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Chapter 1

Introduction and Motivation

Literature Search

• http://www.slac.stanford.edu/spires/

• http://www.arxiv.org/
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• SI (Système International) units

– reduced Planck constant
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1 J = 1 kg m2 s−2

– electron mass

me = 9.109 3826(16)× 10−31 kg

– electron charge magnitude

e = 1.602 176 53(14)× 10−19 C,

1 C= 1 A s

– permittivity of free space

ϵ0 =
1

µ0c2

= 8.854 187 817 . . .× 10−12 C V−1 m−1

1 V = 1 J / C

– speed of light in vacuum

c = 299 792 458 m s−1

– basic length scale of sub-nuclear physics
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1 fm = 10−15 m

– unit of cross sections

1 barn = 102 fm2

• Natural units

– Set ~ = c = 1 = ϵ0 = µ0

– fine-structure constant

α =
e2

4πϵ0~c
= 1/137.035 999 11(46)

→ e2/4π

≈ 1

137

– conversion constant

~c = 197.326 968(17) MeV fm→ 1
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allows one to express energies in terms of inverse lengths and
viceversa

• Maxwell equations (in the vaccuum)

∇⃗ · E⃗ = ρ,

∇⃗ × B⃗ − ∂E⃗

∂t
= J⃗ ,

∇⃗ × E⃗ +
∂B⃗

∂t
= 0,

∇⃗ · B⃗ = 0.

• Continuity equation
∂ρ

∂t
+ ∇⃗ · J⃗ = 0.

• Lorentz force
F⃗ = q(E⃗ + v⃗ × B⃗).
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1.1 Motivation and Keywords

• Chiral perturbation theory (ChPT) is the effective field theory
(EFT) of the Standard Model/strong interactions at low energies.

• EFTs are low-energy approximations to (more) fundamental
theories.

• Instead of solving the underlying theory, low-energy physics is de-
scribed with a set of variables (effective degrees of freedom)
that is suited for the particular energy region of interest.

• ChPT: Pions and nucleons instead of the more fundamental
quarks and gluons of QCD.

Later: ∆ resonance, vector and axial-vector mesons.

• Calculate physical quantities in terms of an expansion in p/Λ,
where p stands for momenta or masses that are smaller than a certain

18



momentum scale Λ.

Compare with QED: Perturbation theory in small coupling constant.

• There exists a regime where both fundamental and effective theories
yield the same results.

• EFTs are based on themost general Lagrangian, which includes
all terms that are compatible with the symmetries of the underlying
theory.

⇒ Infinite number of terms.

Each term is accompanied by a low-energy coupling constant ( LEC).

Compare with “fundamental” QED: 2 parameters, e and me.

• Method that allows one to decide which terms contribute in a calcu-
lation up to a certain accuracy:

Weinberg’s power counting.
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• In actual calculations only a finite number of terms in the expansion
in p/Λ has to be considered.

⇒ Predictive power.

• EFTs are non-renormalizable in the traditional sense. However, con-
sider all terms that are allowed by the symmetries. ⇒
Ultraviolet divergences that occur in calculations up to any given or-
der of p/Λ can be renormalized by redefining fields and parameters
of the Lagrangian of the EFT.

The so-called non-renormalizable theories are actually
just as renormalizable as renormalizable theories.
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1.2 Example from Electrostatics Illustrating the Idea of a (Distance)

Scale

Consider charge distribution ρ(x⃗ ′) which is localized inside a sphere of
radius R:

R

x

Potential from solution to Poisson equation,

∆ϕ = −ρ,

reads

ϕ(x⃗) =
1

4π

∫
ρ(x⃗ ′)

|x⃗− x⃗ ′|
d3x′.

21



Make use of

1

|x⃗− x⃗ ′|
= 4π

∑
l,m

1

2l + 1

rl<
rl+1
>

Y ∗lm(θ
′, ϕ′)Ylm(θ, ϕ).

⇒
• Solution for |x⃗| . R complicated.

• Solution for |x⃗| ≫ R simple, because

ϕ(x⃗) =
∑
l,m

[∫
Y ∗lm(θ

′, ϕ′)r′lρ(x⃗ ′) d3x′
]

︸ ︷︷ ︸
multipole moment qlm

1

2l + 1

Ylm(θ, ϕ)

rl+1
.

In Cartesian coordinates

4πϕ(x⃗) =
q

r
+
p⃗ · x⃗
r3

+
1

2

∑
i,j

Qij
xixj
r5

+ · · · ,
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1. total charge

q =

∫
ρ(x⃗ ′) d3x′

2. electric dipole moment

p⃗ =

∫
x⃗ ′ρ(x⃗ ′) d3x′

3. traceless quadrupole moment tensor

Qij =

∫
(3x′ix

′
j − r′2δij)ρ(x⃗ ′) d3x′

4. etc.

• Infinite number of terms.

• However, far away, details of charge distribution not important,
knowledge of the leading-order terms sufficient.
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• Systematic improvement possible.

• For smaller r, higher multipoles become more important.

• qlm parameterize short-distance physics.

• 1
2l+1

Ylm(θ,ϕ)

rl+1 determine the long-distance effects of short-distance physics.

• (Simplified) analogies1

Multipole expansion EFT

qlm LECs

1
2l+1

Ylm(θ,ϕ)

rl+1 Structures of most general LEFT

• Here: Simple separation of scales (R).

• ChPT: Scales depend on underlying dynamics and masses of the
participating particles.

1Observables will be calculated in perturbation theory using LEFT.
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Outlook: Important scales in ChPT

1. 4πFπ, where Fπ = 92.4 MeV is the pion-decay constant.

2. mρ = (775.5± 0.4) MeV is the rho-meson mass.

• Examples

– Strong interaction: Root mean square electric radius of the proton
rpE = (0.870± 0.008) fm.

– Electromagnetic interaction: Bohr radius

0.5291772108(18)× 10−10 m.

1.3 Electron Scattering off a Static Charge Distribution

Consider electron scattering in the Coulomb potential of an infinitely
heavy point charge:

25



Ze

k k

X

i f

Kinematics

k = |⃗ki| = |⃗kf |,
q⃗ = k⃗f − k⃗i,
q⃗ 2 = k⃗2f + k⃗2i − 2k⃗f · k⃗i

= 2k2[1− cos(θ)] = 4k2 sin2
(
θ

2

)
,

26



v =
k

E
.

Without proof: Mott cross section(
dσ

dΩ

)
Mott

=
(Zα)2E2

4k4 sin4
(
θ
2

) [1− v2 sin2(θ
2

)]
.

Nonrelativistic limit

k

E
→ 0,

E → me.

⇒ Rutherford formula(
dσ

dΩ

)
Rutherford

=

(
meZα

2k2 sin2
(
θ
2

))2

.
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Extension from point charge to static, spinless charge distributionZeρ(x⃗)
with normalization ∫

ρ(x⃗) d3x = 1.

⇒ Cross section
dσ

dΩ
=

(
dσ

dΩ

)
Mott

|F (q⃗ )|2

where

F (q⃗ ) =

∫
eiq⃗·x⃗ρ(x⃗) d3x.

Expand exponential function

eiq⃗·x⃗ = 1 + iq⃗ · x⃗− 1

2
(q⃗ · x⃗)2 + · · · ,

Result

F (q⃗ ) =

∫
ρ(x⃗) d3x + iq⃗ ·

∫
x⃗ρ(x⃗) d3x

28



−1
2
qiqj

∫
xixj︸︷︷︸

1
3(3xixj − r

2δij + r2δij)

ρ(x⃗) d3x + · · ·

= 1 + iq⃗ · p⃗
Ze
− 1

6
qiqj

Qij

Ze
− 1

6
q⃗ 2⟨r2⟩ + · · ·

⟨r2⟩ mean squared radius + multipole moments

• Conclusions
– More and more details can be resolved with increasing |q⃗ |.
– In reverse, a fixed upper value of |q⃗ | sets a limit on the physics
phenomena that can be studied at small distances.

1.4 Weinberg’s Effective Field Theory Program

Foundations of EFT as a Quantum Field Theory
S. Weinberg, Physica A 96, 327 (1979)
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... if one writes down the most general possible Lagrangian,
including all terms consistent with assumed symmetry principles,
and then calculates matrix elements with this Lagrangian to any
given order of perturbation theory, the result will simply be
the most general possible S–matrix consistent with analyticity,
perturbative unitarity, cluster decomposition and the assumed
symmetry principles.

Explanation of terms

• Symmetries: Poincaré invariance, discrete symmetries C, P , T , but
also internal symmetries such as isospin symmetry, chiral symmetry
including the possibility of a spontaneous symmetry breakdown.

• Analyticity ↔ Causality.

• Unitarity: the sum over the probabilities of the final states must

30



yield exactly 1, ∑
f

|⟨f |S|i⟩|2 = 1.

• Cluster decomposition (Weinberg, Vol. 1, chapter 4): loosely speak-
ing, distant experiments must yield uncorrelated results:

Sγ+δ←α+β → Sδ←βSγ←α.

far away from each other

α

γ

β

δ

31



1.5 Classification of Effective Field Theories

See G. Ecker, arXiv:hep-ph/0507056, for more details.
A first classification of EFTs is based on the structure of the transitions
from the “fundamental” (energies > Λ) to the “effective” level (energies
< Λ).

1. Complete decoupling

The fundamental theory contains heavy and light degrees of freedom.
For energies ≪ Λ the heavy particles are never produced.

In modern jargon (obtained from the path integral formalism): the
heavy degrees of freedom have been integrated out (simplified dis-
cussion below).

Typical xxample: weak interactions in the Standard Model.

E.g., neutron beta decay n→ p e− ν̄e with q = pn − pp:
|(pn − pp)2| ≪M 2

W

32



⇒
1

q2 −M 2
W

→ − 1

M 2
W

.

