
Noether theorem

Preliminary remark

Noether’s theorem provides a link between the continuous
symmetries of a dynamical system and the corresponding
conserved quantities (constants of motion).

1 Here, only internal symmetries

2 Discussion of Poincaré invariance, see advanced quantum
mechanics class
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Noether theorem

Lagrangian and Euler-Lagrange equations

Consider Lagrangian L depending on n independent fields Φi :

L = L(Φ, ∂µΦ), Φ = (Φ1, . . . ,Φn);

n equations of motion (EOM):

∂L
∂Φi
− ∂µ

∂L
∂∂µΦi

= 0, i = 1, · · · , n.

Method of Gell-Mann and Lévy

Consider transformations which depend on r real local parameters
εa(x):

Φi (x) 7→ Φ′i (x) = Φi (x) + δΦi (x) = Φi (x)− iεa(x)Fai [Φ(x)].

Remark: functions Fai are not necessarily linear in the fields, i.e.,
nonlinear realizations are also allowed.
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Noether theorem

Variation of the Lagrangian

δL = L(Φ′i , ∂µΦ′i )−L(Φi , ∂µΦi ) =
∂L
∂Φi

δΦi +
∂L

∂∂µΦi
∂µδΦi +O(ε2)

∂µδΦi = −i [∂µεa(x)]Fai − iεa(x)∂µFai

· · · = εa(x)

(
−i ∂L
∂Φi

Fai − i
∂L

∂∂µΦi
∂µFai

)
+ ∂µεa(x)

(
−i ∂L
∂∂µΦi

Fai

)
≡ εa(x)Da + ∂µεa(x)Jµa .

Stefan Scherer Symmetries in Physics, WiSe 2018/2019



Noether theorem

Variation of the Lagrangian

δL = L(Φ′i , ∂µΦ′i )−L(Φi , ∂µΦi ) =
∂L
∂Φi

δΦi +
∂L

∂∂µΦi
∂µδΦi +O(ε2)

∂µδΦi = −i [∂µεa(x)]Fai − iεa(x)∂µFai

· · · = εa(x)

(
−i ∂L
∂Φi

Fai − i
∂L

∂∂µΦi
∂µFai

)
+ ∂µεa(x)

(
−i ∂L
∂∂µΦi

Fai

)
≡ εa(x)Da + ∂µεa(x)Jµa .

Stefan Scherer Symmetries in Physics, WiSe 2018/2019



Noether theorem

Variation of the Lagrangian

δL = L(Φ′i , ∂µΦ′i )−L(Φi , ∂µΦi ) =
∂L
∂Φi

δΦi +
∂L

∂∂µΦi
∂µδΦi +O(ε2)

∂µδΦi = −i [∂µεa(x)]Fai − iεa(x)∂µFai

· · · = εa(x)

(
−i ∂L
∂Φi

Fai − i
∂L

∂∂µΦi
∂µFai

)
+ ∂µεa(x)

(
−i ∂L
∂∂µΦi

Fai

)
≡ εa(x)Da + ∂µεa(x)Jµa .

Stefan Scherer Symmetries in Physics, WiSe 2018/2019



Noether theorem

Variation of the Lagrangian

δL = L(Φ′i , ∂µΦ′i )−L(Φi , ∂µΦi ) =
∂L
∂Φi

δΦi +
∂L

∂∂µΦi
∂µδΦi +O(ε2)

∂µδΦi = −i [∂µεa(x)]Fai − iεa(x)∂µFai

· · · = εa(x)

(
−i ∂L
∂Φi

Fai − i
∂L

∂∂µΦi
∂µFai

)
+ ∂µεa(x)

(
−i ∂L
∂∂µΦi

Fai

)
≡ εa(x)Da + ∂µεa(x)Jµa .

Stefan Scherer Symmetries in Physics, WiSe 2018/2019



Noether theorem

Four-vector currents and divergences of currents

Define

Jµa =
∂δL
∂∂µεa

,

Da =
∂δL
∂εa

.

For solutions to the EOM

∂µJ
µ
a = −i

(
∂µ

∂L
∂∂µΦi

)
Fai − i

∂L
∂∂µΦi

∂µFai

EOM
= −i ∂L

∂Φi
Fai − i

∂L
∂∂µΦi

∂µFai

= Da.
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Noether theorem

Noether theorem

Assume Lagrangian to be invariant under a global transformation:

δL = 0 ∧ ∂µεa(x)Jµa = Da = 0.

