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Exercise 0.

How much time did it take to complete the task?

Exercise 1. (60 points) : Dirac particle in a scalar poten-
tial

Consider a Dirac particle travelling along the z-axis and subject to the scalar square-well
potential

0 when 2z < —a/2 (region )
V(iz)=< W when —a/2<z<a/2 (region IT)
0 when a/2 < z (region IIT)

where a > 0 and Vj < 0. In regions I and III, the eigenvalue Dirac equation takes the form
(@ e+ Bmoc?) ¥ = E,
while in region II, it has the form
[07 e+ Bmoc® + VO)} b = B,

In this second region one can consider that due to the potential, the particle has now an effective
mass Mmeg = mo + Vo /2.

a) (10 p.) Write down the general solution 1(z) in the three regions with the spin in the
z-direction.
Hints: A plane-wave solution with momentum p, mass m and spin label s can be written as

u(p,s) = A ( . &ﬁf ) e%(ﬁ-F—Et)7

E+mc? Xs

where A is some complex number and Y, a two-component spinor. For the spin projection
along the z-axis, x, is an eigenstate of the Pauli matrix o3. Do not forget that plane
waves can travel in both directions. Remember that the matrices @ and S in standard
representation are given by

- (07 (1T 0
a—(5,0> and 5—(0_]1).
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b) (20 p.) Impose the continuity condition at z = +a/2. Express the coefficient of the incoming
plane wave of region I in terms of the plane waves of region III. Define for convenience the
dimensionless quantity

kic  E 4 megc?
E + myc? koc

v

where k; is the momentum in regions I and III, and k5 is the momentum in region II.

¢) (30 p.) Consider the special case |megc?| < |E| < mgc? corresponding to bound states.
Show that these states satisfy

k Vi
ko cot ( 2@) = — (mo ° + fﬁ) )
h K1
where k; = —ik;.

Hints: Show that in the case considered, there could be neither an incoming wave in region
I nor an outgoing wave in region III. Show then that continuity requires

1 i
Im (ﬂ e h k2a> = 07
-7

and that v = ¢I" is imaginary leading then to
" ]{?QCL . 1-— F2
co h = 5T

Exercise 2. (15 points) : Helicity operator

5_1( ®),sin(f) sin(¢), cos(h)).

=N

The helicity operator is defined as A=5. ﬁ Derive the eigenvalues of the helicity operator
for a particle with momentum p = (sin(f) ¢

Exercise 3. (25 points) : Electrons in constant magnetic
field

To study the behavior of electrons in a constant magnetic field, we have to solve the stationary-
state Dirac equation

(—mc a-D+ ﬁmoc2> » = By
where we have used minimal substitution V — D =V — ieA /he.
a) (10 p.) Verify that

— 2 — — — —
(& - D) — D1+ hiz: B,  where %= (
C

S Q
QL ©

b) (15 p.) For the particular case A= (0,2B,0) and by considering solutions of the form
Y = 'PuytP=2)/hyy (1) show that the energy eigenvalues E of a relativistic electron in constant

magnetic induction B are given by

E? = mic* +p2c® + (2n + 1)|eB|hc £ eBhc, n € IN.
Hint: Remember that the eigenvalues of the harmonic oscillator operator —9? + w?z? are
(2n + 1)|w| with n € IN.