⇒ effective V − A theory of the weak interactions.

Example: “Integrating out” a heavy degree of freedom in a toy

model (m≪M)

L = L0 + Lint,

L0 =
1

2
(∂µΦ∂

µΦ−M 2Φ2) +
1

2
(∂µφ∂

µφ−m2φ2),

Lint = −λ
2
Φφ2.
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Equations of motion:

∂µ
∂L
∂∂µΦ

− ∂L
∂Φ

= �Φ +M 2Φ +
λ

2
φ2 = 0, (∗)

�φ +m2φ + λφΦ = 0. (∗∗)

Formally solve (∗):

Φ = − λ

2M 2

1

1 + �
M2

φ2.

Insert solution into (∗∗). ⇒

�φ +m2φ− λ2

2M 2
φ

1

1 + �
M2

φ2 = 0.

Expand to leading order in 1/M 2:

�φ +m2φ− λ2

2M 2
φ3 = 0. (∗ ∗ ∗)
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Q: Which effective Lagrangian generates (∗ ∗ ∗)?

A: Leff =
1

2
(∂µφ∂

µφ−m2φ2) +
λ2

8M 2
φ4.

Compare with original Lagrangian:

• Heavy degree of freedom is gone.

• A different interaction term has appeared.

Q: Do the two Lagrangians produce the same low-energy scattering
amplitude for φ(p1) + φ(p2)→ φ(p3) + φ(p4)?

A: Yes!

• Calculation with original Lagrangian.

Dotted line: light particle; solid line: heavy particle.
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Mandelstam variables

s = (p1 + p2)
2 = (p3 + p4)

2,

t = (p1 − p3)2 = (p4 − p2)2,
u = (p1 − p4)2 = (p3 − p2)2,

s + t + u = 4m2.

Condition: {s, |t|, |u|} ≪M 2 = Λ2. (∗)
Result:

Mfund = (−iλ)2
(

i

s−M 2 + i0+
+

i

t−M 2 + i0+
+

i

u−M 2 + i0+

)
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(∗)
=

3iλ2

M 2

[
1 +O

(
{s, t, u}
M 2

)]
.

• Effective theory: description in terms of contact interaction

Meff =
iλ24!

8M 2
=

3iλ2

M 2
.

Both calculations yield the same result!

EFT calculation simpler.

2. Partial decoupling

The heavy fields do not disappear completely from the EFT but only
their high-momentum modes.
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Application: physics of heavy quarks

3. Spontaneous symmetry breaking

The fundamental theory exhibits spontaneous symmetry breaking
giving rise to massless Goldstone bosons. EFT written in terms of
Goldstone boson degrees of freedom. A spontaneously broken sym-
metry relates processes with different numbers of Goldstone bosons.
(Compare with Wigner-Eckart theorem, relating processes of the
same type.) The corresponding effective Lagrangian is not renor-
malizable in the traditional sense.

Example: chiral symmetry of QCD for Nf massless quark flavors.

Another classification of EFTs is related to the status of their coupling
constants.

1. Coupling constants can be determined by matching the EFT with
the underlying theory at short distances.
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Example: physics of heavy quarks.

2. Coupling constants are constrained by symmetries only.

• The underlying theory is not known. The coupling constants
parameterize so-called new physics.

Example: physics beyond the Standard Model.

• The matching cannot be performed in perturbation theory even
though the underlying theory is known.

Example: QCD ↔ ChPT.

However, nonperturbative methods such as Lattice QCD start to
predict LECs.

Example for two EFTs in operation

e−(ki) + p(pi)→ νe(kf) + n(pf)
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At the “fundamental” level
e

-

ν

W

u

du

u

d d

e

q = pf − pi,

M ∼ 1

q2 −M 2
W

f (q2),

MW = (80.425± 0.038)GeV.
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Transition to V−A description of the weak interaction for |q2| ≪M 2
W :

�
�
�

�
�
�

νee

u

du

u

d d

∼
√
2︸︷︷︸

Clebsch-Gordan coefficient

g

2
√
2︸︷︷︸

hadronic vertex

1

M 2
W

g

2
√
2︸︷︷︸

leptonic vertex

=
g2

4
√
2M 2

W

= GF = 1.16639(1)× 10−5GeV−2.

GF : Fermi constant, e = g sin(θW ), θW : weak angle; sin2(θW ) =
0.23149(15) (the numerical value depends on the definition, here effective
angle).
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Transition to effective field theory of the strong interaction (ChPT):

�����
�����
�����
�����
�����

�����
�����
�����
�����
�����

e

n

νe

p

1.6 Aim of these lectures

Most general description of the strong interactions at low energies: ππ,
πN , etc., taking the spontaneous breakdown of chiral symmetry in QCD
into account.

• Challenge: we need the

1. the most general Lagrangian;

2. a consistent power counting scheme to perform perturbative cal-
culations.
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Chapter 2

Lagrangian Formalism and Noether Theorem

2.1 Lagrangian Formalism of Fields

Q: Why Lagrangian formalism?
A: Weinberg, Vol. I, p 292

... it makes it easy to satisfy Lorentz invariance and other symme-
tries: a classical theory with a Lorentz-invariant Lagrangian will
when canonically quantized lead to a Lorentz-invariant quantum
theory.

43



Continuous systems: Introduce fields as dynamical variables.

Both time and space coordinates, xµ = (t, x⃗), are regarded as parame-
ters.

Consider the Lagrangian (density) L of a scalar field, Φ(x) = Φ(t, x⃗),

L = L(Φ(x), ∂µΦ(x)), (2.1)

∂µΦ =
∂Φ

∂xµ
=

(
∂Φ

∂t
,
∂Φ

∂x
,
∂Φ

∂y
,
∂Φ

∂z

)
.

(Here: explicit dependence of L on x excluded.)

Lagrange function L(t)

L(t) =

∫
R3

d3xL(Φ(x), ∂µΦ(x)). (2.2)

Classical equation of motion (EOM) for Φ(x) from Hamilton’s princi-
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ple of critical action applied to

S[Φ] =

∫ t2

t1

dt

∫
R3

d3x︸ ︷︷ ︸∫
R d4x

L(Φ(x), ∂µΦ(x)). (2.3)

Define
Φϵ(x) = Φ(x) + ϵh(x), (2.4)

where h(x) = 0 for x ∈ ∂R (∂R boundary of R).
Let

F (ϵ) =

∫
R

d4xL(Φ(x) + ϵh(x), ∂µΦ(x) + ϵ∂µh(x)), (2.5)

so that F (0) = S[Φ].
Expand F

F (ϵ) =

∫
R

d4xL(Φ, ∂µΦ) + ϵ

∫
R

d4x

(
h
∂L
∂Φ

+ ∂µh
∂L
∂∂µΦ

)
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+O(ϵ2).

Principle of critical action

δS[Φ] ≡ F ′(0)
!
= 0, (2.6)

i.e.

0 =

∫
R

d4x

(
h
∂L
∂Φ

+ ∂µh
∂L
∂∂µΦ

)
.

Apply product rule to second term

∂µh
∂L
∂∂µΦ

= Dµ
(
h
∂L
∂∂µΦ

)
− hDµ

∂L
∂∂µΦ

,

where

Dµ ≡
∂

∂xµ
+ ∂µΦ

∂

∂Φ
+ ∂µ∂νΦ

∂

∂∂νΦ
.
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Intermediate step∫
R

d4xDµ
(
h
∂L
∂∂µΦ

)
=

∫
R3

d3x

∫ t2

t1

dt
d

dt

(
h
∂L
∂Φ̇

)
+

∫ t2

t1

dt

∫ ∞
−∞

dy

∫ ∞
−∞

dz

∫ ∞
−∞

dx
d

dx

(
h
∂L
∂ ∂Φ∂x

)
+ · · ·

=

∫
R3

d3x

[
h
∂L
∂Φ̇

]t2
t1︸ ︷︷ ︸

0, since h(t1, x⃗) = h(t2, x⃗) = 0

+

∫ t2

t1

dt

∫ ∞
−∞

dy

∫ ∞
−∞

dz

[
h
∂L
∂ ∂Φ∂x

]∞
−∞︸ ︷︷ ︸

0, since h(t, x⃗) = 0 for x→ ±∞

+ · · ·

= 0.
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⇒
0 =

∫
R

d4xh(x)

(
∂L
∂Φ
−Dµ

∂L
∂∂µΦ

)
. (2.7)

Apply fundamental lemma of variational calculus:

If the integral
∫ x2
x1

dxh(x)g(x) vanishes for arbitrary continuous

functions h(x) with continuous derivatives and h(x1) = h(x2) =
0, then g(x) = 0 in [x1, x2].

⇒ Euler-Lagrange equation (of motion) (EOM)

∂L
∂Φ
−Dµ

∂L
∂∂µΦ

= 0, (2.8)

or written out explicitly

∂L
∂Φ
− d

dt

∂L
∂
(
∂Φ
∂t

) − d

dx

∂L
∂
(
∂Φ
∂x

) − · · · = 0.
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• Remark: Almost every physics text writes ∂µ instead of Dµ with
the understanding that differentiation with respect to both explicit
and implicit x dependence is meant. From now on we follow this
convention.

Generalization to n fields Φi(x) straightforward: perform n independent
variations.