⇒ Current Jµa is conserved: ∂µJ
µ
a = 0.

⇒ Total charge

Qa(t) ≡
∫

d3x J0a (t, ~x)

is time independent, i.e., a constant of the motion:

dQa

dt
=

d

dt

∫
d3x J0a (t, ~x) =

∫
d3x

∂J0a (t, ~x)

∂t

(∗)
=

∫
d3x

[
∂J0a (t, ~x)

∂t
+ ~∇ · ~Ja(t, ~x)

]
=

∫
d3x ∂µJ

µ
a = 0.

(∗) :

∫
d3x ~∇ · ~Ja =

∮
da ~Ja · n̂ = lim

R→∞
R2

∫
dΩ ~Ja · êr = 0.

Stefan Scherer Symmetries in Physics, WiSe 2018/2019



Noether theorem

Noether theorem

Assume Lagrangian to be invariant under a global transformation:

δL = 0 ∧ ∂µεa(x)Jµa = Da = 0.

⇒ Current Jµa is conserved: ∂µJ
µ
a = 0.

⇒ Total charge

Qa(t) ≡
∫

d3x J0a (t, ~x)

is time independent, i.e., a constant of the motion:

dQa

dt
=

d

dt

∫
d3x J0a (t, ~x) =

∫
d3x

∂J0a (t, ~x)

∂t

(∗)
=

∫
d3x

[
∂J0a (t, ~x)

∂t
+ ~∇ · ~Ja(t, ~x)

]
=

∫
d3x ∂µJ

µ
a = 0.

(∗) :

∫
d3x ~∇ · ~Ja =

∮
da ~Ja · n̂ = lim

R→∞
R2

∫
dΩ ~Ja · êr = 0.
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Noether theorem

Example

L =
1

2

[
∂µΦ1∂

µΦ1 + ∂µΦ2∂
µΦ2 −m2(Φ2

1 + Φ2
2)
]
− λ

4

(
Φ2
1 + Φ2

2

)2
,

with m2 > 0 and λ > 0.
Consider active infinitesimal rotation by ε(x) (see Handout 2),

D(ε) =

(
1 −ε
ε 1

)
.

⇒ transformation of fields

Φ′1 = Φ1 + δΦ1 = Φ1 − ε(x)Φ2,

Φ′2 = Φ2 + δΦ2 = Φ2 + ε(x)Φ1.
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Noether theorem

Variation of Lagrangian

δL =
∂L
∂Φi

δΦi +
∂L

∂∂µΦi
∂µδΦi

= −m2Φ1[−ε(x)]Φ2 −m2Φ2ε(x)Φ1︸ ︷︷ ︸
= 0

− λ(Φ2
1 + Φ2

2){Φ1[−ε(x)]Φ2 + Φ2ε(x)Φ1}︸ ︷︷ ︸
= 0

+ ∂µΦ1∂µ[−ε(x)Φ2] + ∂µΦ2∂µ[ε(x)Φ1]

= ∂µε(x)(−∂µΦ1Φ2 + Φ1∂
µΦ2).

Current and divergence

Jµ =
∂δL
∂∂µε

= Φ1∂
µΦ2 − ∂µΦ1Φ2, ∂µJ

µ =
∂δL
∂ε

= 0.

one parameter ⇒ one conserved current
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Noether theorem

Transition to a quantum (field) theory

1 Classical mechanics
Consider point mass m in a central potential V (|~r |) = V (r).
Lagrange and Hamilton functions are rotationally invariant.
Consequence: angular momentum ~l = ~r × ~p is a constant of
the motion.

2 Transition to quantum mechanics (see chapter 2) ⇒ operators

[x̂i , p̂j ] = iδij , [x̂i , x̂j ] = 0, [p̂i , p̂j ] = 0.

Components of the angular momentum operator,

l̂i = εijk x̂j p̂k = −i p̂j (−iεijk)︸ ︷︷ ︸
(Ladi )jk

x̂k .

iLadi : 3× 3 matrices of the adjoint representation of so(3) (see
section 4.1)
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Noether theorem

Commutation relations (angular-momentum algebra)

[l̂i , l̂j ] = iεijk l̂k , [Ladi , L
ad
j ] = iεijkL

ad
k .

Angular momentum operators are generators of rotations:

|Ψ′〉 = exp(−iαi l̂i )|Ψ〉.

Rotational invariance of the quantum system

[Ĥ, l̂i ] = 0

i.e., l̂i are still constants of the motion.

