian gauge theories. Would the Higgs particle
ensure a null A;? In addition, Table 3.2 points out that a super-symmetric theory might have all
the ingredients for an exact LSR.



Appendix A

Tree Diagram and FVVCS Diagrams
Used by Llanta and Tarrach

Figure A.1 highlights the Feynman diagrams used by Llanta and Tarrach in [15]. These
diagrams are not explicitly present in their paper, yet they can be inferred from the process the
authors analyse and the statements the authors make in their article.

(b) (©

k+p

(d) (e)

Figure A.1: Tree and FVVCS Feynman diagrams of the interaction analysed in [15]. (a) Tree

diagram. ¢ and p are the momenta of the incoming photon and electron, respectively. ¢’ and p’ are the

momenta of the outgoing photon and electron, respectively. (b), (c), (d), and (e) FVVCS diagrams. Incoming

momenta for each particle are equal to the outgoing momenta, respectively. ¢ is the momentum of the

photon, p is the momentum of the electron, and % is the unbounded momentum of the one-loop. The
crossed-diagrams are not shown.






Appendix B

Feynman Rules

This appendix lists the Feynman rules corresponding to the interaction Lagrangians used
throughout the current paper. The coupling g of the interaction Lagrangian is assumed to be
constant. The fields are label as: ¥ — fermion field, 7 — charged scalar particle field, V,, — vector
particle field, ¢ — scalar particle field.

B.1 Interactions Involving Fermions: £ = y(iy*d, — m)y + Lin

A. Propagators

1. Fermion propagator: —_— =i

B. Interaction Lagrangians

1. Lint=8gUye: ¢:< =ig,
7
v
2. Zint =180yysd: ¢ =< =—8Ys,
7
v
3. Lint = guytyVy: Vi :< =igy¥,
7
v
4. ZLint = gyytysyVy Vi :< =igy"ys,
7
p
5. ZLint = 8YYHY5yw0,¢: Outp ;< =8gpurtys,
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W
p
6. Lint=gUO" YOV -0,V V== =2igp,ot,
v
¢ v
7. ﬁnt:glpw¢2: X =2ig,
¢ 7
8. Lint=gyyV,VH: >< =289uwYs,
v, v
yP ve
9. ZLint =8 [Wy)? —Wysy)?]: =2gi |(69450¢ — 520 5ed)
ye pd _(ydybe _yabycdy| 195,

B.2 Interactions Involving Charged Scalars: ¥ = OunTaﬂn —m2atn+ Lot

A. Propagators

1. Charged scalar propagator: —— = 1m.

B. Interaction Lagrangians

T
1. Ln=gnine: ¢ :< =ig,
Pl
[0) b4
2. Lint = gning?: >< =2ig,
¢ bl
at
3. Liny =10y’ ~n'0umVH:  yH =< Zl =—ig(k + kL),
\ 72
\%s 7
4. Lint = gnTnVuV”: >< =2ig?gh,
|4 bl
Vlﬂ b4
5. Lint=g1827 TV1,Vy \< =ig1g29"",
Vy -~ at
T 7T
6. Lint = %g(n*n)Q: X =ig.
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Appendix C

Kinematics and Cross-Sections

Kinematics of 1 + 2 — 3 +4 Processes

The kinematic process of inters for this paper is the scattering of two incoming particles
resulting in two outgoing particle: 1+ 2 — 3 +4 process. When the outgoing particles are identical
to the incoming ones, the process is called elastic scattering. When at least one outgoing particle is
different from the incoming particles, the process is called inelastic scattering.

To describe this process realistically, the most commonly used reference systems are the
laboratory reference system (LRS) and the center-of-momentum reference system (COM-RS or
simply COM), both depicted in Fig. C.1. The calculations for this paper were done mostly in COM,
see Appendix D.1.1. COM was chosen because the outgoing particles have the same mass. In
this reference frame, if the process has a 27 rotational symmetry around the axis of the incoming
particles, the momenta of the particles read

E, Es E3 E4
0 0 — |p3lsin(0) |P4lsin(0)
= , = , = ) = 5 C.l
p1 0 p2 0 p3 0 P4 0 (C.1)
—|p1l —|p2l — |p3lcos(0) [p4lcos(0)

with |p1| = |p1| and |p3| = |p4|. In the above, the z-axis was considered as the axis of the of the
incoming particles.

A suitable reference system and the use of symmetries imply simpler computations. On the
other hand, it is desirable to express the result in a from that is independent of the reference
system. This aim can be achieved by recasting the reference frame-dependent quantities into
reference frame-independent ones.

In the case of a 1+ 2 — 3 +4 process, the Mandelstam variables are useful reference frame-

D2 T D2 [
p3 p3
(a) Laboratory reference system (b) Center-of-momentum reference system

Figure C.1: Kinematics of a 1+2 — 3 +4 process in LRS and COM. In LRS, Fig. C.1a, one of the initial
particle is at rest: p; =[m1,0] with m the particle mass. In COM, Fig. C.1b, the spatial momenta of the
initial and final particles, respectively, add to null: p; + p2 =0 and p3 +p4 =0.
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independent quantities:

(p1+p2)? =(p3+pa)?,

S =
t = (p1—p3)=(p2-ps),
u = (p1-pa)?=(p2-p3)?,

and satisfy the relation

s+t+u:p%+p§+p§+pi=m:2[+m§+m§+mi.

Cross-Sections

The cross-section is intrinsic to the scattering of two particles because it can characterize the
process uniquely, and because it is independent of the experimental setup. Thus, the cross-section
is fundamental to QFT, as it allows to study the interaction, and the interaction products, between
two particles.

With a change in the reference system, one of the particles can be considered stationary,
denoted target, an the other mobile, denoted incoming particle. The incoming particle is usually
part of a batch of beam particles with a given flux. With this notions, the classical definition of the
cross-section [26, p. 70]

Number of Interactions per Unit of Time per Target

7= Incident Flux

can be adjusted in the form of a differential formula and extended to QFT by

dP _ Probability Density of the Interaction per Unit of Tlme
TO Incident Flux

do = (C.2)
The extension considers that the interaction takes place always between two particles that both
occupy a large volume V, for a long period of time 7. These considerations imply that the beam
has only one particle, thus the flux ® has to be normalized as such [18, p. 58].
Consider the scattering process: 2—initial particles — n —final particles = p;; +pie — pr1+pr2+
pr3 +---. Using Eq. C.2, the differential cross-section of such a process takes the form [18, p. 61]
1

(2E;1)(2Ej9)lvi1 _vi2|| | LIPS

where (i) E;; and E;s are the energies of the particles p;; and pjo, respectively. (ii) |v;; — vjo| is the
relative velocity between the incoming particle and the target. (iii) .# is the matrix element of
the transition (pg pppes - |pipiz). (iv) Migps = [Ty S22 (2,,)3 ZEf(Zn)“é“(pu +pig — X¢py) is the Lorenz-
invarinat phase space (LISP).

To determine the total cross-section of the two-body scattering, preform the integration of

Eq. C.3 over LIPS
1

- (2E;1)(2E;2)|vi1 — vial

M, [ ATl ps, and 4E;1 Eig|vi1 — Vigl = 4 [(pi1 - pig)® —
total cross-section o of Eq. C.4 is also Lorenz-invariant.

