Theoretical Particle Physics Problem sheet 3

4 problems. Total number of points given is 27.
Grading: 204 excellent, 15+ good, below 10 is incomplete.
Deadline: Thursday, December 5.

1. Gluon self-energy

The one-loop contributions of the gluon self energy are given by these
diagrams:
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The first two diagrams are due to the triple and quadratic gluon cou-
pling, respectively. The third diagram is the Faddeev-Popov ghost
contribution. The color indices a and b run from 1 to N¢.

Assume the Feynman gauge for the gluon propagators:
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For the other Feynman rules use the notes. Note the diagram with the
ghost loop has an overall —1, just as for a fermion loop. Note also that
the two diagrams with the gluon loop have the symmetry factor of 2.
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The gauge invariance infers the transversality condition:
Fullyy (k) = 0, (1)
leading to the following Lorentz stricture of the self-energy:

1Y (k) = 6y (K2 g™ — k"EV)TL(K?) . (2)

{9 pts} Richard Feynman had originally shown that the gluon loops
alone (the first two diagrams) violate the above transversality condi-
tion, hence violate gauge invariance. He then introduced the ghost
loop to restore the symmetry. Reproduce his result with the help of
LoopTools.

2. f-term in QCD Lagrangian
Consider the following additions to QED and QCD Lagrangians, the
so-called “theta-term”:
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where Fy,, = 9,A, — 0,A,, F}, = 0,A% — 0,A% + gf** Al AT, whereas
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are the dual field-strength tensors, with ¢ being the Levy-Civita tensor.

(a) {2 pts} Why do these terms violate parity (P) and charge conju-
gation (C') symmetries?

(b) {2 pts} Show that the QED theta-term vanishes in the action:
/d4xA£QED =0.

(c¢) {1 pts} Can you say something on whether the action of the QCD
theta-term vanishes or not?
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3. Furry’s theorem

{1 pts} Prove that it is impossible to construct a nontrivial gauge-
invariant interaction term for 3 photon fields, which conserves parity
and charge conjugation. Namely, write down the coupling

L= csF"F, F°

where c3 is a coupling constant, and show why this term vanishes.

{2 pts} Generalize this proof for any odd coupling, i.e., 2n + 1 field
tensors, with integer n. Write one or two sentences on how this is
related to Furry’s theorem.

4. Constraints in Yang-Mills theory

Consider the SU(2) Yang-Mills theory, where two out of the three fields
have the mass:

Lyu = ——Zfa Fo g CMP[(AY 4 (A7)

{9 pts} Find all the constraints in this theory and classify them into
first and second class.

{1 pts} Perform the degrees-of-freedom counting.



