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Vacation sheet — Return 09.01.2020 — with up to 20 bonus points.

1. SL(2,C) as the double cover of the Lorentz group (15 P.)

1. Let 0, = (11, 0), where o; are the Pauli matrices. For a four-vector v define the
2 x 2 matrix V(v) by
V(v) =v,0t.
Show that det V (v) = v
2. Show that v, = 5 tr [,V (v)], where 7, = (1, —0).
3. Show that A € SL(2,C) induces a Lorentz transformation v +— v’ through

V(') = AV(U)AT.
4. Deduce that )
AE(A) = §tr (6" Ag, A]

defines a homomorphism from SL(2,C) into the proper orthochronous Lorentz
group.

5. Identify the kernel of the homomorphism and conclude that SL(2,C) is the double
cover of the proper orthochronous Lorentz group.



2. Weyl spinors (10 P.)

1.

Derive the generators of boosts and rotations in the (%, O) and (0, %) representations
of the Lorentz group.

2. Conclude that these representations of the Lorentz group can be written as

DEO)(g) = e2é°

and
1

DOD(g) = o367
where 5@ = 91 — ZCZ

3. The Dirac algebra (15 P.)

1.

Let 7, be the generators of the Dirac (Clifford) algebra defined by the anticommu-
tation relation
T Vv + TV = 277;11/7
and let ‘
i
Opw = 5[7#771/]-

Show that a representation p of the Dirac algebra gives a representation p of the
Lie algebra of the Lorentz group via p(L,,) = 2p(o,u).

. Show that a representation (the Weyl representation) of the Dirac algebra is given

. (0 1 (0 —o
p(%)—(ﬂ 0) p(%)—(ai 0 )

Give the generators of boosts and rotations in the Weyl representation; conclude
that the corresponding representation of the Lorentz group is reducible, and give
its decomposition into irreps.

Show that another representation (the Pauli representation) of the Dirac algebra is

given by
=5 %) =0 %)



4. * Algebraic solution of the hydrogen atom (+20 P.)

In the lectures, we discussed the dynamical SO(4) symmetry of the Kepler-Coulomb
potential, leaving most explicit calculations in the quantum mechanical case as exercises.
In this question, you are asked to fill in the missing pieces. By solving this “starred”
question, you can earn up to 20 bonus points.

1. * Show that the components of the Runge-Lentz-Pauli operator satisfy
[H,M;] =0

2. * Show that the components of the Runge-Lentz-Pauli operator satisfy
e 2H \ -
[M;, Mj] = 1k (_W> Ly

3. * Show that the Runge-Lentz-Pauli operator and orbital angular momentum ope-
rator satisfy S
M-L=L-M=0

4. * Show that the Runge-Lentz-Pauli operator squares to

. 2H /. .
1Y <L2+h2]1) e
m

where the prefactor h? = 1 can be restored on dimensional grounds.
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Merry Christmas and a Happy New Year!
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