Lorenz-invariance permits simpler computations for ¢ by choosing a suitable reference frame.
Nevertheless, the LIPS integration is not a trivial task, but for a 1+2 — 3 +4 scattering the
integration is manageable. The total cross-section o in COM, the reference-frame chosen for
computations in this paper, reads as [26, p. 72]

deLIPS|M%|2~ (C.4)

2 . .
?2] are Lorenz-invariant, therefore the

dQ|.« C.5
64n23 Pi1 f L, (€5)
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where s = (pi1 + pi2)?, and Q is the solid angle corresponding to the scattering of particle pgs.If
scattering process has a rotational symmetry around the incoming axis of the initial particles,
Eq. C.5 can be simplified to

oL P
327s pi1

f d6cos(0)|.4?, (C.6)
0

with 6 being the angle between the direction of the final particle pgg and the direction of the initial
particle pji.
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D.1.1

Appendix D

Photo-Disintegration: Tree-Level
Cross Sections and Forward Double
Virtual Compton Scattering

Photo-disintegration is the process through which a composite particle breaks up under the
influence of a light quanta, i.e. y+P —a+b+---. In this work, photo-disintegration represents the
process ¥+ P — X, where X is a fermion pair or a charged scalar particle pair.

Tree-Level Cross-Sections of the Photo-Disintegration Process

In the following, the longitudinal and transversal cross-sections (o, and o, respectively) of the
photo-disintegration process at tree level are determined. The cross-sections o}, and o serve in
the analysis carried in Chapter 3.

Cross-Sections Using Tree Level Feynman Diagrams

This section presents only the calculations for the o(v) = o4(v, @2 = 0) photo-disintegration with
an on-shell photon governed by the Lagrangian

— . —_ 1 1 1
Lo =Wy (0, — eA )Y +igPysyd —mypy — ZF,WF’W + 5(3“(/)6“(/) — 5M2¢2.
Using tree diagrams in Fig. D.1, the matrix element for the two cases is given by

Ys(k1—p+m)y*  yH(p—ka+m)ys
(k1—p)?2—m? (p—k2)?2—m?

v9.

iU = —geeuﬁl
The matrix element squared and summed over spins and polarization has the form

1 ys(ki—p+m)yt  yH(p—ke+mys Y —=vs
MNP = -g%e*Trd (py + )[ + (py—m)
- 2% ° r{ putrm (k1—-p)?—m? (p — k2)?2 —m? Pamm Y=Yy
52+ M* 2m2M?2 (s - M%)

(t—m?2) (u—m?2) " (t- m2)2 (u- mz)z

where s, ¢, u are the Mandelstam variables. |.# |2 is then introduced in Eq. C.6 and the integration
is preformed. Thus, the cross-section reads

2 2 2
4
U:g—eS —sM?%\/1- m +(s2+M4—4m2M2)arcosh(—\/§) . (D.1)
27 (s — M2) Vs 2m
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(a) Photon interacts with antifermion (b) Photon interacts with antifermion

Figure D.1: Tree level diagram of the photo-disintegration process. The four-momenta of the parti-
cles are: g for photon v, p for the scalar ¢, k1 for fermion, and %9 for anti-fermion.

D.1.2 On-Shell Validation of the Cross-Sections via Optical Theorem

The on-shell o for the photo-disintegration process of %, Eq. D.1, can be cross-checked by
employing the optical theorem, see Chapter 2.1. The optical theorem relates the imaginary part of
the forward elastic scattering amplitude of the diagrams in Fig. D.2 to the total cross-section of the

tree level diagrams in Fig. D.1:
_Im.#(s,t=0)

- ) (D.2)
2Ecm |1PoMml

The above equation is a reformulation of Eq. 2.9 in COM frame. The matrix element of the
diagrams in Fig. D.2a, and Fig. D.2b are given by

1M =iy +itly, (D.3)
with

a*k Tr[y*(k +m)y5(k — p + m)y?( +m)y*(k + g + m)]
@Y [k - p)2—m2] [(k +@)2 - m2] [£2 - m2)?
d*k Tr[yY(k+m)yS(k+p +m)yd(k +m)y*(k — g +m)] } (Step 1)
@Mt (B +p)2-m2] [k - q)2 - m2] [k2 - m2]*
- —g%%erel { A4k Tr [y (k+m)yS(k — p + m)yP(k +m)y"(k +q +m))
emt (k- pR-m2][(k+ )2 - m2] [R2 - m2]?
d*k Tr[y"(k —m)y>(k —p — m)y5 (B —m)y*(k +q —m)]
@D* (k- p)2—m2] [(k+q)% - m2] [E2 - m2)?

_ .22 * wv
=-—g e“e1 ey, My

: 2 2 *
1My =—g" €1u€2v{

} (Step 2)

and

d*k Tr[y (k+m)y°(k—p+m)y"(k—p+q+m)y°(k+q+m)]
@m* [(k = p)2 - m2] [(k + @)% = m?] [k2 —=m2] [(k - p + @)% — m?]
d*k Tr(y k+p+m)y kB +m)yH(k—q+m)y (k—g+p+m)]
@2m)* [(k+p)2—m2] [(k—q)%2 —m2]| [k2—m?2][(k+p — )% —m?2]
5 9 . d*% Tr[y"(k+ mySk—p+m)y"B—p+q+m)y>(k+q+ m)|
- 61“€2V{ @m* [(k—p)2—m2] [k + q)2 — m2] [k% - m2] [(k — p + q)% — m2]
d*k Tr[y"(k+p—m)yy>(k—m)yF(k—q—m)y (k—gq+p—m)]

f @2m)* [(k—p)2—m?2] [(k+q)%2 —m2] [k2—m?2][(k - p +q)%? —m2]

_ 2 2 * uv
=-g ey, M, .

i, = —gzezelyegv{

} (Step 1)

} (Step 2)
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(b) Cat ears diagram

Figure D.2: One-loop diagram of the FVVCS process. ¢, and p represent the four-momenta of the
photon ¥, and scalar ¢, respectively. % is the unbounded four-momentum of the one-loop.

In Step 1 of the last two equations the change of variable £ — —£ is preformed. Step 2 uses the fact
that the traces in the integrals are equal.

M = €165, MM = elyegv(%ﬁ Yy J%]f Y) can be reduced to a sum of scalar integrals. Firstly, note
that the circular polarizations €1, and €3, of the photons can be chosen such that e1,9* =¢; 9" = 0.
In the LRS or COM frame, the scalar product of these polarizations with the four-momentum of
the particle ¢ is also zero, i.e. €1,p* = €5, p* = 0. Secondly, .#*" can be written in its most general
form as

MY =ptpVI+qHq Io+ plq Is+qHp 14+ gV I5, (D.4)

due to its tensorial character. Combining the previous two observations, after the contraction
€1u€5, A" only the term I'5 remains, thus is enough to determine I5.

I5 can be computed from the set of linear equations yielded by contracting .#*¥ with ¢*p",q*p",
pHqY, and g"v, respectively. Using ¢2 =0, the set of linear equation is

quqv A" =(p-@)*11,
puqv " =p*p-qI1+(p-q)*Ls+p-qls,

73% 2 2 (D5)
qupv A" =p*p-qli+(p-@)°I3+p-qls,
Guv "™ =p*I1+(p-Is+(p-@)I4+4I5.
After solving for I5 in the above equation, the result is:
2 2 v
I5= %0 0 (P*quav—p-q(Puav+aupy) + @ @) gu ] A" . (D.6)
D - d*k 1
et k2 —m?] [k + @2 - m2] [(k-p2—m?]’
Do [ 4% 1 (D.7)
2T et [(k+qR2—m2][(k—qR-m2|[(k+q-p-m?]’ ‘
d*k 1
3 =

@m* (k2 m?] [k + )2 —m?] [(k - p)? - m?]*

At this point the algorithm in Appendix F.2 can be employed. Only the imaginary part of
Eq. D.3 has to be computed, thus for the kinematic region s > 4m? and M < 2m only the integrals
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D1, Dy, and D3, given in Eq. D.7, have an imaginary part. With the on-shell relations for the
forward elastic scattering, i.e p-p = M?, q-q =0, 2p-q =s — M?, the imaginary part of ./ reads as

