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Exercise 0.

How much time did it take to complete the task?

Exercise 1. (100 points) :

Dirac particle in a spherical potential well

Consider the Dirac equation[
~̂α · ~̂p c+ β̂m0c

2
]
ψ(~r) = [E − V (r)]ψ(~r),

in a spherical potential well:

V (r) =

{
−V0 for r ≤ R,

0 for r > R.

a) (25 p.) Show that

~̂α · ~̂p = −i(~̂α · ~er)
(
~
∂

∂r
+

~
r
− β

r
K̂

)
,

with K̂ = β̂
(
~̂Σ · ~̂L+ ~

)
and ~er = ~r/r.

Hint : Use ~∇ = ~er(~er · ~∇)− ~er × (~er × ~∇).

b) (25 p.) Use the ansatz

ψ(~r) =

(
g(r)φjlAm(θ, φ)
if(r)φjlBm(θ, φ)

)
,

where φjlA/Bm are the eigenstates of the σ̂L̂ operator

~̂σ · ~̂LφjlAm = −~(κ+ 1)φjlAm

~̂σ · ~̂LφjlBm = −~(−κ+ 1)φjlBm,

to find the differential equations for G(r) and F (r) which are related to g(r), f(r) as

f(r) =
F (r)

r
, g(r) =

G(r)

r
.
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c) (25 p.) For k2 ≡ ( 1
(~c)2 (E + V0)

2 −m2
0c

4) > 0 the general solution is given by:

G(r) = r [a1jlA(kr) + a2ylA(kr)] ,

F (r) =
κ

|κ|
~ckr

E + V0 +m0c2
[a1jlB(kr) + a2ylB(kr)] ,

where jl and yl are the spherical Bessel functions of the first and second kind.

For k̃2 ≡ 1
(~c)2 (m2

0c
4 − (E + V0)

2) > 0 the general solution is given by:

G(r) = r

√
2k̃r

π

[
b1KlA+1/2(k̃r) + b2IlA+1/2(k̃r)

]
,

F (r) =
~ck̃r

E + V0 +m0c2

√
2k̃r

π

[
−b1KlB+1/2(k̃r) + b2IlB+1/2(k̃r)

]
,

where Kl+1/2 and Il+1/2 are the modified Bessel functions. Furthermore, it is

lA =

{
j + 1

2
for κ = +(j + 1

2
),

j − 1
2

for κ = −(j + 1
2
)

and

lB =

{
j − 1

2
for κ = +(j + 1

2
),

j + 1
2

for κ = −(j + 1
2
).

Determine the bound states, for which E −m0c
2 > −V0, −m0c

2 < E < m0c
2.

d) (25 p.) Exploiting the continuity condition at r = R, derive the following relation for
S-states (l = 0) which correspond to j = 1

2
and κ = −1:

kR sin(kR)

sin(kR)− kR cos(kR)
=
k

k̃

e−k̃R

e−k̃R
(

1 + 1
k̃R

) E +m0c
2

E + V0 +m0c2
.

Rewrite the above equation into:

tan

(
R

~c

√
(E + V0)2 −m2

0c
4

)√
E + V0 +m0c2

E + V0 −m0c2
×{

~c
R

[
1

E +m0c2
− 1

E + V0 +m0c2

]
−

√
m0c2 − E
m0c2 + E

}
= 1.

These equations relate the energy eigenvalues of the s-states and the properties of the spher-
ical potential well.
Hint : If necessary, you can use the following Rayleigh formulas for (spherical) Bessel func-
tions:

jn(x) = (−1)nxn
(

1

x

d

dx

)n(
sin(x)

x

)
,

yn(x) = −(−1)nxn
(

1

x

d

dx

)n(
cos(x)

x

)
,

in(x) = xn
(

1

x

d

dx

)n(
sinh(x)

x

)
,

kn(x) = (−1)nxn
(

1

x

d

dx

)n(
e−x

x

)
,
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with

in(x) =

√
π

2x
In+1/2(x) and kn(x) =

√
π

2x
Kn+1/2(x).
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