Relativistic QFT (Theo 6a): Exercise Sheet 8
Total: 100 points
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1. Gamma matrices in different representations: Dirac, Weyl, Ma-
jorana (20 points)
The gamma matrices in Dirac representation are
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where 0! are 2 x 2 Pauli matrices, 1 is 2 x 2 identity matrix.

The transition to another representation can be done by the following unitarity transformation

Yhew = UnpU'! (2)
(a) (10pt) Show that the gamma matrices in Weyl representation,
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where o# = (1,0%) and # = (1,—0"), can be obtained from the ones in Dirac representation
applying the following unitary transformation
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(b) (10pt) Show that the gamma matrices in Majorana representation,
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can be obtained from the ones in Dirac representation applying the following unitary transforma-

tion ) )
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Use the property of Pauli matrices: o'0? = §;;1 + ieijkak, where § and ¢ are the Kronecker and
Levi-Civita symbols respectively.

2. Commutation relations for the Lorentz generators (20 points)
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Prove that the Lorentz generators S = 7[y*,7"] obey the following commutational relations:



(a) (5pt) [S*, 4] = y1g"> — ¥ gH,
(b) (].O pt) [S’“’,Sa'@] = gl’aSI‘*ﬂ _ gMaSVB _’_gMﬁSVa _ gVBS/Ja
(c) (5pt) [$*,7°] =0

3. Lorentz invariant spinor structures (30 points)

Consider the spinor Lorentz transformation S[A] : ¢(z) — S[A]¥(A~1x), that corresponds to the vector
Lorentz transformation matrix A = AX.
(a) (15pt) Prove the following property of S[A]
S AI#S[A] = Aliy® (8)
Hint: the simplest way is to consider the Lorentz transformation of the Dirac equation, (iv*0,, —
m)y = 0, and use the fact that both the derivative and mass terms should transform by the same
law. Another way is to use the explicit form of S[A]
S[A] = e0sS™”,
and apply differentiation with respect to Q.5 (Feynman trick) or another techniques to evaluate
SHAJY*S[A] directly.
(b) (15pt) Show that the spinor structures ¥y*1) and 1)y*4+ transform like a Lorentz vector and
tensor respectively, i.e.

PyHp = APy, Ry — ARGy e, (9)
under the Lorentz transformation.

4. Parity and charge conjugation (20 points)

Obtain how each spinor bilinear transforms under the respective discrete symmetry and fill in the table

Discrete symmetry \ P \ iy \ Py \ Py \ iyt Y \
P

C
cp

CP means the combination symmetry, when one applies parity transformation and after that the
charge conjugation or vice versa.

Show that every bilinear form given in the table is hermitian. Why is it important to satisfy the
hermiticity of the Lagrangian terms?

BONUS: How to define parity transformation in 241 dimensions (important e.g. in graphene physics)?
5. Properties of chiral projectors (10 points)

Consider the chiral projectors Pr, g = (Lixa F7°)/2.
(a) (5pt) Show that Pp r satisfy the geneal properties of projectors:
Pf,RZPLR» Pp+ Pr, = 14x4, PrPr=PLPr=0. (10)
(b) (5pt) Express ¢ as Pry + Pryp = 11, + g and find, what chiral spinor bilinears one gets from
those, listed in the table, and fill in the empty cells.
Bilinear form | gy | Py | vy | vy | il 4T |
Chiral structure ‘ YR + YRYL ‘ ‘ ‘ ‘ ‘