4(—2m2M2 +M* +32)

Im.« = 2g e 61 62{ Ve ImD-
S (D.8)
8m*M
B ImDj - 8m?>M? Ing}
s
with
1-x ] 2arcosh Vs
ImD; =1 fd fd ! 1 2m
m =1m X =
! - 3272 ym2+yx(s—M2)—sx+sx2 167 s—M?2
1-x ] 2arcosh ﬁ
ImDy =1 fd fd ! 1 2m
m =1m X =——
2 3272 ym2+yx( M2)—sx+sx2 161 s—-M?2
1 4m?
—X —
1 s s

(m2 + yx (s — M2) — sx + sx2)? 327Tm2( - M2)*

r 1 1-
1
ImDs =Im 2/dxfdy 2
0 0

By replacing the above relations in Eq. D.2 and summing over the photon polarizations, the
transversal cross-section is

2,2 4m?2
— &M% [1- T 1 (53 + M* - 4m*M?) arcosh (ﬁ) . (D.9)
27 (s — M?2) s 2m

The above cross-section is identical with Eq. D.1.

Q
I

D.1.3 A Plethora of Cross-Sections

For all the photo-disintegration processes discussed in this work, the cross-section computations
can be done in the same straightforward way. The tree diagrams are similar to the ones in Fig. D.1,
with an additional seagull diagram in Fig. D.3 for the y+B — a4+ process. In the COM, the
following photon polarizations can be chosen [27, p. 185]

0 0 N Vol +Q2
1 [+1 1 [+1 B 1 0

, €. = —— e ’
\/§ +i \/é -1 \/ 0
0 0 o

circular longitudinal polarizati
transversal polarizations ongltudlna polarization

where ¢ is the four-momentum of the photon and @2 = —¢? > 0, and w is the photon energy in
COM.

Note hat a massive vector particle B of mass M has three polarizations )(f . In the given case,
they can be chosen in the COM frame as

0 0 Vo2 +Q?

o1 |- 1 |-t 1 0
PETEL YT M 0

0 0 Niverererss

~
circular =~ — —
transversal polarizations longitudinal polarization
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Y o
q k1
p ko

B I

Figure D.3: Seagull diagram for the photo-disintegration process y+B — 7' + 7. The four-momenta
of the particles are: g for the photon, p for the massive vector, k1 for the charged scalar particle, and k9 for
the charged scalar anti-particle.

The matrix element averaged over the massive vector polarizations can be constructed by contract-
ing the matrix element with

* 1 Pubv
v = 2 gty 2T D.10
izlz,mx, xi 3( 9"+ ), (D.10)
where p is the four momentum of the particle.

The list below contains the cross-sections o and o, for any value of @ only for £;, %, %4, and
Z5. Table D.1 lists Trl@2_o and %|Q2_,0 for all the interactions considered in this paper. Table D.2

lists %}IquO and %IQzﬁO for the photo-disintegration of a vector particle.
For convenience, the following notations are introduced:

s=(p+qP2=M?>-Q%+2Mv,

4 2
v:\ll—i,
S

_s-M?-Q?
p= 2s ’
M 2M2(Q2—5)+ (@2 +s)?
A= 2s ’
2
) ikl
Av

1. 21int = gYye:

2 2132—12{_ ((1- B - 1%) (v* - @2-B)p - 1?)

g,=e g

8mAts (x2-1)Av
2 5 o/ o (D.11)
AM+2-p)p+ve-3+(1-P) (v —(2—[5),3)
+ arccoth(x)}
(x2-1)0v?
_ e2g? { (v2-@2-p)B—1%) (A* + 12 (v2-2B) - (1- B)*?)
9T 8rAbus (k2 -1)
+% [A5 + 4% (20 - B2) = A% ((B- 0B + B2 + 3707 —v?) (D.12)
+(1- B ((B-2B+vY)] arccoth(x)}
2. Lojint =18VYYs5P:
2_12\(1_R2, 12)2
o 22 B (1=p A7) { 1 +larccoth(1<)} D.13)
81 BA%sv k2-1 «
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B e2g2 (/12_(1_’5)2)(A4+A2(v2_2ﬁ)_(1_ﬁ)2ﬂ2)
B 871/1503{ (x2-1)

—% [16 -2 (8% +v% - 38) + A2(1 - B)? (2 +(2- P)B) (D.14)

Or

+(1-p)*p?] arccoth(x)}

3. Lyt =8YY'WBy:

~ e2g2 (ﬁZ _ /12)
"7 2475 APk (x2-1)

{ [4A%+ A2 (-8B2 +12B—v? - 5)

(D.15)
+(1-B)? (4% - 48— v +3)] (x +arccoth(k) — x arccoth(x)) }
Or= s { [4A5 + A1 (-4 + 4B - 302 + 1)
4871sv APk (k2 - 1)
12 4 3 2 _ 2.2 2 q.2 4
A% (4p* —8p° +8p° -6 —4p°v" +6fv” —3v” +v*) (D.16)

+(1-p)%p? (4,62 -p-vi+ 3)] (x + arccoth(x) — K2 arccoth(x))

+2A% (242 - 21202 + 45%0% - 4Bv® + 3v% —v) }

4. Lsint = 8YY'ysvBy

” = e2g2 (ﬁZ _ /12)
"7 247su At (k2 -
+(1-P)? (4% - 4B +20?)] (x +arccoth(k) — x* arccoth(x)) (D.17)

+42% (1-v?)xc}

N {[42%+22(-8p% + 125 -6)

e2g?
7T 48msuAdx (x2-1)
—A%(4p* - 86 + 86% + 20" — 45%v% - 8v?)
+(1-B)? B2 (4p% - 2B+ 2v%)] (k — arccoth(x) + k% arccoth(x)) (D.18)
+[425 (1 - 10%) + A* (88— 40* + 4p%02 - 126?)
1-«2
(1- ﬁ)2 _ /12

425 + A% (462 + 44— 202
[ ( )

+4A%(1- B)% (282 - 28v% +v*)] arccoth(K)}
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Table D.1: O'T’Qz_.o and Z?—% | @2 for the interactions considered in this paper. m is the mass of the
fermion v, or charged particle 7. M is the mass of the incoming particle. The interaction Lagrangian of
the photon field A, is implied as being of QED or scalar QED type, respectively. ¢ is a scalar field, B, is a

vector field, u = V/1—4m%, p = Mlm, L = arctanh (\/ 1-u), s is the energy in COM.

o,
gint UT|Q2—»O @ QQ_,O
eng(pZ—l) T—uu? _ ezgzpz(pZ—l) T—uub
& _ 8rm2(p2u—1)° arm(p2u-1)°
Lint =YY e2g2u(u((pt-p%+1)u-2)+1) e2gud(pt(u-2)u+1)
= 3 L -
8rm?(p2u-1) 8rm?(p2u-1)