Define

Φi,ϵi(x) = Φi(x) + ϵihi(x), i = 1, · · · , n (2.9)

and

F (ϵ1, · · · , ϵn) = S[Φi,ϵi]. (2.10)

Demand critical value

∂F

∂ϵi

∣∣∣∣
ϵ⃗=0

= 0, i = 1, · · · , n, (2.11)

49



⇒ n EOM
∂L
∂Φi
− ∂µ

∂L
∂∂µΦi

= 0, i = 1, · · · , n. (2.12)

2.2 Examples

1. Free scalar field Φ:

L =
1

2
(∂µΦ∂

µΦ−m2Φ2) =
1

2
(gµν∂µΦ∂νΦ−m2Φ2). (2.13)

The metric tensor allows one to lower and raise indices:

g = (gµν) = (gµν) =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 ,

gµν = gνµ,
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aµ = gµνa
ν = gνµa

ν = gµ
νaν = gνµaν,

∂∂µΦ

∂∂ρΦ
= gµ

ρ = gρµ.

∂L
∂Φ

= −m2Φ,

∂L
∂∂ρΦ

=
1

2
gµν(gµ

ρ∂νΦ + ∂µΦgν
ρ)

=
1

2
(gµ

ρ∂µΦ + ∂νΦgν
ρ)

=
1

2
(∂ρΦ + ∂ρΦ) = ∂ρΦ = f ρ(x,Φ, ∂µΦ),

51



∂ρ
∂L
∂∂ρΦ

=
∂f ρ

∂xρ︸︷︷︸
0

+∂ρΦ
∂f ρ

∂Φ︸︷︷︸
0

+∂ρ∂σΦ
∂f ρ

∂∂σΦ︸ ︷︷ ︸
∂∂ρΦ
∂∂σΦ

= gρσ

= �Φ.

“Quick” way:

∂ρ
∂L
∂∂ρΦ

= ∂ρ∂
ρΦ = �Φ.

Klein-Gordon equation:

(� +m2)Φ = 0. (2.14)

• Side note: Both approaches yield the same answer.

Consider general structure

Φm∂µ1Φ · · · ∂µnΦ.
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“Quick” method including application of chain/product rule:

∂µ(Φ
m∂µ1Φ · · · ∂µnΦ)

= mΦm−1∂µΦ∂µ1Φ · · · ∂µnΦ
+Φm (∂µ∂µ1Φ · · · ∂µnΦ + · · · + ∂µ1Φ · · · ∂µ∂µnΦ)︸ ︷︷ ︸

n terms

.

Second method:

(∂µϕ
∂

∂Φ
+ ∂µ∂νΦ

∂

∂∂νΦ
)(Φm∂µ1Φ · · · ∂µnΦ)

= mΦm−1∂µΦ∂µ1Φ · · · ∂µnΦ
+Φm∂µ∂νΦ(gµ1

ν · · · ∂µnΦ + · · · + ∂µ1Φ · · · gµn
ν)︸ ︷︷ ︸

Φm(∂µ∂µ1Φ · · · ∂µnΦ + · · · + ∂µ1Φ · · · ∂µ∂µnΦ)
.
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Solutions of the Klein-Gordon equation can be written as

Φ(x) =

∫
d3k

(2π)32ω(k⃗ )

[
a(k⃗ )e−ik·x + a∗(k⃗ )eik·x

]
,

where

k · x = k0x0 − k⃗ · x⃗, k0 = ω(k⃗ ) =

√
m2 + k⃗ 2.

2. Free Dirac field Ψ with mass m:

L = Ψ̄iγµ∂µΨ−mΨ̄Ψ. (2.15)

Recall:

Ψ =


Ψ1

Ψ2

Ψ3

Ψ4

 ,

where Ψi continuously differentiable complex functions.
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We will use so-called standard or Dirac representation of gamma
matrices

γ0 = γ0 =

(
12×2 02×2
02×2 −12×2

)
, γ⃗ =

(
02×2 σ⃗
−σ⃗ 02×2

)
,

σi: Pauli matrices

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (2.16)

Notation

Ψ̄ = Ψ†γ0 = (Ψ∗1 Ψ
∗
2 − Ψ∗3 − Ψ∗4).

EOM:
∂L
∂Ψ
− ∂µ

∂L
∂∂µΨ

= −mΨ̄− ∂µΨ̄iγµ = 0.

Take adjoint, make use of γµ† = γ0γµγ0, and multiply by γ0. ⇒
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Dirac equation:

γ0(−m γ0
†︸︷︷︸

γ0γ0︸︷︷︸
1

γ0

Ψ + iγ0γµ γ0 γ0
†︸︷︷︸

γ0︸ ︷︷ ︸
1

∂µΨ) = (i∂/−m)Ψ = 0. (2.17)

Feynman slash: a/ = aµγ
µ.

Solutions of the Dirac equation are of the type

u(r)(p⃗ )e−ip·x, r = 1, 2, (so-called positive-energy solutions)

v(r)(p⃗ )eip·x, r = 1, 2, ( so-called negative-energy solutions)

where p⃗ ∈ R3 and p0 = E(p⃗ ) =
√
m2 + p⃗ 2.

Properties of the Dirac spinors:

(p/−m)u(r)(p⃗ ) = 0,

(p/ +m)v(r)(p⃗ ) = 0,

ū(r)(p⃗ )(p/−m) = 0,
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v̄(r)(p⃗ )(p/ +m) = 0,

ū(r)(p⃗ )u(s)(p⃗ ) = −v̄(r)(p⃗ )v(s)(p⃗ ) = 2mδrs,

u(r)†(p⃗ )u(s)(p⃗ ) = v(r)†(p⃗ )v(s)(p⃗ ) = 2E(p⃗ )δrs,

u(r)†(p⃗ )v(s)(−p⃗ ) = 0,
2∑
r=1

u(r)α (p⃗ )ū
(r)
β (p⃗ ) = (p/ +m)αβ,

2∑
r=1

v(r)α (p⃗ )v̄
(r)
β (p⃗ ) = (p/−m)αβ,

2∑
r=1

[u(r)α (p⃗ )ū
(r)
β (p⃗ )− v(r)α (p⃗ )v̄

(r)
β (p⃗ )] = 2mδαβ.
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Explicit representation

u(r)(p⃗ ) =
√
E(p⃗ ) +m

(
χr

σ⃗·p⃗
E(p⃗ )+mχr

)
,

v(r)(p⃗ ) =
√
E(p⃗ ) +m

(
σ⃗·p⃗

E(p⃗ )+mχr
χr

)
,

where

χ1 =

(
1
0

)
, χ2 =

(
0
1

)
.

Solutions to the Dirac equation can be written as

Ψ(x) =

2∑
r=1

∫
d3p

(2π)32E(p⃗ )

[
br(p⃗ )u

(r)(p⃗ )e−ip·x + d∗r(p⃗ )v
(r)(p⃗ )eip·x

]
.
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3. Pseudoscalar pion-nucleon interaction:

Define isospin doublet

Ψ =

(
p
n

)
(p and n are both four-component Dirac fields) and isospin triplet of
real pseudoscalar fields

Φ⃗ =

 Φ1

Φ2

Φ3

 .

Terminology pseudoscalar refers to behavior under parity:

Φi(t, x⃗) 7→ −Φi(t,−x⃗)

Fields corresponding to physical (charged) states

π+ =
1√
2
(Φ1 − iΦ2), π− =

1√
2
(Φ1 + iΦ2), π0 = Φ3. (2.18)
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Using the Pauli matrices τi (for isospin)

τ1 =

(
0 1
1 0

)
, τ2 =

(
0 −i
i 0

)
, τ3 =

(
1 0
0 −1

)
(2.19)

⇒

τ⃗ · Φ⃗ =

(
π0
√
2π+√

2π− −π0
)
.

Note

(τ⃗ · Φ⃗)† = τ⃗ · Φ⃗,

because τi Hermitian and Φi real.

Define a
↔
∂µ b ≡ a∂µb− (∂µa)b and consider Lagrangian

L = Ψ̄

(
i

2

↔
∂/ −mN

)
Ψ +

1

2

(
∂µΦ⃗ · ∂µΦ⃗−M 2

πΦ⃗
2
)
− igΨ̄γ5τ⃗ · Φ⃗Ψ,

(2.20)
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where

γ5 = γ5 = iγ0γ1γ2γ3 =

(
02×2 12×2
12×2 02×2

)
, {γ5, γµ} = 0.

Parameters:

mN = mp = mn, mp = 938.3MeV, mn = 939.6MeV,

Mπ =Mπ± =Mπ0, Mπ± = 139.6MeV, Mπ0 = 135.0MeV,

g = gπN , gπN = 13.2.

Introduce components of the nucleon field

Ψf,α

f = 1, 2: isospin index (p, n),
α = 1, 2, 3, 4: bispinor or Dirac index.
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Eq. (2.20) is compact version of

L =
1

2

2∑
f ′,f=1

4∑
α′,α=1

i(Ψ̄f ′,α′γ
µ
α′α1f ′f∂µΨf,α − ∂µΨ̄f ′,α′γ

µ
α′α1f ′fΨf,α)

−mN

2∑
f ′,f=1

4∑
α′,α=1

Ψ̄f ′,α′1α′α1f ′fΨf,α

+
1

2

3∑
i=1

(
∂µΦi∂

µΦi −M 2
πΦ

2
i

)
−ig

2∑
f ′,f=1

4∑
α′,α=1

3∑
i=1

Ψ̄f ′,α′γ5α′ατif ′fΨf,αΦi.

Remarks:

• Unit matrices (in isospin and Dirac space) are usually omitted.

• Matrices operating in different spaces commute.
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Example: τiγ5 = γ5τi.

EOM

∂L
∂Ψ̄
− ∂µ

∂L
∂∂µΨ̄

=
i

2
∂/Ψ−mNΨ− igγ5τ⃗ · Φ⃗Ψ− ∂µ

(
− i
2
γµΨ

)
= 0,

⇒ (i∂/−mN)Ψ = igγ5τ⃗ · Φ⃗Ψ, (2.21)
∂L
∂Φ⃗
− ∂µ

∂L
∂∂µΦ⃗

= −M 2
πΦ⃗− igΨ̄γ5τ⃗Ψ−�Φ⃗ = 0,

⇒ (� +M 2
π)Φ⃗ = −igΨ̄γ5τ⃗Ψ. (2.22)

Remarks:

• Set of coupled partial differential equations.