Simultaneously diagonalize Ĥ, l̂1
2

+ l̂2
2

+ l̂3
2
, and l̂3.

Multiplets with eigenvalues l(l + 1) and m = −l , · · · , l
(l = 0, 1, 2, · · · ).
Energy eigenvalues depend on V (dynamics).
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[Ĥ, l̂i ] = 0

i.e., l̂i are still constants of the motion.

Simultaneously diagonalize Ĥ, l̂1
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Noether theorem

Classify operators according to their transformation behavior.

Example: Components Âi of a vector operator

[l̂i , Âj ] = iεijk Âk .

Introduce spherical tensor operator of rank 1 via

Â
(1)
0 = Â3, Â

(1)
±1 =

∓1√
2

(Â1 ± i Â2).

Use Wigner-Eckart theorem to calculate matrix elements:

〈l ′,m′|Â(1)
ν |l ,m〉 =

(
l 1 l ′

m ν m′

)
〈l ′||Â(1)||l〉√

2l ′ + 1
.
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Example: Components Âi of a vector operator
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0 = Â3, Â
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Â
(1)
0 = Â3, Â
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Noether theorem

Analogous case in quantum field theory

Canonical quantization: Fields Φi and their conjugate momenta
Πj = ∂L/∂(∂0Φj) ⇒ operators (symbol hat omitted).

Equal-time commutation relations in the Heisenberg picture

Φi (t, ~x) ↔ x̂i ,

Πj(t, ~x) ↔ p̂j ,

[Φi (t, ~x),Πj(t, ~y)] = iδ3(~x − ~y)δij ↔ [x̂i , p̂j ] = iδij ,

[Φi (t, ~x),Φj(t, ~y)] = 0 ↔ [x̂i , x̂j ] = 0,

[Πi (t, ~x),Πj(t, ~y)] = 0 ↔ [p̂i , p̂j ] = 0.

Consider infinitesimal transformations which are linear in the fields,

Φi (x) 7→ Φ′i (x) = Φi (x)−iεa(x)ta,ijΦj(x) ↔ x̂i 7→ x̂i−iεk (−iεijk)︸ ︷︷ ︸
(Ladk )ij

x̂j

ta,ij are constants generating a mixing of the fields
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Noether theorem

Charge operators

Current operator

Jµa (x) = −ita,ij
∂L

∂∂µΦi
Φj .

Qa(t) = −i
∫

d3x Πi (x)ta,ijΦj(x) ↔ l̂k = −i p̂i (−iεkij)x̂j ,

where Jµa (x) and Qa(t) are now operators.
Transformation behavior of field operators

[Qa(t),Φk(t, ~y)] = −ita,ij
∫

d3x [Πi (t, ~x)Φj(t, ~x),Φk(t, ~y)]

= −ta,kjΦj(t, ~y) ↔ [l̂k , x̂i ] = iεkij x̂j

Qa are generators of the transformations acting on the states of
Hilbert space.
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Noether theorem

Example: U(1) invariance

Φ =
1√
2

(Φ1 + iΦ2), Φ† =
1√
2

(Φ1 − iΦ2).

Transformation behavior (Gell-Mann and Lévy)(
Φ
Φ†

)
7→ 1− iε(x)

(
−1 0
0 1

)(
Φ
Φ†

)
.

Corresponding charge operator

Q =

∫
d3x i

(
Φ̇†︸︷︷︸

= Π

Φ− Φ̇︸︷︷︸
= Π†

Φ†
)

= i

∫
d3x (ΠΦ− Φ†Π†)

′′ =′′ −i
∫

d3x
(
Π Π†

)(−1 0
0 1

)(
Φ
Φ†

)
.
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Noether theorem

Commutation relations

[Q,Φ(x)] = Φ(x),

[Q,Π(x)] = −Π(x),

[Q,Φ†(x)] = −Φ†(x),

[Q,Π†(x)] = Π†(x).

Example

[Q,Φ(x)] =
[
i

∫
d3y

(
Π(t, ~y)Φ(t, ~y)− Φ†(t, ~y)Π†(t, ~y)

)
,Φ(t, ~x)

]
= i

∫
d3y

(
[Π(t, ~y)Φ(t, ~y),Φ(t, ~x)]

− [Φ†(t, ~y)Π†(t, ~y),Φ(t, ~x)]
)
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Noether theorem

Example cont’d

· · · = i

∫
d3y

(
Π(t, ~y) [Φ(t, ~y),Φ(t, ~x)]︸ ︷︷ ︸

= 0

+ [Π(t, ~y),Φ(t, ~x)]︸ ︷︷ ︸
= −iδ3(~y − ~x)

Φ(t, ~y)

− Φ†(t, ~y) [Π†(t, ~y),Φ(t, ~x)]︸ ︷︷ ︸
= 0

− [Φ†(t, ~y),Φ(t, ~x)]︸ ︷︷ ︸
= 0

Π†(t, ~y)
)

=

∫
d3y δ3(~y − ~x)Φ(t, ~y) = Φ(x).

