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1. Lorentz transformations (20 points)

Under active Lorentz transformation ⇤ : x0µ = ⇤µ⌫x⌫ fields transform as

Scalar :  (xµ) !  ([⇤�1]µ⌫x⌫), Vector : A⇢(xµ) ! ⇤⇢�A�([⇤
�1]µ⌫x⌫) (1)

Using the definition of a Lorentz transformation ⇤µ↵g↵�⇤⌫� = gµ⌫ , demonstrate that

(a) Klein-Grodon equation (@µ@µ +m2) = 0 is invariant under a transformation ⇤ (10 pts.)

(b) Maxwell equations @µFµ⌫ = 0 with Fµ⌫ = @µA⌫ � @⌫Aµ are invariant under ⇤ (10 pts.)

2. Classical electrodynamics as a field theory (50 points)

It is convenient to consider classical electrodynamics in a Lorentz-invariant and gauge-invariant way,
using the Lagrangian

LEM = �1

4
Fµ⌫Fµ⌫ , (2)

where Fµ⌫ = @µA⌫�@⌫Aµ is the electromagnetic (EM) tensor. It is antisymmetric, Lorentz and gauge
invariant second-order tensor.

(a) The contravariant EM tensor is

Fµ⌫ =

0

BB@

0 �Ex �Ey �Ez

Ex 0 �Bz By

Ey Bz 0 �Bx

Ez �By Bx 0

1

CCA ⌘ ( ~E, ~B), (3)

where ~E and ~B are vectors of electric and magnetic field respectively. Show that the covariant
EM tensor Fµ⌫ = (� ~E, ~B).(10 pts.)

(b) Show that the Lagrangian

L = �1

2
(@µA

⌫) (@µA⌫) +
1

2
(@µA

µ)2 (4)

di↵ers from LEM by a total derivative.(10 pts.)
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(c) Consider the Lagrangian for EM field with dual EM tensor

L = �1

2
Fµ⌫ F̃

µ⌫ . (5)

Find the equations of motion for the field Aµ. Show that they also give the Maxwell equations.(15
pts.)

(d) For LEM obtain the canonical energy-momentum tensor

Tµ⌫ =
@L

@(@µA⇢)
@⌫A⇢ � gµ⌫L. (6)

Using the ambiguity in the energy-momentum definition as the Noether current

Tµ⌫ ! T̃µ⌫ = Tµ⌫ + @⇢K
µ⌫⇢, Kµ⌫⇢ = �K⌫µ⇢, (7)

symmetrize Tµ⌫ choosing the appropriate Kµ⌫⇢. (15 pts.)

3. Real scalar fields (30 points)

Consider the Lagrangian of two real scalar fields with equal masses:

L =
2X

i=1

1

2

�
@µ�i@

µ�i �m2�2
i

�
(8)

(a) Show that L is invariant under the 2D rotations, e.g. under the following field transformations

�1 ! �1 cos ✓ + �2 sin ✓ (9)

�2 !� �1 sin ✓ + �2 cos ✓, (10)

where ✓ 2 [0, 2⇡] is the rotation angle.(10 pts.)

(b) Find the conserved current and charge of the theory, connected with the symmetry under rotations.
(10 pts.)

(c) Rewrite the Lagrangian in terms of the one complex scalar field ', applying the substitution

' =
�1 + i�2p

2
. (11)

What symmetry does it have that corresponds to the rotation symmetry in case of the two real
fields? Are there any changes in equations of motion?(10 pts.)
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