• Lagrangians of interacting systems are of the type

L =
∑
i

Li,free + Lint.

63



Correspondingly, EOM are of the type:

free including interaction

(� +M 2
π)Φi = 0 → (� +M 2

π)Φi = “source”

(i∂/−mN)Ψ = 0 → (i∂/−mN)Ψ = “source′”

Compare with electrostatics

∆ϕ = −ρ.

4. ∗ Interaction of electromagnetic field with external four-current (den-
sity) Jµ:

L = −1
4
FµνF

µν − JµAµ, (2.23)
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where

(F µν) = ∂µAν − ∂νAµ =


0 −Ex −Ey −Ez

Ex 0 −Bz By

Ey Bz 0 −Bx

Ez −By Bx 0

 . (2.24)

Symbolically

(T µν) =

(
a b
c d

)
, (T µν) = (T µρgρν) =

(
a −b
c −d

)
,

(Tµ
ν) =

(
a b
−c −d

)
, (Tµν) =

(
a −b
−c d

)
,

and thus

(Fµν) =


0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0

 .
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In words: Fµν results from F µν by the substitutions E⃗ → −E⃗ and

B⃗ → B⃗.

Recall:

E⃗ = −∂A⃗
∂t
− ∇⃗Φ, B⃗ = ∇⃗ × A⃗. (2.25)

Using

∂Fµν
∂∂σAρ

=
∂

∂∂σAρ
(∂µAν − ∂νAµ) = gµ

σgν
ρ − gνσgµρ,

∂

∂∂σAρ
(FµνF

µν) = 2(gµ
σgν

ρ − gνσgµρ)F µν = 4F σρ

we obtain
∂L
∂Aρ
− ∂σ

∂L
∂∂σAρ

= −Jρ + ∂σF
σρ = 0.
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Covariant version of the inhomogeneous Maxwell equations

∂σF
σρ = Jρ. (2.26)

Corresponds to

∇⃗ · E⃗ = ρ, ∇⃗ × B⃗ − ∂E⃗

∂t
= J⃗ . (2.27)

• Q: Where are the homogeneous equations?

∇⃗ · B⃗ = 0, ∇⃗ × E⃗ +
∂B⃗

∂t
= 0. (2.28)

endequation

• A: Because of Eq. (2.25) automatically satisfied.

Introducing dual tensor

F̃ µν = −1
2
ϵµνρσFρσ, (2.29)
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where ϵµνρσ denotes the totally antisymmetric Levi-Civita tensor,

ϵµνρσ =

 +1 if {µ, ν, ρ, σ} is an even permutation of {0, 1, 2, 3}
−1 if {µ, ν, ρ, σ} is an odd permutation of {0, 1, 2, 3}
0 otherwise

,

ϵµνρσ = −ϵµνρσ, one finds

F̃ µν =


0 −Bx −By −Bz

Bx 0 Ez −Ey

By −Ez 0 Ex

Bz Ey −Ex 0

 , (2.30)

i.e., one obtains F̃ µν from F µν via the substitutions E⃗ → B⃗ and
B⃗ → −E⃗ in Eq. (2.24). (e.g., F̃ 01 = −1

2((−1)F23 + F32) = F23 =
−Bx).

Homogeneous equations are automatically satisfied:

∂µF̃
µν = −1

2
ϵµνρσ∂µ(∂ρAσ − ∂σAρ) = −ϵµνρσ∂µ∂ρAσ = 0,
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since ϵµνρσ is antisymmetric under µ↔ ρ and ∂µ∂ρAσ is symmetric
under µ↔ ρ.

5. Free spin-1 field of mass m:

Fµν = ∂µVν − ∂νVµ, (2.31)

L = −1
4
FµνF

µν +
1

2
m2VµV

µ. (2.32)

Note sign of mass term!

∂L
∂Vρ
− ∂σ

∂L
∂∂σVρ

= m2V ρ + ∂σF
σρ = 0. (2.33)

Take ∂ρ of Eq. (2.33). Antisymmetry of F σρ under σ ↔ ρ. ⇒

m2∂ρV
ρ = 0,

so that, for m2 ̸= 0, we obtain an additional condition

∂ρV
ρ = 0. (2.34)
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Insert into EOM, Eq. (2.33). ⇒
(� +m2)V ρ = 0, (2.35)

∂ρV
ρ = 0. (2.36)

Second equation yields condition among the four components of V ρ.
⇒ Three independent degrees of freedom (spin-1 object).

Solutions of Proca equation can be decomposed into plane waves as

V µ(x) =

∫
d3k

(2π)32ω(k⃗ )

3∑
r=1

ϵµr (k⃗ )ar(k⃗ )e
−ik·x +H.c.,

where k0 = ω(k⃗ ) =
√
m2 + k⃗ 2.

Polarization vectors ϵr(k⃗ ) satisfy, for any k⃗,

ϵr(k⃗) · ϵs(k⃗ ) = −δrs.
Moreover, ∂µV

µ(x) = 0 implies

kµϵ
µ
r (k⃗ ) = 0.
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Example:

k = (ω(k⃗ ), 0, 0, |⃗k|),
ϵ1(k⃗ ) = (0, 1, 0, 0),

ϵ2(k⃗ ) = (0, 0, 1, 0),

ϵ3(k⃗ ) = (|⃗k|, 0, 0, ω(k⃗ ))/m.

“Completeness” relation (for any k⃗)

3∑
r=1

ϵµr (k⃗ )ϵ
ν
r(k⃗ ) = −gµν +

kµkν

m2
.

2.3 Effective Lagrangians Involving Higher-Derivative Terms

Lagrangians discussed so far contained fields and their first partial deriva-
tives.
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EFT: Most general Lagrangian containing arbitrarily high partial deriva-
tives.

Symbolically

L(Φ, ∂µΦ, ∂µ∂νΦ, · · ·). (2.37)

Define

S[Φ] =

∫
R

d4xL(Φ, ∂µΦ, ∂µ∂νΦ, · · ·) (2.38)

and consider test functions Φϵ(x) = Φ(x) + ϵh(x), where h(x) = 0,
∂µh(x) = 0, · · ·, for x ∈ ∂R. Define

F (ϵ) =

∫
R

d4xL(Φ + ϵh, ∂µΦ + ϵ∂µh, ∂µ∂νΦ + ϵ∂µ∂νh, · · ·)

= F (0) + ϵ

∫
R

d4x

[
∂L
∂Φ

h +
∂L
∂∂µΦ

∂µh +
∂L

∂∂µ∂νΦ
∂µ∂νh + · · ·

]
+O(ϵ2). (2.39)
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Apply Hamilton’s principle

0
!
= F ′(0) =

∫
R

d4x

[
∂L
∂Φ

+
∂L
∂∂µΦ

∂µh +
∂L

∂∂µ∂νΦ
∂µ∂νh + · · ·

]
. (2.40)

Consider, e.g., third term on right-hand side of Eq. (2.40):∫
R

d4x
∂L

∂∂µ∂νΦ
∂µ∂νh =

∫
R

d4x ∂µ

(
∂L

∂∂µ∂νΦ
∂νh

)
︸ ︷︷ ︸
0, since ∂νh(∂R) = 0

−
∫
R

d4x

(
∂µ

∂L
∂∂µ∂νΦ

)
∂νh

= −
∫
R

d4x ∂ν

(
∂µ

∂L
∂∂µ∂νΦ

h

)
︸ ︷︷ ︸

0, since h(∂R) = 0

+

∫
R

d4xh∂ν∂µ
∂L

∂∂µ∂νΦ
.

Systematics as follows: Using partial integration move derivatives off h,
make use of boundary condition.
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⇒ Final result is of the type∫
R

d4xh[ ] = 0.

Apply fundamental lemma of variational calculus.
⇒ (generalized) EOM

∂L
∂Φ
− ∂µ

∂L
∂∂µΦ

+ ∂ν∂µ
∂L

∂∂µ∂νΦ
− · · · = 0. (2.41)

Alternating signs originate from odd or even number of partial integra-
tions, respectively.

• Toy model:

L =
1

2

(
∂µΦ1∂

µΦ1 −m2
1Φ

2
1

)
+
1

2

(
∂µΦ2∂

µΦ2 −m2
2Φ

2
2

)
− g(�Φ1)

2Φ2
2.

(2.42)
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• Remark on dimension of coupling constant g:

dim[L] = E4, dim[Φi] = E, dim[∂µ] = E. ⇒ dim[g] = 1/E4.
(The quantized theory is not renormalizable in the usual sense.)

• EOM

∂L
∂Φ1
− ∂µ

∂L
∂∂µΦ1

+ ∂ν∂µ
∂L

∂∂µ∂νΦ1
= −m2

1Φ1 −�Φ1 − g�(2�Φ1Φ
2
2) = 0,

⇒ (� +m2
1)Φ1 = −2g�(�Φ1Φ

2
2), (2.43)

∂L
∂Φ2
− ∂µ

∂L
∂∂µΦ2

= −m2
2Φ2 −�Φ2 − 2g(�Φ1)

2Φ2 = 0,

⇒ (� +m2
2)Φ2 = −2g(�Φ1)

2Φ2. (2.44)
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2.4 Noether Theorem

Continuous symmetries ↔ conserved quantities

Consider Lagrangian L depending on n independent fields Φi and their
first partial derivatives.
Extension to higher-order derivatives is also possible.
Typically n ≥ 2 for bosons, and n ≥ 1 for fermions, e.g. U(1).

