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Exercise 0.

How much time did it take to complete the task?

Exercise 1. (100 points) :
Dirac particle in a spherical potential well

Consider the Dirac equation

(& De+ Bmoc? | 0(7) = [B = V(7).

in a spherical potential well:

a) (25 p.) Show that

~
—

Withf(:B<E-I_:+h and é},:F/r.
Hint: Use V = é,(&, -

—

V) =€ x (€. x V).

b) (25 p.) Use the ansatz

o0 = (o )

where ¢ji, ,m are the eigenstates of the &L operator

ST

: Ecblem = —Nh(k+1)djim
: Eﬁblem = —h(—k+ 1)0jipm,

to find the differential equations for G(r) and F(r) which are related to g(r), f(r) as

Qp




c) (25 p.) For k* = ((hi)g (E +Vp)? — mic*) > 0 the general solution is given by:

G(r) = rlayji, (kr) + agyi, (k)]

K hckr
F(r)y=— ok "
) k| E + Vi + moc? a1 i (kr) + asyi, (k)]

where j; and y; are the spherical Bessel functions of the first and second kind.

For k2 = (hi)Q (m2c* — (E + Vp)?) > 0 the general solution is given by:

/2]%7“ ~ -
G(T) =T T |:b1KlA+1/2(kZT‘) + b2[lA+1/2(k77")] ,

hickr [ 2kr - -
F(T) = E + VE) + m002 - [—blKlB+1/2(k57’) + nglB+1/2(]€T> s

where K./ and I;; /5 are the modified Bessel functions. Furthermore, it is

lA:{j+% M~H:+Q+%L

i=3 for k=—(j+35)
and

lB:{j._% for n:—i-(j:-l-%),

j+3 for k= —(j+3).

Determine the bound states, for which E — myc® > =V, —moc® < E < myc?.

d) (25 p.) Exploiting the continuity condition at » = R, derive the following relation for
S-states (I = 0) which correspond to j =1 and k = —1:

kRsin(kR) _k e kR E + moc?
sin(kR) — kRcos(kR) ];;e—I?:R (1 + ;) E + Vo + moc?’
iR

Rewrite the above equation into:
R E+ ‘/0 + 771062
tan ( =/ (E + V0)2 — m3et x
an<hc (E+W) moc>\/E+%—m002

he 1 1 moc? — E 1
R | E+myc? E+ Vy+ moc? moc2 + E |

These equations relate the energy eigenvalues of the s-states and the properties of the spher-
ical potential well.
Hint: If necessary, you can use the following Rayleigh formulas for (spherical) Bessel func-

tions:
(o) = (-1 (22) (),
i) = ~(1rar (1) (<22,
e (1) (%),
o) = (o (1) (),
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