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Exercise 1. (40 points) : Scalar Quantum Electrodynam-

ics

Consider the Lagrangian for the charged Klein-Gordon Field

L = (∂µϕ
†)(∂µϕ)− µ2ϕ†ϕ (1)

• Check that this Lagrangian is not invariant under U(1) gauge transformation of the form
ϕ(x) → ϕ′(x) = eiα(x)ϕ(x);

• Replace the derivatives by the convariant one Dµ = ∂µ + ieAµ and check whether now
the Lagrangian is invariant under the local symmetry;

• Write down the interaction Lagrangian and identify the terms.

Exercise 2. (20 points) : The Hamiltonian of the electro-

magnetic field

Using the normal mode expansion of the photon field

Aµ(x⃗, t) =
∑
k⃗

3∑
λ=0

(
ℏ c2

2ωk L3

)1/2 [
a(k⃗) ϵµ(k⃗, λ) e−i k·x + a†(k⃗) ϵµ∗(k⃗, λ) ei k·x

]
and the commutator relations

[a(k⃗, λ), a†(k⃗′, λ′)] = ξλ δλ,λ′ δk⃗,⃗k′ , ξ0 = −1, ξi=1,2,3 = +1

[a(k⃗, λ), a(k⃗′, λ′)] = 0

[a†(k⃗, λ), a†(k⃗′, λ′)] = 0

show that the Hamiltonian H =
∫
d3xN

(
(Πν(x)Ȧν(x)− L(x))

)
, L = −1

4
F µνFµν , Fµν =

∂µAν − ∂νAµ takes the following form

H =
∑
k⃗

ℏωk

(
−a†(k⃗, 0) a(k⃗, 0) +

3∑
i=1

a†(k⃗, i) a(k⃗, i)

)
(2)
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Exercise 3. (40 points) : Gauge transformation

Let |ΨT ⟩ be a state which contains only transverse photons. Show that replacing |ΨT ⟩ by |Ψ′
T ⟩

|Ψ′
T ⟩ =

{
1 + α

[
a†(k⃗, 3)− a†(k⃗, 0)

]}
|ΨT ⟩ ,

α = constant

corresponds to a gauge transformation:

⟨Ψ′
T |Aµ(x)|Ψ′

T ⟩ = ⟨ΨT |Aµ(x) + ∂µΛ|ΨT ⟩ ,

where Λ is given by

Λ(x) =

(
2ℏ c2

ω3
k L

3

)1/2

ℜ
(
iαe−ik·x) .
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