L = L(Φi, ∂µΦi). (2.45)

⇒ n EOM
∂L
∂Φi
− ∂µ

∂L
∂∂µΦi

= 0, i = 1, · · · , n. (2.46)

Consider infinitesimal transformations which depend on r real local pa-
rameters ϵa(x) (method of Gell-Mann and Lévy, Nuovo Cim. 16, 705
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(1960))

Φi(x) 7→ Φ′i(x) = Φi(x) + δΦi(x) = Φi(x)− iϵa(x)F a
i [Φj(x)]. (2.47)

Variation of the Lagrangian

δL = L(Φ′i, ∂µΦ′i)− L(Φi, ∂µΦi) =
∂L
∂Φi

δΦi +
∂L
∂∂µΦi

∂µδΦi

∂µδΦi = −i[∂µϵa(x)]F a
i − iϵa(x)∂µF a

i ,

· · · = ϵa(x)

(
−i ∂L
∂Φi

F a
i − i

∂L
∂∂µΦi

∂µF
a
i

)
+ ∂µϵa(x)

(
−i ∂L
∂∂µΦi

F a
i

)
≡ ϵa(x)∂µJ

µ,a + ∂µϵa(x)J
µ,a. (2.48)

Define for each infinitesimal transformation a four-current density as

Jµ,a = −i ∂L
∂∂µΦi

F a
i . (2.49)
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Consistency for solutions of the EOM

∂µJ
µ,a = −i

(
∂µ

∂L
∂∂µΦi

)
F a
i −i

∂L
∂∂µΦi

∂µF
a
i = −i ∂L

∂Φi
F a
i −i

∂L
∂∂µΦi

∂µF
a
i .

Currents and divergences of currents from variation

Jµ,a =
∂δL
∂∂µϵa

, (2.50)

∂µJ
µ,a =

∂δL
∂ϵa

. (2.51)

Assume Lagrangian to be invariant under a global transformation:

δL = 0 ∧ ∂µϵa(x)J
µ,a = 0.

⇒ Current Jµ,a is conserved

∂µJ
µ,a = 0.

Charge

Qa(t) =

∫
d3xJ0,a(t, x⃗) (2.52)
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is time independent, i.e., a constant of the motion:

dQa(t)

dt
=

∫
d3x

∂J0,a(t, x⃗)

∂t

Make use of∫
d3x∇⃗ · J⃗a =

∫
dF⃗ · J⃗a = lim

R→∞
R2

∫
dΩêr · J⃗a = 0.

Current density J⃗a(t, x⃗) must fall off faster than 1/r2 as r = |x⃗| → ∞.
Usually the case, except in the presence of massless “charged” particles
[see J. Bernstein, Rev. Mod. Phys. 46, 1 (1974)].

=

∫
d3x

(
∂J0,a(t, x⃗)

∂t
+ ∇⃗ · J⃗a(t, x⃗)

)
=

∫
d3x ∂µJ

µ,a(t, x⃗)

=

∫
d3x

∂δL
∂ϵa

= 0 for δL = 0. (2.53)
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• Remark: So far classical fields. Charge Qa is not yet quantized and
can have any continuous value.

Different versions of classical conservation laws (Weinberg, Vol. 1, chap-
ter 7.3)
Φ 7→ Φ + δΦ = Φ + ϵδΦ̃

Invariant quantity conservation law current density or charge

δL = 0 ∂µJ
µ = 0 Jµ = ∂L

∂∂µΦ
δΦ̃

δL = ϵ∂µJ µ ∂µJ
µ = 0 Jµ = ∂L

∂∂µΦ
δΦ̃− J µ

δL = 0 dQ(t)
dt = 0 Q =

∫
d3x ∂L

∂∂0Φ
δΦ̃

δL = ϵdQ(t)dt
dQ(t)
dt = 0 Q =

∫
d3x ∂L

∂∂0Φ
δΦ̃−Q

δS = 0 ∂µJ
µ = 0 explicit form of Jµ

not known
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• Example from Assignment 1:

L =
1

2

[
∂µΦ1∂

µΦ1 + ∂µΦ2∂
µΦ2 −m2(Φ2

1 + Φ2
2)
]
− λ

4

(
Φ2
1 + Φ2

2

)2
.

(2.54)
Perform infinitesimal, active rotation of the fields by angle ϵ(x) (1 local
parameter) (After replacing the fields by field operators, the correspond-
ing Hilbert space states must be transformed oppositely.)

Φ′1 = Φ1+δΦ1 = Φ1− ϵ(x)Φ2, Φ′2 = Φ2+δΦ2 = Φ2+ ϵ(x)Φ1. (2.55)

δL =
∂L
∂Φi

δΦi +
∂L
∂∂µΦi

∂µδΦi

= −m2Φ1[−ϵ(x)]Φ2 −m2Φ2ϵ(x)Φ1︸ ︷︷ ︸
0

−λ(Φ2
1 + Φ2

2){Φ1[−ϵ(x)]Φ2 + Φ2ϵ(x)Φ1}︸ ︷︷ ︸
0
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+∂µΦ1∂µ[−ϵ(x)Φ2] + ∂µΦ2∂µ[ϵ(x)Φ1]

= ∂µϵ(x)(−∂µΦ1Φ2 + Φ1∂
µΦ2). (2.56)

⇒ Jµ =
∂δL
∂∂µϵ

= Φ1∂
µΦ2 − ∂µΦ1Φ2, ∂µJ

µ =
∂δL
∂ϵ

= 0. (2.57)

• Conclusion: Lagrangian of Eq. (2.54) is invariant under global ro-
tation of fields Φ1 and Φ2. Underlying symmetry group is O(2) =
SO(2) ∪ SSO(2), where

S =

(
1 0
0 −1

)
.

Elements of SO(2) may be described by a continuous parameter 0 ≤
φ < 2π:

R(φ) =

(
cos(φ) − sin(φ)
sin(φ) cos(φ)

)
.

Conserved current of Eq. (2.57) is associated with this invariance.
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Remark: The groups SO(2) and U(1) are isomorphic.

2.5 Canonical Quantization of a Scalar Field

Literature

• Itzykson and Zuber, chapter 3.1

• Ryder, chapter 4.1

So far: Free scalar field as classical system.

Quantum-mechanical interpretation of Klein-Gordon equation as rela-
tivistic single-particle equation faces two difficulties:

1. Klein-Gordon equation allows for solutions of “negative energy,” if
one interprets i∂µ as operator corresponding to four-momentum.

2. It is not possible to define a positive definite probability density ρ.
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Both problems disappear in quantum field theory.

Hamiltonian formulation

Introduce generalized momentum Π conjugate to field Φ

p =
∂L

∂q̇
→ Π =

∂L
∂Φ̇

(2.58)

and Hamiltonian density

H = pq̇ − L → H = ΠΦ̇− L. (2.59)

Hamilton function

H =

∫
d3xH. (2.60)

Free scalar field

Π = Φ̇,

H = Φ̇2 − 1

2

(
Φ̇Φ̇− ∇⃗Φ · ∇⃗Φ−m2Φ2

)
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=
1

2

(
Π2 + ∇⃗Φ · ∇⃗Φ +m2Φ2

)
,

H =
1

2

∫
d3x

(
Π2 + ∇⃗Φ · ∇⃗Φ +m2Φ2

)
. (2.61)

Note: H(t) ≥ 0 (integrand always positive), i.e., problem of “negative
energies” does not show up in classical field theory.

Canonical quantization

Interpret Φ(t, x⃗) as Hermitian operator in analogy to transition from
classical mechanics to quantum mechanics.
Corresponding Hilbert space still needs to be identified (see below).
Operator Φ plays role similar to that of position operator q of nonrela-
tivistic quantum mechanics.
Interpret x⃗ as some sort of parameter, resulting in (uncountably) infinite
number of degrees of freedom, i.e., at each x⃗ one has a dynamical degree
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of freedom Φ(x⃗) (which is function of t).

Visualization of quantization procedure

1. Divide three-dimensional space into cells of volume δV .

2. Denote each cell by a triplet r⃗ of integers (see Fig. 2.1).

y

x

Figure 2.1: Two-dimensional illustration of the cells.
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3. Φr⃗: average value of Φ in cell r⃗ (function of t).

4. Lr⃗: average of Lagrangian density in cell r⃗.

5. Lagrange function reads

L =
∑
r⃗

Lr⃗ =
∑
r⃗

δV Lr⃗
δV→0→

∫
d3xL. (2.62)

6. Define momentum pr⃗ conjugate to Φr⃗ as

pr⃗ =
∂L

∂Φ̇r⃗
=
δV ∂Lr⃗
∂Φ̇r⃗

≡ δV Πr⃗, (2.63)

with continuum limit Eq. (2.58).

7. Quantization rule: Consider Φr⃗ and pr⃗ as operators in the Heisenberg
picture
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Recall

OH(t) = eiHtOSe
−iHt

[qi, pj] = iδij = [qHi(t), pHj(t)] → [Φr⃗(t), ps⃗(t)] = iδr⃗s⃗,

[qHi(t), qHj(t)] = 0 → [Φr⃗(t),Φs⃗(t)] = 0,

[pHi(t), pHj(t)] = 0 → [pr⃗(t), ps⃗(t)] = 0. (2.64)

Take limit δV → 0,

lim
δV→0

Φr⃗(t) = Φ(t, x⃗),

lim
δV→0

ps⃗(t)

δV
= Π(t, y⃗),

lim
δV→0

δr⃗s⃗
δV

= δ3(x⃗− y⃗),

⇒ so-called canonical equal-time commutation relations (ETCR) of
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the operators Φ and Π:

[Φ(t, x⃗),Π(t, y⃗)] = iδ3(x⃗− y⃗),
[Φ(t, x⃗),Φ(t, y⃗)] = [Π(t, x⃗),Π(t, y⃗)] = 0. (2.65)

Note: Real field has “turned into” Hermitian operator.
Operator Φ must satisfy ETCR + EOM obtained from Hamilton’s vari-
ational principle,

(� +m2)Φ(x) = 0. (2.66)

Solution: Consider Fourier decomposition

Φ(t, x⃗) =

∫
d3k

(2π)32ω(k⃗ )︸ ︷︷ ︸
d̃3k

[a(k⃗ )e−ik·x + a†(k⃗ )eik·x] = Φ†(t, x⃗), (2.67)

where

1. k0 = ω(k⃗ ) =
√
m2 + k⃗ 2 (Assignment 2, 6. (a)).