22 p?/T-uu? g%t Vitun

_ 8rm2(p2u—1)> amm(p2u—-1)°
Lo int =1
92,int =18YYY5¢p ~ ezgzu((pz—l)p2u2+1)L 2g%ptut
8rm2(p2u—-1)° 4nm4(p2u—-1)°
e2g%p2yT-Tu? 2ot Vituu®
_ 2n(p2u—1)> wm?(p2u—-1)°
ZLsint = o
3,int = 8WYuYsyWo¢p _ezgzu((pz—l)p2u2+1)L . e2g2ptut 7
2n(p2u—1)3 nmz(p2u71)5
e2g?uvi-u(p*u?+u+l) _ 2gVI-uu® (ptuu+4)+1)
_ 127m2(p2u-1)° 24mm4 (p2u—1)°
Lhint = B
4int =YY ¥ Eu + ezgzu(u(—2p4u+2p2u+u—2)—2)L + e2g2u(ptuu+4)+1)
12ﬂm2(p2u—1)3 24ﬂm4(p2u—1)5
e2g?vVI-uu(u(p*u-2)+1) _ 2gVi-uu® (ptu(u+4)-6p%u+1)
_ 127m2(p2u-1)° 24mmA (p2u—1)°
ZLsint = B
5,int = VY Y5YEu | Pl (2t 0 2)ur€)-2)-1) e (-t zptun)
12nm2p2(p2u—1)3 24nm4(p2u—1)5
2e2g2v1-u(p?u(u(-20%+p*u+2)+3)-1) _ 2e2g%p? VI—uu® (p*u(u+2)+2p%u+1)
_ 3n(p2u-1)> 3mm2(p2u—1)°
Loint =8Y0 o0*BY —0vBH
6int = 8V vy D a2t ura)) L | 2% (Pt D 2p ) -
3m(p2u-1)° 3mm2(p2u—1)°
e2g2 T—uu? _ e2g2 l—uuZ(p2u+1)2
Lot = gt 64rm4(p2u—1)° 1287m6 (p2u—1)°
7,int e2g%(u—2)u2 32g2u3(p2u+1)2
=L eguw\pury)
64rm*(p2u~1) 128nm6(p2u—1)5
Lgint =ig(ﬂ0unT _ﬂTaH”)B# _ e2g?vI1-uu(p*u?-3p%u+u+1) _ e2g?vI-uu?(p?(u(p?((p%-3)u+2)+2)+1)-3)
2_+ u 48nm2(p2u71)3 96nm4(p2u71)5
+g””BﬂB 2,2(,2_ _ 9,2 2,2..2(,2 4.2, 2
e?g%(p*-1)(u-2)u _2g%u® (pPut1)(p*uP 0% 5)u+u+2)L
+2egn'nA, B" 487m2 (p2u—1)° 967m*(p2u—1)°
— o1 2
ga,int = gWN’ 0 0
Loin = gIUB,BY 0 0
R, S
gc,mt =gn'nd 0 0
ZLajnt =gn' nB,BH 0 0
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Table D.2: ULL |Q2 0 and Z Q2 |Q2 o for the photo-disintegration of a vector particle. m is the mass of
the fermion v, or charged particle 7. M is the mass of the incoming particle. The interaction Lagrangian
of the photon field A, is implied as being of QED or scalar QED type, respectively. B, is a vector field,

=V 1-4m%s, p = Mjzgm, L = arctanh (vV'1—u), s is the energy in COM.

oTL OLL
# &L — —
int Q2 Q20 Q2 Q%20
2%t Vi—uud e2g?v1-uu?(p*u(u+4)+4p%u+1)
_ 2rm*(1-p u)5 16ﬂm4(1—p2u)5
1. Zsint= B
5,int = 8YYuY¥Ybyu N 2g%p2u3 L 2823 (4% +ptulu+4)+1)
2mm*(1-p ”) 16nm4(17p2u)5
. 2
PLaint =lg(7'[(3p7TT _”Taun)B# e2g2p?vVi—uu?(u(20%+p*u+8)+1) _ 3e2g?vI1-uu?(p?u+1)
| 32mm4 (1-p%u)° 64mm4(1-p%u)°®
2. +g%n' nB,B" A o (1-ptu)
) Iz _ e?g?p%ud(p? u(6—p2u]+7)L e2g2u2(u+2)(p2u+1)2
+2egn' mA,B* 327m*(1-p2u)° 64mm*(1-p2u)’

Forward Doubly-Virtual Compton Scattering

To preform the analysis of the Baldin-SR and LSR, only the FVVCS process has to be considered,
i.e. t =0. As an example, Fig. D.4 depicts the Feynman diagrams that describe, at leading order, the
process v+ ¢ — v + ¢, governed by Z». In Appendix D.3 is proved that the sum of these diagrams
has electro-magnetic gauge invariance. Thus, the matrix element of Fig. D.4 can be written in a
gauge invariant way as [21]

/,1
0" = =g+ T 110,00+ 35 (- 20?57 - | a2, (D.19)
q2 q2 q2
where Q% =—-¢2,v= M ,and p2 =M. T1(v,Q?) and Ta(v,Q?) are scalar functions that depend only

on the variables v and Q2. Note that, for a vector particle, the polarizations can be averaged out by
using the projector

1 p’p’
ot _ —|_,0T
P _3( 97"+ == ) (D.20)

Chapter 3 makes use of the longitudinal amplitude
T (v,Q%) = ey e, M". (D.21)

The amplitude T.(v,Q2) can be expressed with the help of the scalar functions T1(v,Q2) and
To(v,Q%?), and the quantities v, @2, M2. For this consider RHS of Eq. D.21, with the four-momentum
p of the particles and the longitudinal polarizations €, = €| of the photons written in the LRS

M V2 + Q2

0 1 0

pP= ’ L= €L =- . (D.22)
0 VQ? 0
0 v

By replacing Eq. D.22 in Eq. D.21, T}(v,Q?) can be rewritten as
T.(v,Q%) = eryel, MM
1
=6 T1(%,Q) +(p-e)s 5 To(v,Q%)
2 Q2
Q?

(D.23)

= T, Q%)+~ To(v,Q).
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(a) Bag diagram

(c) Crossed bag diagram

Figure D.4: Feynman diagrams of the FVVC photo-disintegration process corresponding to %.

Leading FVVCS is achieved through a one-loop diagram. The incoming momenta for each particle are equal

to the outgoing momenta, respectively. ¢ is the momentum of the photon vy, p is the momentum of the scalar
¢, and % is the unbounded momentum of the one-loop.

D.3 Checking Gauge Invariance

Gauge invariance is a redundancy of embedding particles with spin one, or higher, into a local
Lagrangian [18, p. 130]. In QED, a immediate consequence of gauge invariance is the Ward identity
[17, p. 348]: given ./ (q) = €,#* be the matrix element of a Feynman diagram, where ¢, is the
polarization of a spin one particle with momentum p, then p, .4+ = 0.Ward identity holds at any
order in perturbation theory if and only of all the diagrams at that order are included.

In the following, only the electro-magnetic gauge invariance for the diagrams in Fig. D.4 is
proven. This set of diagrams corresponds to the FVVCS photo-disintegration process of

_ _ _ 1 1 1
Lo =Py"(i0, — eA Dy +igyysyd —myy — ZF,WF”V + §0u¢>0"¢> - 5M2<,z>2.

