Problem Sheet 5

for the course
sIntroduction to Lattice Gauge Theory*
Summer 2019

Lecturer: PD Dr. G. von Hippel

1. Reading List

1. Kogut, sections V-VI (p. 681-694)
2. Smit, sections 4.1 and 4.5 (p. 83-85, 97-98)
3. Les Houches Lecture Notes, section 1.5.1 (p. 50-54)

2. The Ising Gauge Model

(a) The Ising model has a global Zy-symmetry o — —o. How must a link variable \;;
transform in order for the Hamiltonian

H = _Jzai/\ijgj
(4,4)
to be invariant under local Zs-transformations o; — w;o; with arbitrary w; € Zs 7

(b) Show that the product of link variables along an arbitrary closed path is invariant
under the transformations found in the preceding problem (gauge transformations).

(c) Consider now a theory of only link variables with the Hamiltonian
H=—- Z Z Ad it i i fryi it 05 N0yt 0 A i+
i p<v
(i.e. the product of the link variables around each plaquette of the lattice) and show
that it is invariant under gauge transformations.

(d) Show that in the case D = 2 the theory from the preceding problem (the Ising
gauge model) can be written as a collection of Ising models that become uncoupled
in the infinite-volume limit.

3. Elitzur’s Theorem

(a) The spontaneous magnetization is defined by limy,_,o limy . (A;;)n (with the limits
taken in that order), where

3y ON)e P

(O)p, o o PHNFRY ;) M




(b)
()

is the expectation value in the presence of a homogeneous external field. Consider
the gauge transformation

—1,i=n
w; =
’ +1, sonst
and use it to show that

(Anntadn = _</\n7n+ﬂe_2hZ”(An’n+ﬂ+/\n_ﬂ’n)>h~

Use the result of the preceding problem to derive the bound 2|(\, nta)n| < [{(Apnsi)nl:
1 — 4P|

Conclude that the spontaneous magnetization has to vanish in the Ising gauge
model.

4. Wilson Loops in the Ising Gauge Model

For a closed loop I' on the lattice we defined Pr as its perimeter, Ar as the area of
the minimal surface it encloses, and

Wp:H)\g
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as the corresponding Wilson loop.

Use the formula of problem 6 (a) from problem sheet 2 to write the expectation
value of the Wilson loop as

() — > (o3 Mptag (1 + A tanh 8) TT, A
Y Y 0 TTpnag (1 + AAXA tanh 3)

For high temperatures we can expand numerator and denominator in powers of
k = tanh § (and accordingly in terms of plaquettes). Which geometric condition
must be fulfilled in order to obtain a non-vanishing contribution? What is the
leading contribution? Show that it yields an area law

(W) = e or

and determine the value of o.

For low temperatures (and D > 2) we expand around the ground state in which all
plaquettes take the value take the value +1; one of many realizations of this state
that are equivalent up to gauge transformations is \;, = +1 for all links. Explain
why the contribution of a state with n flipped links A\, = —1 to the numerator of
(Wr) is given by (V_Z—!PF)Re"l”(D ~D8 up to exclusion effects (which become negligible
in the infinite-volume limit and for long paths). Also explain why the corresponding
contribution to the denominator is given by “re=*"(P=U5 Conclude that this results
in a perimeter law

(Wr) = e7o/T

and determine the value of «.



(d)

How would you proceed in each case in order to derive higher-order corrections to
the results of the preceding problems?

5. Scalar U(1) Gauge Theory

(a)

Consider the theory of a complex scalar field ¢ coupled to Maxwell electrodynamics
with Lagrangian density

1 1 m?
L=—-F,F" + =|Do¢|* — —|o|?
where D, = 0, —ieA,, is the covariant derivative, and F),, = —%[Du, D, =0,A, —

0,A, is the field strength tensor. Show that the theory is invariant under gauge
transformations ‘
¢ — Yo Ay = Ay +0ux
with an arbitrary function y € C*(R"?).
Formulate the naive discretization of this theory (continuing it to Euclidean metric

first) and show that it is not invariant under the discrete version of the gauge
transformation. Where does it fail, and why?

Consider the parallel transporter along a path I' (Wilson line)

UF _ eiefF dzt A,

and determine its behavior under gauge transformations.

Conclude that expressions of the form ¢*(y)Ur¢(z) are gauge-invariant if I' leads
from zto y. What can you say about expressions of the form f(Ur) if T is a closed
curve?

Discretize the action by introducing link variables U, (x) with the transformation
behavior of a Wilson line from x to x+ae, and using the discrete covariant derivative
Afo(x) = a= (¢(x + afi) — Uy(2)d(x)). Show that this discretization is invariant
under gauge transformations and has the correct continuum limit. (Hint: identify
Uu<$> _ ez‘eaAM(J:)).

Consider the alternative discretization of the Maxwell term given by

S:ﬁZZRe Uuw(x),

.  pu<v

where Uy, (r) = Uy(2)U;(z + a?)U,(z + ajt)U,(x) is the directed product of the
link variables around a plaquette in the (i, ) plane. Show that this discretization
is invariant under gauge transformations and has the correct continuum limit for a
suitably chosen value of the parameter (.