89



2. a(k⃗ ) and a†(k⃗ ) operators.

Assignment 3, 1. (a): ETCR imply commutation relations

[a(k⃗ ), a†(k⃗′)] = (2π)32ω(k⃗ )δ3(k⃗−k⃗′), [a(k⃗ ), a(k⃗′)] = [a†(k⃗ ), a†(k⃗′)] = 0.
(2.68)

Interpretation of operators a(k⃗ ) and a†(k⃗ ):

Assignment 3, 1. (b):

H =
1

2

∫
d̃3k ω(k⃗ )

(
a†(k⃗ )a(k⃗ ) + a(k⃗ )a†(k⃗ )

)
. (2.69)

Let

H|E⟩ = E|E⟩.
Consider

Ha(k⃗ )|E⟩ =
(
a(k⃗ )H + [H, a(k⃗ )]

)
|E⟩.
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[H, a(k⃗ )] =
1

2

∫
d̃3k′ ω(k⃗′)[a†(k⃗′)a(k⃗′) + a(k⃗′)a†(k⃗′), a(k⃗ )]

=
1

2

∫
d̃3k′ ω(k⃗′){a†(k⃗′) [a(k⃗′), a(k⃗ )]︸ ︷︷ ︸

0

+ [a†(k⃗′), a(k⃗ )]︸ ︷︷ ︸
−(2π)32ω(k⃗)δ3(k⃗ − k⃗′)

a(k⃗′)

+a(k⃗′) [a†(k⃗′), a(k⃗ )]︸ ︷︷ ︸
s.a.

+ [a(k⃗′), a(k⃗ )]︸ ︷︷ ︸
0

a†(k⃗′)}

= −ω(k⃗)a(k⃗ )

=
[
E − ω(k⃗)

]
a(k⃗ )|E⟩. (2.70)

Analogously

Ha†(k⃗ )|E⟩ =
[
E + ω(k⃗ )

]
a†(k⃗ )|E⟩. (2.71)
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Repeat for momentum operator

P⃗ =

∫
d̃3k k⃗a†(k⃗ )a(k⃗ ). (2.72)

Conclusion: Operators a†(k⃗ ) and a(k⃗ ) create and destroy a quantum

of energy ω(k⃗ ) and momentum k⃗.

Remark on normal ordering:

Let |0⟩ denote ground state (vacuum) with

a(k⃗ )|0⟩ = 0, ⟨0|a†(k⃗ ) = 0 ∀ k⃗. (2.73)

Consider vacuum expectation value (VEV) of Hamilton operator of Eq.
(2.69):

⟨0|H|0⟩ = 1

2

∫
d̃3k ω(k⃗ )⟨0|

(
a†(k⃗ )a(k⃗ ) + a(k⃗ )a†(k⃗ )

)
|0⟩
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=
1

2

∫
d̃3k ω(k⃗ )⟨0|(2a†(k⃗ ) a(k⃗ )︸︷︷︸

a(k⃗ )|0⟩ = 0

+[a(k⃗ ), a†(k⃗ )]|0⟩

= ∞, (2.74)

because [a(k⃗ ), a†(k⃗ )] ∼ δ3(0) and, in addition, one needs to integrate

over k⃗.
Interpretation of infinite constant: infinite sum over oscillator ground-
state energies.

Redefinition of Hamilton operator such that ground state corresponds
to energy eigenvalue E0 = 0:

H =
1

2

∫
d̃3k ω(k⃗ )

[
a†(k⃗ )a(k⃗ ) + a(k⃗ )a†(k⃗ )

−⟨0|
(
a†(k⃗ )a(k⃗ ) + a(k⃗ )a†(k⃗ )

)
|0⟩
]
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=
1

2

∫
d̃3k ω(k⃗ ) : a†(k⃗ )a(k⃗ ) + a(k⃗ )a†(k⃗ ) :

=

∫
d̃3k ω(k⃗ )a†(k⃗ )a(k⃗ ). (2.75)

: : denotes symbol for normal ordering: annihilation operators are
always to the right of creation operators. For bosons, creation and an-
nihilation operators commute, when they are written inside a normal
product.

Example

: a(k⃗ )a†(q⃗ )a†(p⃗ )a(r⃗ ) :
e.g.
= : a†(q⃗ )a(r⃗ )a†(p⃗ )a(k⃗ ) := a†(q⃗ )a†(p⃗ )a(r⃗ )a(k⃗ ).

Construction of Hilbert space
Define number operator as

N =

∫
d̃3k a†(k⃗ )a(k⃗ ). (2.76)
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Properties (Assignment 3, 1. (c))

N = N †,

[N,H ] = 0,

[N, P⃗ ] = 0.

Consider one-particle state

|⃗k ⟩ = a†(k⃗ )|0⟩ (2.77)

normalized as

⟨k⃗ ′|⃗k ⟩ = ⟨0|a(k⃗ ′)a†(k⃗ )|0⟩
= ⟨0|a†(k⃗ )a(k⃗ ′) + [a(k⃗ ′), a†(k⃗ )]|0⟩
= (2π)32ω(k⃗ )δ3(k⃗ − k⃗ ′). (2.78)

Basis of complete Hilbert space (so-called Fock space) is constructed as

a†(k⃗1) · · · a†(k⃗n)|0⟩, (2.79)
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where the k⃗i are not necessarily different. Recall:

Ha†(k⃗1) · · · a†(k⃗n)|0⟩ =
(
a†(k⃗1)H + [H, a†(k⃗1)]

)
· · · a†(k⃗n)|0⟩

= a†(k⃗1)
(
H + ω(k⃗1)

)
· · · a†(k⃗n)|0⟩

=
(
ω(k⃗1) + · · · + ω(k⃗n)

)
a†(k⃗1) · · · a†(k⃗n)|0⟩,

P⃗ · · · =
(
k⃗1 + · · · + k⃗n

)
· · · ,

N · · · = n · · · . (2.80)

Basis states described in terms of occupation numbers n(k⃗ ) correspond-

ing to eigenstate of momentum k⃗:

|n(k⃗1), · · · , n(k⃗n)⟩ =
∏
k⃗i

1√
n(k⃗i)!

(
a†(k⃗i)

)n(k⃗i)
|0⟩. (2.81)

Eq. (2.68) ⇒ all creation operators commute.
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Arbitrary normalized state as superposition

|Φ⟩ =
(
c0 +

∫
d̃3k1 c1(k⃗1)a

†(k⃗1) +
1√
2!

∫
d̃3k1d̃

3k2 c2(k⃗1, k⃗2)a
†(k⃗1)a

†(k⃗2)

+
1√
3!

∫
d̃3k1d̃

3k2d̃
3k3c3(k⃗1, k⃗2, k⃗3)a

†(k⃗1)a
†(k⃗2)a

†(k⃗3) + · · ·
)
|0⟩.

(2.82)

(Recall: n objects may be ordered in n! different ways.) Normalization
condition ⇒

1 = ⟨Φ|Φ⟩ = |c0|2 +
∫

d̃3k1|c1(k⃗1)|2 +
∫

d̃3k1d̃
3k2|c2(k⃗1, k⃗2)|2 + · · · .

(2.83)
cn: momentum distribution of the component containing n quanta (“wave
function in momentum space”).

[a†(k⃗ ), a†(k⃗′)] = 0 ⇒ momentum space wave functions are symmetric
under interchange of any two arguments.
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Probability of finding “particle 1” with momentum k⃗ and “particle 2”
with momentum k⃗′ is the same as finding “particle 1” with momen-
tum k⃗′ and “particle 2” with momentum k⃗. The so-called Bose-Einstein
statistics originates from the commutation relations of Eq. (2.68).

2.6 Quantization of the Dirac Field

Literature

• Itzykson and Zuber, chapter 3.3

• Ryder, chapter 4.3

Empirical fact: Spin-12 particles obey Fermi-Dirac statistics and the Pauli
exclusion principle.
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Decompose Ψ and Ψ̄ into plane-wave solutions

Ψ(x) =

2∑
r=1

∫
d3p

(2π)32E(p⃗ )

[
br(p⃗ )u

(r)(p⃗ )e−ip·x + d†r(p⃗ )v
(r)(p⃗ )eip·x

]
=: Ψ(+)(x) + Ψ(−)(x), (2.84)

Ψ̄(x) =

2∑
r=1

∫
d3p

(2π)32E(p⃗ )

[
b†r(p⃗ )ū

(r)(p⃗ )eip·x + dr(p⃗ )v̄
(r)(p⃗ )e−ip·x

]
= Ψ̄(−)(x) + Ψ̄(+)(x) = Ψ(+)(x) + Ψ(−)(x), (2.85)

where p0 = E(p⃗ ) =
√
m2 + p⃗ 2.