In the other cases, the method is similar. The proof is based mostly on the identity ¢ = (¥ + ¢ — m2) -
(k- m2). The contractions of q, with the matrix elements of Fig. D.4a and Fig. D.4b are

d*% 1 1 1 1
iq " = o 2[ Ty |5 5 1
Wvta =€8 (2m)* ryk—p—my k—mqk+q—m}/ E-m
d*% 1 1 1 1
2 2 5 5 2 2
_ L —m2)— (k- u
e [ Gt [ g e b =) = -y |
k 1 1 1 1 1 1
2 2 5 5 5 5
¢8 2n)* ryk—p—my E-m! k-m Yk—p—my k+q—my k—m]’
d*r 1 1 1 1
oo M = o2 2 N 5 "
vty =€ 8 | om |V k—p—mqk—pﬂl—my k+q—m7’ E-m

=e’g” d Tr |y . {(lé—p+q—mz)—(k—p—m2)} : Y’ - ¥ : ]
(2m)* kE-p—-m k—-p+gq-m E+q-m’ k-m
d*k 1 1 1 1 1 1
2 2 5 5 5 5
= e2g T p _ o ,
¢ 2m)4 rylé—p—my k+q—my kE—m 7//}é—p+q—mY k+q—my k—m]

By summing iq,.#}" andiq,.«"",
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T[Y Pt L s ! - Y“l]
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—1qvﬂu —1qvﬂc’w,

gyt +iqy ) = e2g2f

the electro-magnetic gauge invariance is obtained, q,./.\" + qv./%é‘ V4 gyt =0. The same
approach is used for g,

d*k 1 1 1
: M”V: 2 2[ T 5 5 v
Wutta =8 [ ot Y k—p-m' k-m' ktq-m k-m

Y’ ! 51 v 1 2\ (52 1']
_egf@ | o Eem! Beqom g ) (emTt
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v

5 _ v
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M = 2 2[ > v 5
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—es f(z N krq-m E-m k—p-m k-ptq-m]
1 1 1 1

_ 2 2 5 5 v
—e8 f(2n)4 Viaip-mikip—qg-m k-g-m' k-m]
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By making change of variable £ — —k and using the fact that Tr[y?(¢ — m)y®(8 — m)y"(¢ — m)| =
Tr [y?(@ + m)y5 (6 + m)y¥ (¢ + m)], iquﬂk’;w can be rewritten as

[151V15151

. uv
1qu¢%b—egf kpmkmkqm kpmk+qum

2m)*

As above:

iq " +ig %uv=e2ng a4z r[}/s 7’5 1 v 1 _Y5 1 Y5 1 v

pa Kb (2m)* k-p-m' k-m k-m E-p-m' k-m' kE-q-m
1 1 1

_ 5 v

egf(2)4[lépmkmkqmqkm

—1q'u/[”v

thus the relation q,.#~." + qwﬂkﬁl Y+ gyttt =0 holds.
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Appendix E

Baldin Sum-Rule and Longitudinal
Sum-Rule

Derivation of the Baldin Sum-Rule

Consider a neutral particle that has no spin, characterized by electric and magnetic dipole
polarizabilities ag1, and By, respectively. In NRQM, such a particle can be described by using the

Hamiltonian ) 1 .
2 2 2
H=—p°—= E“—=p/m1B E.1
2M 2aE1 2ﬂ 1= (E.1)

with M the particle mass, E an external electric field, and B an external magnetic field. Accordingly,
the Compton scattering matrix element in the forward direction is given by [28]

Mrqum = €€/ (agy + Py, (E.2)

where € and ¢’ are the incoming and outgoing photon polarizations, respectively, and v is the photon
energy.
The matrix element of FVVCS with on-shell photons has the form

M=¢-€Ti1(v). (E.3)

Note that T1(v) = T1(v,Q? = 0). By expanding T';, in the above relation, up to second order in the
photon energy v and by using the low energy theorems in [3; 4; 29],

Tl(V)|V:0 =0+Crp, v+ 00
-
ag1+Pm1 (E.4)
M =€ (0+Cp, V) +O(W).

The coefficient C7, can be identified with ag; + fm1 in Eq. E.2: C7, = ag; + Bumi.

The zero in Eq. E.4 implies that 7'; can be written using a once-subtracted dispersion relation
with T1(v=0)=0 and

ImT;(v')

2v2 T ,
Tl(V)=0+7de m,

(E.5)

0
3 4Mv200 , o)
=0+ - ,[dvv’2—v2'
0

o(v") = o4(v',Q? = 0) is the photo-absorption cross-section of the photo-disintegration process in the
on-sell case as a function of the photon energy in LRS, i.e. v — v'. The above equation can be also
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expanded in v around zero up to second-order, with the result

W), =v* 2 f dv ’U(V)m( 4). (E.6)

_,_/
ag1+Pm

Equations E.2, E.4 and E.6, yield the Baldin-SR [5]

!
ag1+ Pm1 = —fd 'U(;), (E.7)

where v represents the photon energy in the LRS. The cross-section o(v) is zero up to the threshold
v for the photo-disintegration process. This is the reason why the lower integration limit is vg
instead of 0.

To investigate if the Baldin-SR holds, the knowledge of o(v) and of the coefficient Cr, is required.
o(v) is given by the on-shell photo-absorption cross-sections determined in Appendix D.1.1, i.e.
o(v) = 0.(v,Q? = 0). Cr, can be computed by expanding T'1(v,0) in v around v = 0 to second order.
However, Eq. E.8 offers another possibility to calculate Ct, [13]:

1 1
— a2 1 2 T 2
Ti(v,0)=v QI%TO@Tz(V’Q ) = Cp, = QI%I_I}OETQ(O,Q ). (E.8)
This equation follows from the fact that the longitudinal amplitude
Q2
T,v,Q) = ~T1(v,Q%) + - Ty(v,Q%), (E.9)

and the scalar function T9(v,Q?2) are null for on-shell photons

lim Ty(v,Q%) =0,
Q20

. 9 (E.10)
lim T9(v,Q*)=0.
Q?—0
Consequently, the Baldin-SR can be rewritten as
AM T o)
o(v
ag1+ Pm1 = hm —2T2(0 QYH=— de' (E.11)
2,0 Q v'2

Baldin Sum-Rule Results

Table E.1 contains the results of the Baldin-SR for the interaction Lagrangians analyzed in the
present paper. The interaction Lagrangian of the photon field A, is implied as being of QED or
scalar QED type, respectively.

Derivation of the Longitudinal Sum-Rule

By considering again the NRQM Hamiltonian of a neutral particle that has no spin, see Eq. E.1,

1 1
= —p?- ZapE?- =fw1B?, E.12
H= 2 MP 5 ¥E1 ﬁMl (E.12)
the electric polarizability can be recovered from the .#° component of the on-shell matrix element
[14]
MOW)|,_o = ag1v? +OO?). (E.13)
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Table E.1: ag; + By for the interactions considered in this paper. m is the mass of the fermion v, or

charged particle 7. M is the mass of the incoming particle. The interaction Lagrangian of the photon field

A, is implied as being of QED or scalar QED type, respectively. ¢ is a scalar field, B, is a vector field, and
p= Mfom.

# zint

ag1 + Pm1

1. ZLiine=8Y%y¢

2. Loint=18Yyys¢

3. L3int=8YYuysyole
4. Lyt =8VYu¥By

5. ZLsint=8YYuYsyBu

6. Lont=8Youy(O'BY -3"B")

e?g(20%+1)
n2m216p?(1-16p2)

e2g2 (,16p4+4p2 +3) arcsin(p)
487%m?2p3(1-p2)*"*

e?g%(3-20%)
16712m2(,02—1)2

e2g%(~16p*+28p2—9) arcsin(p)
4872m?2p(1-p2)>?

242(3-29")
4n2(p2-1)%

e2g?(~16p*+28p2—9) arcsin(p)
1272p(1-p2)>2

e2g?(-12p*+28p2-13)
48712m292(p2—1)2

e2g%(-32p5+112p*-110p2+39) arcsin(p)
144n2m?2p3 (1—p2)5/2

e?g®(1-2p%)
812m2p2(p?-1)

e?g%(16p*-16p2+9) arcsin(p)
72n2m2 p3(1-p2)¥2

e2g2(-6p*+13p%-6) | e2g%(-16p%+92p*-121p2+54)arcsin(p)

5/2

72 (p?-1)* 9m?p(1-p?)
?g%(2p*-1)
128n2m4p2(p2- 1)2

e2g%(8p*—8p%+3) arcsin(p)
38472m4p3 (1—,02)5/2

7. Lrimg=gn nep

L8 int = ig(ﬂa,,ﬂTJr - ﬂTapﬂ)Bﬂ e®g%(13-10p%)  €2g?(8(p%-7)p%+39) arcsin(p)

5 +g2n'nB,B" +2egn'nA,B" 967%m?p*(1-p?) 288m2m2p3(1-p2)¥?
a. Lot =8YYP’ 0
b.  Lyint =igyysyB B 0
c. Leint= gn*mpz 0
d. Lajnt=gn'nB,BH 0

In the QED case, the same relation holds if .#%(v,Q? = 0) of the FVVCS process is expanded in
v =0 to second order.

