
Theoretical Particle Physics Problem sheet 4

2 problems. Total number of points given is 25.
Grading: 20+ excellent, 15+ good, below 10 is incomplete.
Deadline: Thursday, December 19.

1. Spin-1 QED from Yang-Mills theory

Consider the following Lagrangian

L = −1

2
G∗µνG

µν +M2
W W ∗

µW
µ − 1

4
FµνF

µν (1)

that describes the photon field Aµ by Fµν = ∂µAν − ∂νAµ and the
massive charged complex vector field Wµ by Gµν = DµWν − DνWµ,
where Dµ = ∂µ + ieAµ.

(a) {2 pts} Convince yourself that the Feynman rules interaction ver-
tices are these:

µ

λ′

λ

p1

p2

= −ie
[
(pµ1 + pµ2)gλλ

′ − pλ′1 gµλ − pλ2gµλ
′
]

(2)

ν ν′

µ′µ

= −ie2
(

2gµµ
′
gνν

′ − gµνgµ′ν′ − gµν′gµ′ν
)

(3)

where the thicker lines depict vector boson W and the thinner
ones are the photons.

(b) {5 pts} Taking the propagator of the vector field in the form

∆µν
W (k) = −i

gµν − kµkν

M2
W

k2 −M2
W + iε

,

obtain the amplitude of the tree-level forward (t = 0) Compton
scattering process in this theory using FORM. Make sure that the
answer can be reduced to

e2
[
2 εq · ε∗q χp · χ∗p +

ν

2MW

(
εq · χp ε∗q · χ∗p − εq · χ∗p χp · ε∗q

)]
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where εki are the photon polarization vectors and χki are the po-
larization vectors of the charged vector boson, ν = p · q/MW .

Now turn to the SU(2) massive Yang-Mills theory with Lagrangian

L = −1

4
FaµνFµνa +

M2
W

2
[
(
A1
µ

)2
+
(
A2
µ

)2
], a = 1, 2, 3; (4)

where Fµνa = ∂µAνa − ∂νAµa − efabcAµbAνc , fabc = εabc are the structure
constants of SU(2) algebra. Let the 3rd (massless) component describe
the photon Aµ3 = Aµ, and the two other ones describe the charged
vector boson W± with the following complex field: Wµ = 1√

2
(A1

µ+iA2
µ)

and W ∗
µ = 1√

2
(A1

µ − iA2
µ).

(c) {5 pts} Obtain the amplitude of the tree-level forward Comp-
ton scattering process γW± → γW± in this theory using FORM.
Compare results with (b).

2. Vacuum polarization in the Lamb shift

Consider the contribution of the QED vacuum polarization (VP) to the
hydrogen Lamb shift (see Fig.1).

Π(q2)

q
e−

p

Figure 1: Vacuum polarization contribution to the Lamb shift at the first
order.

The VP has the well-known form:

Πµν(q) = (gµνq2 − qµqν) Π(q2), (5)
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where we use the flat Minkowski metric, with diag gµν = (1,−1,−1,−1).
The renormalized Π(q2) satisfies the once-subtracted dispersion rela-
tion:

Π(q2) =
1

π

∫ ∞
t0

dt
Im Π(t)

t− q2 − i0+

q2

t
, (6)

where t0 = 4m2 is the lowest particle-production threshold (m is the
mass of the lepton in the loop).

The corresponding correction to the Coulomb potential VC(r) = −α/r
is given by:

δV (r) =

∫
d~q

(2π)3
ei~q·~r δV (~q 2), δV (~q 2) = −4πα

~q 2
Π(−~q 2) . (7)

where the retardation effects can be neglected (i.e., q0 = 0) because
they are of higher order in α. This correction is referred to as the
Uehling potential.

(a) {2 pts} Using the above dispersion relation, show that the Uehling
potential is given by the Yukawa potential with a dispersed mass.

(b) {4 pts} Using the hydrogen wave-functions φnlm(~r), calculate the
first-order 2P − 2S Lamb shift due to the Yukawa potential with
mass M , i.e.:∫

d~r
(
|φ210|2 − |φ200|2

)e−Mr

r
= − α3m3

rM
2

2(M + αmr)4
,

where mr is the reduced mass of hydrogen.

(c) {2 pts} Combining the above two results, write down the general
first-order VP contribution to the Lamb shift

∆E(2P − 2S) =

∫
d~r
(
|φ210|2 − |φ200|2

)
δV (r)

in terms of Im Π(t).

(d) {5 pts} Substitute the one-loop result for the electron VP:

Im Π(1)(t) = −α
3

(
1 +

2m2
e

t

)√
1− 4m2

e

t
,

and, using Mathematica, obtain the numerical value (in eV) for
the Lamb shift in normal and muonic hydrogen.
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