In order to satisfy Pauli exclusion principle, postulate anti commutation
relations for creation operators b†r and d

†
r (annihilation operators br and

dr) for particles and antiparticles

{br(p⃗ ), b†s(p⃗ ′)} = (2π)32E(p⃗ )δ3(p⃗− p⃗ ′)δrs, (2.86)
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{dr(p⃗ ), d†s(p⃗ ′)} = (2π)32E(p⃗ )δ3(p⃗− p⃗ ′)δrs. (2.87)

All remaining anti commutation relations vanish:

{br(p⃗ ), bs(p⃗ ′)} = 0,

{b†r(p⃗ ), b†s(p⃗ ′)} = 0, (2.88)

{dr(p⃗ ), ds(p⃗ ′)} = 0,

{d†r(p⃗ ), d†s(p⃗ ′)} = 0, (2.89)

{br(p⃗ ), ds(p⃗ ′)} = 0,

{b†r(p⃗ ), d†s(p⃗ ′)} = 0, (2.90)

{br(p⃗ ), d†s(p⃗ ′)} = 0,

{dr(p⃗ ), b†s(p⃗ ′)} = 0. (2.91)

Simplification of notation:

br(p⃗ ) 7→ bi, etc.
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2∑
r=1

∫
d3p

(2π)32E(p⃗ )
7→
∑
i

,

{br(p⃗ ), b†s(p⃗ ′)} = (2π)32E(p⃗ )δ3(p⃗− p⃗ ′)δrs 7→ {bi, b†j} = δij, etc.

Substitute back at end of calculation.

Example: Consider superposition of two particles

|Φ⟩ =
1√
2

∑
i,j

c2(i, j)b
†
ib
†
j|0⟩

=
1√
2

∑
i,j

c2(i, j)(−1)b†jb
†
i |0⟩

= − 1√
2

∑
i,j

c2(j, i)b
†
ib
†
j|0⟩,
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i. e. wave function is antisymmetric under exchange of two arguments:

c2(i, j) = −c2(j, i).
In particular: 0 for i = j (Pauli principle).
Normalization

⟨Φ|Φ⟩ = 1

leads to

1 =
∑
i,j

|c2(i, j)|2

7→
∫

d3p

(2π)32E(p⃗ )

2∑
r=1

∫
d3p′

(2π)32E(p⃗ ′)

2∑
r′=1

c2(p⃗, r; p⃗
′, r′) = 1.

Anti commutation relations of Dirac fields from

• anti commutation relations of Eqs. (2.86) - (2.91)

• properties of Dirac spinors of chapter 2.2, example 2.
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{Ψα(t, x⃗ ),Ψ
†
β(t, y⃗ )} = δ3(x⃗− y⃗ )δαβ, (2.92)

{Ψα(t, x⃗ ),Ψβ(t, y⃗ )} = 0, (2.93)

{Ψ†α(t, x⃗ ),Ψ
†
β(t, y⃗ )} = 0, (2.94)

α and β: Dirac indices (1,2,3,4).

Example

{Ψα(t, x⃗ ),Ψ
†
β(t, y⃗ )}

Rewrite symbolically

Ψ(x) =
∑
i

(
biui(x) + d†ivi(x)

)
,

Ψ†(y) =
∑
i

(
b†iu
†
i(y) + div

†
i (y)

)
.
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Thus

{Ψα(x),Ψ
†
β(y)}x0=y0 =

∑
i,j

{biuiα(x) + d†iviα(x), b
†
ju
†
jβ(y) + djv

†
jβ(y)}x0=y0

=
∑
i,j

(uiα(x)u
†
jβ(y) {bi, b

†
j}︸ ︷︷ ︸

δij

+uiα(x)v
†
jβ(y) {bi, dj}︸ ︷︷ ︸

0

+viα(x)u
†
jβ(y) {d

†
i , b
†
j}︸ ︷︷ ︸

0

+viα(x)v
†
jβ(y) {d

†
i , dj}︸ ︷︷ ︸
δij

)x0=y0

=
∑
i

(uiα(x)u
†
iβ(y) + viα(x)v

†
iβ(y))x0=y0.

Continuous notation

· · · =
∫

d3p

(2π)32E(p⃗ )

2∑
r=1

(
u(r)α (p⃗ )e−ip·xu

(r)†
β (p⃗ )eip·y + v(r)α (p⃗ )eip·xv

(r)†
β (p⃗ )e−ip·y

)
x0=y0
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=

∫
d3p

(2π)32E(p⃗ )

2∑
r=1

(
u(r)α (p⃗ )u

(r)†
β (p⃗ )eip⃗·(x⃗−y⃗) + v(r)α (p⃗ )v

(r)†
β (p⃗ )e−ip⃗·(x⃗−y⃗)

)
.

Make use of

2∑
r=1

u(r)(p⃗ )u(r)†(p⃗ ) = (E +m)

2∑
r=1

(
12×2χr
σ⃗·p⃗
E+mχr

)(
χ†r12×2 χ†r

σ⃗ · p⃗
E +m

)
and

2∑
r=1

χrχ
†
r = 12×2

· · · = (E +m)

(
12×2

σ⃗·p⃗
E+m

σ⃗·p⃗
E+m

p⃗ 2

(E+m)2

)
=

(
(E +m) σ⃗ · p⃗
σ⃗ · p⃗ (E −m)

)
= (p/ +m)γ0 (p0 = E(p⃗ ))
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Completely analogous

2∑
r=1

v(r)(p⃗ )v(r)†(p⃗ ) = (p/ −m)γ0 (p0 = E(p⃗ )).

Put together

{Ψα(x),Ψ
†
β(y)}x0=y0 =

∫
d3p

(2π)32E(p⃗ )

[
(p/ +m)γ0e

ip⃗·(x⃗−y⃗)

+ (p/ −m)γ0e
−ip⃗·(x⃗−y⃗)

]
αβ
.

Substitution in the second term p⃗→ −p⃗ ;
Note E(−p⃗ ) = E(p⃗ ) and γ20 = 1:

· · · =
∫

d3p

(2π)3
δαβe

ip⃗·(x⃗−y⃗) = δαβδ
3(x⃗− y⃗).
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Hamilton operator
Start from Lagrangian

L = Ψ̄(i∂/ −m)Ψ

define canonically conjugate momentum

Π =
∂L
∂Ψ̇

= iΨ†

Hamiltonian density

H = ΠΨ̇−L = iΨ†Ψ̇−Ψ̄(iγ0∂0+iγ⃗·∇⃗−m)Ψ = Ψ̄(−iγ⃗·∇⃗+m)Ψ = Ψ†iΨ̇

for solutions of the Dirac equation.

Remark: Interpreting the Dirac equation as a field equation is not suf-
ficient to remove the problem of “negative energies.” Quantization in
terms of anti commutation relations required.
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Consider Hamilton operator

H =

∫
d3xH

=

∫
d3x

∫
d3p

(2π)32E(p⃗ )

2∑
r=1︸ ︷︷ ︸∑∫
∫

d3p ′

(2π)32E(p⃗ ′)

2∑
r′=1︸ ︷︷ ︸∑∫ ′

×[b†r(p⃗ )u(r)†(p⃗ )eip·x + dr(p⃗ )v
(r)†(p⃗ )e−ip·x]

×i[−iE(p⃗ ′)][br ′(p⃗ ′)u(r
′)(p⃗ ′)e−ip

′·x −︸︷︷︸
sign!

d†r ′(p⃗
′)v(r

′)(p⃗ ′)eip
′·x].

Perform integration
∫
d3x

· · · =
∑∫ ∑∫

′E(p⃗ ′)[
b†r(p⃗ )br ′(p⃗

′)u(r)†(p⃗ )u(r
′)(p⃗ ′)eix0[E(p⃗ )−E(p⃗

′)](2π)3δ3(p⃗− p⃗ ′)
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−b†r(p⃗ )d
†
r ′(p⃗

′)u(r)†(p⃗ )v(r
′)(p⃗ ′)eix0[E(p⃗ )+E(p⃗

′)](2π)3δ3(p⃗ + p⃗ ′)

+dr(p⃗ )br ′(p⃗
′)v(r)†(p⃗ )u(r

′)(p⃗ ′)e−ix0[E(p⃗ )+E(p⃗
′)](2π)3δ3(p⃗ + p⃗ ′)

−dr(p⃗ )d†r ′(p⃗
′)v(r)†(p⃗ )v(r

′)(p⃗ ′)e−ix0[E(p⃗ )−E(p⃗
′)](2π)3δ3(p⃗− p⃗ ′)

]
.

Perform integration
∫
d3p

· · · =
2∑
r=1

∑∫
′E(p⃗ ′)

×

 1

2E(p⃗ ′)
b†r(p⃗

′)br ′(p⃗
′)u(r)†(p⃗ ′)u(r

′)(p⃗ ′)︸ ︷︷ ︸
2E(p⃗ ′)δrr ′

eix0[E(p⃗
′)−E(p⃗ ′)]︸ ︷︷ ︸
1

− 1

2E(−p⃗ ′)
b†r(−p⃗ ′)d

†
r ′(p⃗

′)u(r)†(−p⃗ ′)v(r ′)(p⃗ ′)︸ ︷︷ ︸
0

eix0(E(−p⃗
′)+E(p⃗ ′))
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+
1

2E(−p⃗ ′)
dr(−p⃗ ′)br ′(p⃗ ′) v(r)†(−p⃗ ′)u(r

′)(p⃗ ′)︸ ︷︷ ︸
0

e−ix0[E(−p⃗
′)+E(p⃗ ′)]

− 1

2E(p⃗ ′)
dr(p⃗

′)d†r ′(p⃗
′) v(r)†(p⃗ ′)v(r

′)(p⃗ ′)︸ ︷︷ ︸
2E(p⃗ ′)δrr ′

e−ix0[E(p⃗
′)−E(p⃗ ′)]︸ ︷︷ ︸
1

 .
• Perform sum

∑
r ′;

• rename p⃗ ′ → p⃗:

· · · =
∫

d3p

(2π)32E(p⃗ )

2∑
r=1

E(p⃗ )[b†r(p⃗ )br(p⃗ )− dr(p⃗ )d†r(p⃗ )].