The amplitude .2 (v, Q?) is linked to the FVVCS longitudinal amplitude T} (v,Q?) = eru€ry M.
To establish the linkage, consider the LRF, where ¢, can be taken as

V2 + Q2
€= 0 , (E.14)
0
v
v being the photon energy in LRF. A gauge transformation with the parameter

v

Ae ——— (E.15)
Q2(Q2 ++2)
eliminates the spatial component of ¢;,
V2 + Q2 v
1 v 0 Q2| o Q2
eop— Ay =— 0 _ _ =1/ = =1/ =€, (E.16)
TR @@y | | o i

v Vv 'V2+Q2 0
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In the FVVCS, the relations €, = €y, and €y, = €., hold. As a consequence,

Tu(v,Q%) = eype,, M (v,Q?)

2
QzeLueLV'/% (v, Q )
— @./MOO(V,QZ)
U
M0, Q%) = QZTL(V Q). (E.17)

By considering the last relation on-shell, and expanding in v around zero up to second order,
the connection between T'.(v,Q2) and the electric polarizability ag; can be established,

2
MO, Q%) = T\ (v,Q?) = M®(,0)|,_, =12 lim iTL(o,Qz)m’ (v4). (E.18)
Q2 v=0 Q%—0 Q2

[ J
-

QE1

Presume that v~2.4%°(v,Q?) can be written with the help of an unsubstracted dispersion
relation, see Eq. E.19. By using Eq. E.17, and the optical theorem for T, (v,Q2) = 2vMo(v,Q?),
the unsubstracted dispersion relation for v-2.4° can be brought to the from in Eq. E.20.

Re—ﬂoo(vQ)— f dv ——— Im—ﬂoo( ,Q%) (E.19)

2T v
_;de/v’z—v2I Q2TL(V Q )

V/ o (V,,QQ)
fd’ — LQ2 : (E.20)

The on-shell expansion of Eq. E.20 in v =0 to nullth order yields

UL(V Q )
o Q2

N J
-

ag1

MW, 0)],_y =V — f dv/ Jim +0 (v?), (E.21)

where v is the photon-energy threshold of the photo-disintegration. Note that at v =0, and also
below the threshold vo, .4 (v, 0) has no imaginary part, see the assumptions made in Chapter 2.2.

E.4 Longitudinal Sum-Rule Results
The quantities T(v.Q%) and A, in the case v — 0 and @2 — 0 are listed in Table E.2. The

Q2
2
following two expressions illustrate the from of L’Q) for any v when the interactions £ jnt and
24 int are considered. p = é‘fn , Pp = Mz+2" and pp, = Mz_”?"

1. Lint = gnTmp:

TL(Van) _ 62 9 3
QZ Q2—0 812m2v2
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g 4m?p? (p® 1) + (50” - 4) v*

812m2p4/1— p2v*

9 9 4am?p? +v2

aresin (/p)

s 2
re'e Wn (vP)
\/ m(1—ppm)(v—2mp)? .
1672m2p3/2¢4 arcsin (yv/ppm)

2 o (v—2mp) .9
—e2g Warcsm (VPom)

,/pp(l PPp)2mp +v)?

1672m2p32y4 aresin (/ppp)

9 o (V+2mp)? .
—e‘g marcsm (‘/ppp) (E.22)

2. Laint = 8VYuYBy:

TL(V:Q2) _ 2.2 1 9 2(2p2+1)

2 2o €892, 21t¢8 353
Q Q2—0 In*m T2V
2,2 4m?p? (20 + p2 +1) + (5-8p*) 2

+e arcsin (/p
312p\/1- pZvt (vP)
2m?p? (202 + 1) +v2
2 2 .92
—eg 3ot arcsin” (/p)
e28%\/om(L=ppm) (2m2p (20% +1) o +v?) )
e?g? - gﬂz T aresin (\/ppm)
2m2p2(2 +1)-2mpv+v2 .
282 P pp(;n;rgp 2,4 £ arcsin® (\/m)
28 *g®\/pp(1-ppp) (2m®p (20® +1)pp +v?)
e? PRI arcsin (/ppp)
o2m202(2 +1)+2mpv+v2 .
—e2g? P p%p2 1 P arcsin® (,/ppp) (E.23)
n2p2v
Closed Form of the Limit lim 7'.(v,Q?)
v—00
In Chapter 3 the quantity
.1 2
Ay = thgo @TL(V,Q ) (E.24)

Q*—0
is given for the interactions in Table 1.1. The algorithm in Appendix F.2 makes the computation
of the limit lim T.(v,Q?2) accessible. Table E.3 lists a closed form of vlim T.(v,Q?) for each of the
V—00 —00

interactions in Table 1.1, accompanied by the limit in the cases @2 — 0, and @2 — co.
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TL(Vy QZ)

Table E.2: 5

and A, in the case (v — 0,Q2 — 0), for the interactions considered in this paper.

m is the mass of the fermion v , or charged particle #. M is the mass of the incoming particle. The interaction
Lagrangian of the photon field A, is implied as being of QED or scalar QED type, respectively. ¢ is a
scalar field, B, is a vector field, and p = M/2m. The last column represents the dimension of the interaction

Lagrangian without counting the dimension of the couplings.

TL(V’Qz)
# Zint — 9 |v=0 A [ZLintlfields
Q Q2-0
_ e2g2(2p2+1) e?g%(8p*+4p%-3)arcsin(p) e2g?
1. Ziint=8yvy¢ T62m2p2(1=p?) 28 (1) “eeaz 4
. e2g2(20%+1)  e2g%(8p*-20p%+9)arcsin(p) e2g?
2. Lot =18Yvyso B2 ) asrEmp(1_p? 2 “eEz 4
2 ,2(g 4 2 2,2(g 4 2 :
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b.  Lyint = gUWB,B" _ _ 5
: b,int I 3n2m 3n2m
¢ Loy =agnne? L <8 L%y
° c,int 24712m?2 2472m2
e2g g
d. Zajn=gn' nBuB" ~ Sartm? prre
/ e =
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Table E.3: Closed form of V1im T.(v,Q?) for the interactions considered in this paper. m is the mass

of the fermion v, or charged scalar particle 7. M is the mass of the incoming particle. The interaction
Lagrangian of the photon field A, is implied as being of QED or scalar QED type, respectively. ¢ is a scalar

field, B, is a vector field, and Q2 is the photon energy-momentum transfer.

