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1. Traces and identities of the Dirac matrices (40 points)
(a) Prove the following relations:

Tr (γµ1γµ2 ...γµ2n+1) = 0 (1)
Tr

(
γ5γµγνγργσ

)
= 4iεµνρσ (2)

Tr (γµ1γµ2γµ3γµ4γµ5γµ6) =

4(gµ1µ2gµ3µ4gµ5µ6 + gµ1µ2gµ3µ6gµ4µ5 − gµ1µ2gµ3µ5gµ4µ6

− gµ1µ3gµ2µ4gµ5µ6 − gµ1µ3gµ2µ6gµ4µ5 + gµ1µ3gµ2µ5gµ4µ6

+ gµ1µ4gµ2µ3gµ5µ6 + gµ1µ4gµ2µ6gµ3µ5 − gµ1µ4gµ2µ5gµ3µ6

− gµ1µ5gµ2µ3gµ4µ6 − gµ1µ5gµ2µ6gµ3µ4 + gµ1µ5gµ2µ4gµ3µ6

+ gµ1µ6gµ2µ3gµ4µ5 + gµ1µ6gµ2µ5gµ3µ4 − gµ1µ6gµ2µ4gµ3µ5) (3)

Hint: use twice the decomposition of the product of 3 γ-matrices,

γµγνγα = Sµναβγβ + iεµναβγ5γβ , Sµναβ = gµνgαβ − gµαgνβ + gµβgνα (4)

εµνσρεαβγρ = −det

∣∣∣∣∣∣
gµα gµβ gµγ

gνα gνβ gνγ

gσα gσβ gσγ

∣∣∣∣∣∣
= −gµα(gνβgσγ − gνγgσβ) + gνα(gµβgσγ − gµγgσβ)− gσα(gµβgνγ − gµγgνβ). (5)

(b) Prove the following identities:

γµγαγβγµ = 4gαβ (6)
γµγαγβγσγµ = −2γσγβγα (7)

γµγαγβγσγργµ = 2
(
γργαγβγσ + γσγβγαγρ

)
(8)

(c) Using the Dirac equation for u-spinors

(/p−m)u(p) = 0, ū(p)(/p−m) = 0, (9)

prove the Gordon identity

ū(p′)γµu(p) = ū(p′)
[pµ + p′µ

2m
+ iσµν p

′
ν − pν
2m

]
u(p), (10)

where σµν ≡ i[γµ, γν ]/2.

2. Compton scattering in QED (50 points)
Consider the Compton scattering process (eγ → eγ) at the tree level in QED.
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(a) Write down the expressions for the invariant amplitudes As and Au which correspond to s- and
u-channel diagram.

(b) Averaging over the initial spin states and sum over the final spin states of the electron and photon,
applying formulae ∑

λ=−1,1

ελµ(q)ε
∗λ
ν (q) = −gµν ,

∑
h=− 1

2 ,
1
2

u(p)hū(p)h = /p+m (11)

for the spin sums of the photon polarization vectors ελµ and the electron spinors uh, show that the
averaged squared modulus can be expressed as

|As +Au|
2
= f(s, u) + g(s, u) + f(u, s) + g(u, s), (12)

where functions f and g are defined as

f(s, u) ≡ |As|2 =
Tr

[
(/p

′ +m)γµ(/p+ /q +m)γν(/p+m)γν(/p+ /q +m)γµ

]
4(s−m2)2

, (13)

g(s, u) ≡ AsA
†
u =

Tr
[
(/p

′ +m)γµ(/p+ /q +m)γν(/p+m)γµ(/p− /q
′ +m)γν

]
4(s−m2)(u−m2)

. (14)

Here q and q′ are initial and final photon momenta, p and p′ are initial and final electron momenta
respectively. Using trace technique, obtain |As +Au|

2
in terms of invariants.

(c) Obtain the differential cross section dσ/dt in terms of Mandelstam invariants and compare the
result with the one obtained in the scalar QED. Find the low- and high-energy behavior of the
differential cross section.

3. Plane wave solution of the Dirac equation in Dirac representa-
tion (10 points)
Consider the γ-matrices in the Dirac representation γ0 =

(
1 0
0 −1

)
, ~γ =

(
0 ~σ
−~σ 0

)
. The positive

and negative energy plane wave solutions of the Dirac equation can be written as

ψ(E>0) = u(p)e−ipx, ψ(E<0) = v(p)eipx (15)

respectively as well.

(a) Pasting (15) into the Dirac equation (i/∂ − m)ψ show that the spinors u(p) and v(p) can be
expressed as

u(p) =
√
E +m

(
ξ

~σ~p
E+mξ

)
, v(p) =

√
E +m

(
~σ~p

E+mη

η

)
, (16)

where ξ and η are 2× 2 spinors and σi Pauli matrices.
(b) Knowing that the ξ and η spinors with definite helicities h have the following properties

ξ†h′ξh = δh′h, η†h′ηh = δh′h, (17)

either in Dirac representation, show that u and v spinors satisfy the relations

ūh′uh = 2mδh′h, u†h′uh = 2Eδh′h, v̄h′vh = −2mδh′h, v†h′vh = 2Eδh′h, (18)

ūh′vh = 0, u†h′(~p)vh(−~p) = 0. (19)
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