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Exercice 1. (20 points) Dirac representation

In the standard Dirac representation, the Dirac matrices have the form

γ0s =

(
1 0
0 −1

)
~γs =

(
0 ~σ
−~σ 0

)
,

where ~σ is the vector of the 3 Pauli matrices:

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
.

Using this representation of the gamma matrices, show the following
identities:

[γµ, γν ]+ ≡ γµγν + γνγµ = 2gµν1,

γµ† = γ0γ
µγ0.

Exercise 2. (30 points) : Weyl representation

In the so-called Weyl representation, the Dirac matrices have the form

γµW =

(
0 σµ

σ̄µ 0

)
,

where σµ = (1, ~σ) and σ̄µ = (1,−~σ).

(a)(10 points) Write down a unitary matrix S connecting both repre-
sentations γµs = SγµWS

−1.
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(b)(10 points) Write the γ5 matrix in both representations.

(c)(10 points) In the Weyl representation with ψ =

(
ψL
ψR

)
, show that

the bispinors ψL and ψR are independent for massless particles, and write
down the eigenstates of the chirality operator γ5 with their corresponding
eigenvalues.

Exercise 3. (50 points) : Dirac matrix calculus

Without using an explicit representation of the gamma matrices, show the
following identities:

γµγ
µ = 4,

Tr[γµγν ] = 4gµν ,

Tr
[
/a/b/c/d

]
= 4(a · b c · d− a · c b · d+ a · d b · c),

γ5 =
i

4!
εµναβγ

µγνγαγβ,

γ25 = 1,

[γ5, γ
µ]+ = 0,

Tr[γ5] = 0,

Tr[γµγνγ5] = 0,

Tr
[
γµγνγαγβγ5

]
= 4iεµναβ ,

Tr[γµ1 ...γµn ] = 0, if n is odd,

where /a ≡ aµγµ, γ5 = iγ0γ1γ2γ3, and ε0123 = 1
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