, . Tuv,@% .
Lint lim T.(v,Q?) lim ———=— 2Q Jim T0(v,Q%)
Q@—0 Q—o00
2,2 2,2 2,2
Lt = 8YYP 5 [ 1+ arcsmh(%)] ~5mZ -5
L o242 . Q e2g? e2g?
Loint =18YYY5¢ 72 [ 1+ 4 2 Qz 5T gs arcsinh (ﬁ)] T 6n2m? T a2
Lsint = 8VYuYsYoH'¢ 0 0 0
= 2e2g? 4m? . Q e?g? 2eg”
Laint =8VYuYBy s |71t QVam?:Q? arcsinh (%)] T omm? T
o 2¢242 Am2 . Q g _ 2e%g?
Ls,int = 8YYuY5¥By 32 [_ Q\/4m2+Q2 arcsinh (2m )] 9InZm?2 32
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Appendix F

One-Loop Scalar Integrals

One-Loop Integrals: Definition and Direct Calculation

One-loop integrals arise in a Feynman diagram if: (i) one 4-momentum, let it be %, cannot
be fixed by external momenta of the diagram and by the momentum-conservation laws at the
vertices of the diagram, (ii) the edges and the vertices through which % flows do not enclose another
unbounded 4-momentum of the diagram. Fig. F.1 shows a Feynman diagram that is equivalent to
a one-loop integral.

One-loop integrals can be divided into two categories:

1. Scalar one-loop integrals: the numerator contains no components of the four-vector %, e.g.

dir n 1
@m ;3 [(k+q:)2—m?]

(F.1)

S:

2. Tensor one-loop integrals: the numerator contains a tensor product of the components of the
four-vector £, e.g.

ddk n
Ial"'arz - F2
t f(z )d H (k+ql)2 m?]’ 2)

One of the most used methods to calculate one-loop integrals is to firstly undertake a Feynman
parametrisation. The Feynman parametrisation brings the product of therms in the denominator
to a linear combination of these terms raised to a given power. Nevertheless, the Feynman
parametrisation comes at the cost of introducing additional integration parameters. The master
formula for the Feynman parametrisation is

-1

1 _F(a1+..~+am)fd X1 [dxmé(l X1—-— xm)xl _xglm )

Alitl A%zm - I'(@1) - T(am,) l:lxiAi}Zl:lal

I'(a) is the Gamma function, which becomes I'(a) = (a — 1)! if a is a positive integer. In this thesis a
variation of the above formula is used

1 1-x1 1):,1%

1 r ety Lot (1 pm )
— = @1+ +a )fdxlfdxg fdxm 1 m-1 C "L ) . (F4)
ASL - AYr T T(ay)---Tam) [Ap + X7 xi(A; - A )| FE

The scalar one-loop integral of Eq. F.1 can be given as an example for Feynman parametrisation.
With the identification A; = (k +¢;)® —m? and if A; # A}, then

5(1 a1—---—ay)
=T d dx, . F5
(n)f( )df % fx L (F5)
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Figure F.1: Feynman diagram for a one-loop integral. pi, ---, p, are the external momenta of the
diagram while q; = q;-1 + p;. Because ¥ ; p; =¥, qi, the momentum % remains unconstrained by the
momentum conservation law at the vertices.

By (i) completing the sum in the denominator to a square, Z;’; 1XiAi=(k+K )2 — A?; and (ii) making
a shift in the momentum k&, 2 — k — K; I is recasted to

1 1
d?k 6(l-ai—-—anp)
I.=T n , F.
(n)f(zn)dofdxl Ofdx (2 +A2]" 6)

n
with A = 1 Z XX [(qi —qj)2 —m? —m?]
2,71

Similar operations can be applied to I f‘ "% in Eq. F.2. Unfortunately, the momentum shift
k — k — K and the tensor forms in the numerator complicate the calculations. For a discussion of
the tensor one-loop integral in the Feynman parametrisation see [30].

As stated above, the Feynman parametrisation introduces additional integration parameters.
Nevertheless, Eq. F.6 demonstrates the power of this parametrisation. With the help of Wick
rotation and dimensional regularization [17, p. 193 and p. 249], the integral over the momentum &
can be preformed. The formula used is [18, p. 827]

d’k k% _ a—b g 1 T(a+d2)['(b—-a-do)
2n)d [kQ_AQ]b—l(—l) (4m) Ab-a=Th )T @) . (F7)

I has now the form
1 1
I =i(—1)n(4n)_d/2l“(n—d/z)fdxl---fdxnd(l—al ——ay) AT (F.8)
0 0

Due to the algorithm in Appendix F.2, which reduces tensor one-loop integrals to scalar one-lop
integrals, Eq. F.8 was used in the calculation associated to the master thesis. The simplicity of
Eq. F.8 proved to be of great help in taking different limits of the dynamical variables. However,
Feynman parametrisation of tensor one-loop integrals was utilized to cross-check the algorithm in
Appendix F.2 in a special limit of the dynamical variables.
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Algorithm for Decomposing Tensor-Integrals into Scalar-Integrals

The matrix element .#*" of the FVVCS diagrams could be calculated by employing the re-
duction of tensor one-loop integrals to scalar one-loop integrals. This reduction can be done in
general by considering only the tesorial character of the final result [31; 32]. However, in this
paper the gauge invariance of .#"" was used to do the reduction of tensor one-loop integrals to
scalar one-loop integrals.

The gauge invariance of the photon dictates that the matrix element .#Z*" of FVVCS can be
expressed as:

KoV 1 . .
iu® = (—g“v + qqg ) Tl(V,Qz) + m (p“ - p_qzq Q'u) (pv - quq qv) To(v, Q2), (F.9)

where v = %, q® = -Q2, p?=M? Ti(v,Q? and Ts(v,Q?) are scalar functions, which can be

determined by solving the system of linear equations obtained by contracting Eq. F.9 with g,,, and
Dpupv respectively:

2
g " =(1-d)T1(v,Q%) + (1 + é T2(v,Q%),

, L2 (F.10)
ipupy " = —M> 1+é)T1(v,Q2)+M2(l+é) Ty(v,Q2).

Thus, if g,.#"" and p,p,.#*" can be expressed as a sum of scalar one-loop integrals, then also
T1(v,Q?) and To(v,Q?) can be written as a sum of scalar one-loop integrals, respectively.

To reduce the tensor integrals of the contractions g,,.#*" and p,py.#"" to scalar integrals,
the following procedure was used:

1. Calculate in d-dimension the traces in the numerator. This yields multinomials in the
variables k2, k-p,and k- q,

2. Expand into partial fractions. This can be done by firstly replacing k2, k- p, and % - ¢ in the
numerator with suitable linear combinations of the terms in the denominator. Next, expand
into a sum of fractions and make simplifications. For example

d?k k-q

@ (k2 -m?]? [(k + )2~ m?] [(k - p)? —m?]
ek %{— [k2—m2]+[(k+q)2—m2]—q2}
@M (k2 —m2)? [(k + q)2 - m2] [(k - p)2 — m2]

_ 1rd% 1
—2) @) [k2-m2][(k + )2 — m2][(k - p)2 — m2]
1 [ d%k 1
+_
2J @ (k2 - m2)? [k - p)? - m?]
1 [ d%F q?

~2J @ (k2 = m2)? [(k + )2 — m2] [(k - p)? — m?]
with the replacement k- g = £ {— [k2 - m?| + [(k + ¢)* - m?] - ¢?},

3. When no linear dependency between the numerator and denominator can be found, use the
tensor like property of the integration result.
For example, the integral
d?k (k- p)? d?k kOEP
=PaP
2m)d [k2 _ mz]z [(k + q)2 _ mZ] al’p 2n)d [k2 _ m2]2 [(k + q)2 _ m2]
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can be scalarized by finding the scalar integrals I1(q - q) and I2(q - q) of

d?k BoRP
A“ﬁzf — ™ 11(q-q)+q%qTa(q - q).
(27I)d [kz—m2]2[(k+q)2—m2] g 19 -q q q"12(q-q

To find I1(q - ¢) and I5(q - q), the above mentioned can be used: (i) contract A*? with Jap and
qa9qp to obtain a system of two linear equations, (ii) expand the gaﬁA“ﬁ and q,q ﬁA"‘ﬁ like
into partial fractions, like in Step 2, (iii) solve for I1(q - ¢) and Is(q - q),
4. Use
1
2—{— [£2 —m?] +[(k +@)* —m?] + [(k—p)* —m?] - [(k+q - p)* -m?]} =1,
pP-q

to simplify

d?r 1

2m)? [k2 - m2?] [(k +q)? —m?2] [(k — p)?2 - m?] [(k+q — p)? - m?]

and bring it to a sum of three-point integrals.

