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1. Axial current in Dirac theory (10 points)

Consider the axial transformation of the spinor field 1,

)= €Y, ) el (1)

and obtain the divergence of the axial current J = PyPys:

9, Jh = 2imibyseb. (2)

2. Plane wave solutions of Dirac equation (30 points)

The positive and negative energy plane wave solutions of the Dirac equation can be written as

YE=D = u(p)e= e, plEO = y(p)e' (3)

respectively.

(a)

Pasting (3) into the Dirac equation, show that the spinors u(p) and v(p) can be expressed as
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where ¢ and 7 are 2 x 2 spinors, o# = (1,0%) and 6+ = (1, —c?).
Consider the helicity operator
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where 7, = p/[p] = (sinfcos ¢,sinfsin ¢, cos¢) is the unit vector that is directed along the
3-momentum p of the moving particle. Find the eigenstates and corresponding eigenvectors of
the helicity operator, i.e. the expressions for u(p)r and wu(p); for arbitrary directed particle
3-momentum p.

Knowing that the ¢ and 7 spinors with definite helicities h have the following properties
EEn = Owns M = S (6)
show that v and v spinors satisfy the relations
Uprup = 2mopip, u;rl,uh =2E0p,  Unpvn = —2monh, v};,vh = 2B, (7)
Uprvp, =0, U;TL (P)vn(=p) = 0. (8)

3. Spin operator in Dirac theory (30 points)

The spin tensor in Dirac theory is defined as

_ 1
Greo _Z-w,y,uspaw, SPo — 1[,)/’,7”}. (9)



(a) Show that the current which corresponds to the third component of the spin is conserved, i.e.
9,8"2% =0, (10)

and the correspondent charge is

S3 = /d355012. (11)
(b) Find the secondary quantized expression for Ss.

4. Secondary quantized Dirac field in the interaction picture (20
points)

Using the secondary quantized Dirac fields in the Schrédinger picture,
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along with the Hamiltonian
P Tty ot

H= ;/ (gﬁ)3Et [bf by + cp c;l} ) (14)

and anticommutation relations on the creation and annihilation operators

{0505 1} = {c. 5 T} = 6% (20)°6° (7 — @),

{b,b} = {b",b"} = {c,c} = {cI, e} = {b,c} = {bT, ¢} = {b,c'} = {bT,c} =0 (15)
prove the commutation relations

[H,by] = —Epby, [H,cp| = —Epcp, [H,bI] = Epbl, [H,cl]= Epcl, (16)

and use them to evaluate the t-dependence of the Dirac field ¥(Z) from the equation

9y

o = ilH.vl (17)

5. Feynman propagator in Dirac theory (10 points)

Show that the Feynman propagator of the Dirac theory,

d* . (p +m)>?
Bl oy s D —ip(z—y) AN
SF (LC y) Z/ (277)46 p2 —m24+ i€’ (18)
is the Green’s function of Dirac equation:
(i, —m)Sp(z —y) = i6W (x — y). (19)