Interpretation

Let |α〉 be an eigenstate of Q with eigenvalue qα:

QΦ(x)|α〉 =
(
[Q,Φ(x)] + Φ(x)Q

)
|α〉

=
(
Φ(x) + Φ(x)qα

)
|α〉 = (1 + qα)Φ(x)|α〉.
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Noether theorem

Interpretation cont’d

Conclusion: the operators Φ(x) and Π†(x) [Φ†(x) and Π(x)]
increase (decrease) the (Noether) charge of a system by one unit.

Generalization (in analogy to the definition of a tensor operator of
section 4.3.6): an operator Aν (ν ∈ Z) with [Q,Aν ] = νAν changes
the Noether charge of a system with charge qα by ν to qα + ν.

Stefan Scherer Symmetries in Physics, WiSe 2018/2019



Noether theorem

Interpretation cont’d

Conclusion: the operators Φ(x) and Π†(x) [Φ†(x) and Π(x)]
increase (decrease) the (Noether) charge of a system by one unit.

Generalization (in analogy to the definition of a tensor operator of
section 4.3.6): an operator Aν (ν ∈ Z) with [Q,Aν ] = νAν changes
the Noether charge of a system with charge qα by ν to qα + ν.

Stefan Scherer Symmetries in Physics, WiSe 2018/2019



Noether theorem

Interpretation cont’d

Conclusion: the operators Φ(x) and Π†(x) [Φ†(x) and Π(x)]
increase (decrease) the (Noether) charge of a system by one unit.

Generalization (in analogy to the definition of a tensor operator of
section 4.3.6): an operator Aν (ν ∈ Z) with [Q,Aν ] = νAν changes
the Noether charge of a system with charge qα by ν to qα + ν.

Stefan Scherer Symmetries in Physics, WiSe 2018/2019



Noether theorem

Example: isospin

Isospin algebra
[Ii , Ij ] = iεijk Ik .

Fundamental representation

T f
i =

1

2
τi ,

carrier space (nucleon field)

Ψ =

(
p
n

)
,

transformation behavior

Ψ 7→ Ψ′ =

(
1− i~ε(x) · ~τ

2

)
Ψ.
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Noether theorem

Example: isospin cont’d

Adjoint representation

T ad
1 =

0 0 0
0 0 −i
0 i 0

 , T ad
2 =

 0 0 i
0 0 0
−i 0 0

 , T ad
3 =

0 −i 0
i 0 0
0 0 0

 .

carrier space (pion fields)

~Φ =

Φ1

Φ2

Φ3

 ,

spherical notation

π+ :=
1√
2

(Φ1 − iΦ2) = Φ
(1)
−1,

π0 := Φ3 = Φ
(1)
0 ,

π− :=
−1√

2
(Φ1 + iΦ2) = Φ

(1)
+1.
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Noether theorem

Example: isospin cont’d

Charge operators

Qi =

∫
d3x

(
Ψ†(x)

τi
2

Ψ(x) + εijkΦj(x)Πk(x)
)
,

commutation relations

[Qi ,Qj ] = iεijkQk .

Qi : generators of isospin transformations on the Hilbert space of
the system

|A′〉 = exp(−iΘjQj)|A〉.
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Noether theorem

Example: isospin cont’d

To explicitly verify the isospin commutation relations, make use of

the equal-time commutation relations for bosons in terms of
commutators: [Φj(t, ~x),Πk(t, ~y)] = iδ3(~x − ~y)δjk , etc.

the equal-time commutation relations for fermions in terms of
anticommutators: {Ψα,r (t, ~x),Ψ†β,s(t, ~y)} = δ3(~x − ~y)δαβδrs ,
etc.

[ab, cd ] = a[b, c]d + ac[b, d ] + [a, c]db + c[a, d ]b

in the case of bosons;

[ab, cd ] = a{b, c}d − ac{b, d}+ {a, c}db − c{a, d}b

in the case of fermions;

explicit calculation, see book pp 275-277
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