If p-q =0, such that
—[E2=m?] + [(k+ @)* =m?| + [(k - p)* —m®] = [(k + ¢ — p)* ~m*?]| =0,

then use

B (k2 —m?2| B (& +q)? —m2]| + [(k — p)2 = m?] - [(k + q — p)* —m?]

1= [k2—m2] N [k2—m2]
to simplify
d?k 1
@) [k2 —m?] [(k +q)2 —m?] [(k — p)2 —m?] [(k +q — p)2 —m?]
[ %k [k%-m?] 1

~J @) [k2—m?2] (k2 - m2][(k+q)2 —m2] [(k - p)2 —m2] [(k +q - p)2 —m?]

and bring it to a sum of three-point integrals,
5. Identify all the integrals that are equivalent modulo Feynman parametrisation and express

the result in terms of equivalence classes/integrals.

F.3 Examples of FVVCS Matrix Elements as Functions of Scalar-Integrals
As discussed in Appendix D.2, the matrix element of FVVCS has the form

_ q"q” 2y, 1 p-q b-q 2
J%uv_(_guu - )le,Q Tl L | i R

By using the algorithm in Appendix F.2, the scalar functions T1(v,Q2) and T2(v,Q?) can be reduced
to the following sums of scalar one-loop integrals
T1(v,Q?) = b11B(0) + b12B (¢°) + b13B (p?) + b14B ((q — p)?) + b15B ((g + p)?)
+¢11C(0,p%,p%) +¢12C (0,4%,¢%) + c13C (¢%,(q + )%, p?) + c14C (¢°,(g - p)*, P?)
+d11D (0,9%,p%,4%,p% (¢ +p)*) +d12D (0,4, 0% ¢°,p% (¢ - p)?),
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Ta(v,Q?) = ba1B(0) + baaB (q2) + bz B (p?) + basB ((q — p)?) + basB (g + p)?)
+¢21C (0,p%,p?) +¢22C (0,9%,¢%) + c23C (¢%,(q + p)?, p?) + c24C (¢%,(q - p)?, p?)
+d91D (0,q%,p%,q% p?,(q + p)?) +d22D (0,¢%,p%,¢%, p?,(q - p)?),

where
d?k 1
B(p?) =
(pl) (27T)d [kZ_mZ] [(k+p1)2—m2] )
d?k 1
C (02 p2 2 :f
(p17p2a(pl +P2) ) (27T)d [k2_m2] [(k+p1)2—m2] [(k+p1+p2)2—m2] ,
D(p%’pg’pZ’pzzp(pl+P2)2,(p2 +p3)2) = ddk 1
’ @ (2= m?] [tk + prP—m?]
1

X .
[(E+p1+p2)?—m?|[(k+p1+p2+p3)?—m?]

The above definitions of the scalar one-loop integrals B(x), C(x), and D(x) coincide with the
definitions used in the user manual of LOOPTOOLS [33] for the two-, three-, and four-point
functions, respectively. The by, cx, and d, coefficients are given below. Note that ¢2 = —-Q2,
p2=M?,p-q=Mv, and d = 4 - 2¢. The infinitesimal ¢ in the expression of the coefficients b is
needed to assure electro-magnetic gauge invariance of the matrix element .#*" when the entire
expression is expanded to zeroth order in € around 0.

The following interaction Lagrangians are in one-to-one correspondence with the complete
Lagrangians in Table 1.1. The interaction Lagrangian of the photon field A, is implied as being of
QED or scalar QED type, context dependent. ¢ is a scalar field, B, is a vector field.

1. Lijnt=8YYWe:

8
511=§(€—3)

8
bio = §(2€+3)
bi3=b1a=b15=0

c11=-2 (4m2 —Mz) (21/2 +Q2)

vZ 4+ Q2

_ 1 2 2 2 8 2 2
012—2mQ (4m —M)+§(2m —Q)

1
c13 = QW [4m2 _M2) (2v2 +Q2)
1 _ 4( 2 2 2 2 2 2 4
+—vM(v2+Q2)[ 16;n (v + Q%) +4m* (M= (3v* +2Q%) + Q%)

-M?(2v2+ Q%) (2v2 + M2 +Q?)]
1
v2+ Q2

c14=2 (4m? — M?) (2v* + Q?)

1

— m [ - 16m4 (V2 +Q2) + 4m2 (Mz (sz N QQZ) . Q4)
- M? (21’2 +Q2) (21/2 + M2 +Q2)]
1
di1= _2mVMQ2 (4m? - M?)
i ﬁ (4m® - M?) (4m® (v’ + Q%) - Q% (2v* + M + Q7))

1
d12 = 2mVMQ2 (4m2 —Mz)
1
+ e (4m? — M?) (4m® (v* + Q%) - Q2 (2v* + M* + Q?))
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bo1 =baa =boz =bas =b25=0
1

co1 = 2WQ2 (4m® - M?) (Q* -2v?)
cog = emq‘ (4m? - M?)
co3 = -2@(@2 (4m® - M?) (Q%-2v%)
b [ 16miQ% (v + Q%) 4m?Q” (v (4Q° - 3M%) + @)
M@ o0 (4 - 2 (@2 -20%) + 39 + 4v2QY)|
coq = -2“%;622)2)@2 (4m? - M%) (@% - 2?)
[ 16miQ2 (v +QY) - am?Q? (v (49 - 3M%) + @)
M g2 a1 (@2 -2v7) + 390 + 4477 |
do1= —6vaQ4 (4m? - M?)
v (VM;QZ)QQQ (4m? - M2) (4m? (v + Q%) + Q2 (~2v2 - 3M> + @2))
dog = GW;QZ)QVMQ‘L (4m? - M?)
v WQZ (4m? - M2) (4m? (v2 + Q?) + Q2 (~2v? - 3M? + Q7))
2. ZLoint =18YYYs:
bi1= g(e -3)

big = §(2€+3)
b13=b1a=b15=0

c11= 2%M2 (2v2 +Q?)

v2+Q
012=§(2m2—Q2)+2 ! M%Q?
3 vZ 4+ Q2
ci3=-2 > +Q2M2 (sz +Q2)
1 214202, N2 2, 2 2 2, 2
+mM [47’)’L (V +Q )—(2V +Q )(ZV +M +Q )]
1
c14=—2v2+Q2M2(2v2+Q2)
1 214 2( 2, N2 2, 2 2 2, 2
_WM [4m® (v + Q%) — (2vZ + Q%) (2v° + M* + Q) |
_ 1 32 1 214202, N2 2 (0.2 2, 12
d11—2mVM Q _V2+Q2M [4m (’V +@Q )—Q (2V +M“+Q )]
_ 1 32 1 204202 . A2 2002 2, 12
o= -2 g g VM@~ o M4 (v + Q%) - Q7 (20 + M7 +.Q7)
bo1=bag =bo3=bag =bo5=0
1
0212—2—M2Q2 Q2—2V2
(1/2+Q2)2 ( )
1
co2 =—6 Mm2*Q*

(v2 +Q2)2
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1
s 2mM2Q2 (@%-2+?)
vM (v2 +Q?2) Q2 (4m® + M2 —3Q?)]
1
g @)
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