So far: We only made use of the properties of the Dirac spinors. We
made sure to write creation and annihilation operators in the order as
they appear in the multiplication.
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Introduce normal ordering including a sign change for each inter-
change of fermion operators.
Example

: Ψ̄ΓΨ : = : (Ψ̄(−)
α + Ψ̄(+)

α )Γαβ(Ψ
(+)
β + Ψ

(−)
β ) :

= Ψ̄(−)
α ΓαβΨ

(+)
β + Ψ̄(−)

α ΓαβΨ
(−)
β + Ψ̄(+)

α ΓαβΨ
(+)
β − Ψ

(−)
β ΓαβΨ̄

(+)
α ,

(2.95)

with Γ an arbitrary 4× 4 matrix.
Recall:

(+) ∼ annihilation operator× e−ip·x,
(−) ∼ creation operator× e+ip·x.

Result for normal-ordered Hamilton operator

H =

∫
d3x : Ψ†(x)iΨ̇(x) :
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=

∫
d3p

(2π)32E(p⃗ )

2∑
r=1

E(p⃗ )[b†r(p⃗ )br(p⃗ ) + d†r(p⃗ )dr(p⃗ )].

Sign change in second term ⇒ Hamilton-Operator positive definite.
Using commutation instead of anti commutation relations would have
led to Hamilton operator which is not bounded from below. In other
words, existence of a stable ground state requires that Dirac equation be
quantized according to Dirac-Fermi statistics (anti commutators). Spe-
cial example of the so-called spin-statistics theorem, according to which
fermions/bosons are quantized with anti commutation/commutation re-
lations (see, e.g., W. Pauli, Phys. Rev. 58, 716 (1940)).
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2.7 More on Noether’s Theorem in Quantum (Field) Theory

So far: Noether’s theorem on the classical level.
In principle, charges Qa(t) can have any continuous real value.
Now: Transition to a Quantum (Field) Theory.

Analogy: Point mass m in a central potential V (r⃗ ) = V (r).
Lagrange and Hamilton functions are rotationally invariant.
Consequence: Angular momentum l⃗ = r⃗× p⃗ is a constant of the motion.

Transition to quantum mechanics. ⇒ Operators

[x̂i, p̂j] = iδij, [x̂i, x̂j] = 0, [p̂i, p̂j] = 0.

Components of angular momentum operator

l̂i = ϵijkx̂jp̂k = −ip̂j (−iϵijk)︸ ︷︷ ︸
(Lad

i )jk

x̂k,
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Lad
i : 3× 3 matrices satisfying [Lad

i , L
ad
j ] = iϵijkL

ad
k ,

satisfy commutation relations

[l̂i, l̂j] = iϵijk l̂k

i.e., they cannot simultaneously be diagonalized.
Recall: Angular momentum operators are generators of rotations:

|Ψ′⟩ = exp(−iαil̂i)|Ψ⟩.
Rotational invariance of the quantum system

[Ĥ, l̂i] = 0

i.e., l̂i are still constants of the motion.

Simultaneously diagonalize Ĥ ,
ˆ⃗
l 2, and l̂3.

Example: Hydrogen atom

En = −
α2m

2n2
≈ −13.6

n2
eV,
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where n = n′ + l + 1; n′ ≥ 0 denotes principal quantum number.
Degeneracy of an energy level is given by n2 (spin neglected).

• Value E1 and spacing of levels determined by dynamics of the sys-
tem, i.e., specific form of potential.

• Multiplets with eigenvalues l(l + 1) and m = −l, · · · , l
(l = 0, 1, 2, · · ·).
Multiplicities of energy levels are consequence of underlying rota-
tional symmetry. (In fact, accidental degeneracy for n ≥ 2 is result
of even higher symmetry of 1/r Hamiltonian, namely SO(4) symme-
try.)

In short: Multiplicities depend on underlying symmetry;
energy eigenvalues depend on V (dynamics).

What happens in QFT?
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After canonical quantization: Fields Φi and conjugate momenta Πi =
∂L/∂(∂0Φi) are considered as operators subject to ETCR

[Φi(t, x⃗),Πj(t, y⃗)] = iδ3(x⃗− y⃗)δij ↔ [x̂i, p̂j] = iδij
[Φi(t, x⃗),Φj(t, y⃗)] = 0 ↔ [x̂i, x̂j] = 0

[Πi(t, x⃗),Πj(t, y⃗)] = 0 ↔ [p̂i, p̂j] = 0

Consider as special case of Eq. (2.47) infinitesimal transformations which
are linear in fields

Φi(x) 7→ Φ′i(x) = Φi(x)−iϵa(x)taijΦj(x) ↔ x̂i 7→ x̂i−iϵk(−iϵkij)x̂j
(2.96)

taij are constants generating mixing of fields

Jµ,a(x) = −i ∂L
∂∂µΦi

taij Φj, (2.97)

Qa(t) = −i
∫

d3xΠi(x) t
a
ij Φj(x) ↔ l̂k = −ip̂i(−iϵkij)x̂j = ϵkijx̂ip̂j,
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(2.98)

where Jµ,a(x) and Qa(t) are now operators.

Transformation behavior of field operators

[Qa(t),Φk(t, y⃗)] = −itaij
∫

d3x [Πi(t, x⃗)Φj(t, x⃗),Φk(t, y⃗)]

= −itaij
∫

d3x (Πi(t, x⃗)[Φj(t, x⃗),Φk(t, y⃗)]

+[Πi(t, x⃗),Φk(t, y⃗)]Φj(t, x⃗))

= −itaij
∫

d3x (−iδ3(x⃗− y⃗)δikΦj(t, x⃗))

= −takjΦj(t, y⃗) (2.99)

↔ [l̂k, x̂i] = iϵkijx̂j (2.100)

Qa are generators of the transformations acting on the states of Hilbert
space.
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Interpretation of charge operators

1. Time-independent charge operators satisfy (Heisenberg picture)

dQa

dt
= i[Qa, H ] = 0,

i.e., H and Qa may simultaneously be diagonalized.
Group theory: Degeneracy of an energy level is associated with di-
mensionality of irreducible representations of underlying symmetry
group.
⇒ Investigation of particle spectrum yields information on underly-
ing symmetry.
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Example: Isospin multiplets

Name I I3 Y Mass Life time [s] (Main-)

[MeV] Width [MeV] Decay

pion 1 ±1 0 140 2.6 · 10−8s π+ → µ+ + νµ

0 0 135 8.4 · 10−17s π0 → γγ

η 0 0 0 547 1.2 keV πππ

ρ 1 1, 0,−1 0 770 151 MeV ππ

nucleon 1
2 p : 1

2 1 938 stable

(> 2.1× 1029 years)

n : −1
2 1 940 886 s pe−ν̄e

∆ 3
2

3
2,

1
2,−

1
2,−

3
2 1 1232 120 MeV Nπ

Q = I3 +
1
2Y . (200MeV)−1 ≈ 1

3 · 10
−23 s.
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2. Symmetries relate scattering amplitudes of various processes (of the
same type).
To be discussed later. Also: Green functions of different types: Ward
identities.

Example: Isospin symmetry ⇒ πN scattering may be described
in terms of two scattering amplitudes T

1
2 and T

3
2 (Wigner-Eckart

theorem):

⟨I ′, I ′3|T |I, I3⟩ = T IδII ′δI3I ′3.

Interpret constants taij as entries in ith row and jth column of an n× n
matrix T a,

T a =

 ta11 · · · ta1n
... ...
tan1 · · · tann

 .
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Assumption: Matrices form n-dimensional representation of a Lie alge-
bra,

[T a, T b] = iCabcT
c (2.101)

with structure constants Cabc. ⇒ Charge operators Qa(t) form a Lie
algebra

[Qa(t), Qb(t)] = iCabcQ
c(t). (2.102)

Infinitesimal, linear transformations of fields Φi may then be written in
compact form, Φ1(x)

...
Φn(x)

 = Φ(x) 7→ Φ′(x) = (1− iϵaT a)Φ(x). (2.103)

Ta may be brought into block-diagonal form. ⇒ Only fields belonging
to the same multiplet transform into each other under the symmetry
group.

121



Example 1: U(1) (or O(2))

Scalar field theory with a global U(1) invariance:

L =
1

2
(∂µΦ1∂

µΦ1 + ∂µΦ2∂
µΦ2)−

m2

2
(Φ2

1 + Φ2
2)−

λ

4
(Φ2

1 + Φ2
2)

2

= ∂µΦ
†∂µΦ−m2Φ†Φ− λ(Φ†Φ)2, (2.104)

where

Φ(x) =
1√
2
[Φ1(x) + iΦ2(x)], Φ†(x) =

1√
2
[Φ1(x)− iΦ2(x)],

with real scalar fields Φ1 and Φ2.
L is invariant under the global transformations

Φ′ = (1 + iϵ)Φ,

Φ′† = (1− iϵ)Φ†,
or
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(
Φ′

Φ′†

)
= (1− iϵ

(
−1 0
0 1

)
︸ ︷︷ ︸

T

)

(
Φ′

Φ′†

)
, (2.105)

with ϵ infinitesimal real parameter.
Apply method of Gell-Mann and Lévy with local parameter ϵ(x),

δL = ∂µϵ(x)(i∂
µΦ†Φ− iΦ†∂µΦ), (2.106)

⇒ current density

Jµ =
∂δL
∂∂µϵ

= (i∂µΦ†Φ− iΦ†∂µΦ), (2.107)

∂µJ
µ =

∂δL
∂ϵ

= 0. (2.108)

Extend analysis to quantum field theory.
Define conjugate momenta,

Π =
∂L
∂∂0Φ

= Φ̇†, Π† =
∂L
∂∂0Φ†

= Φ̇. (2.109)
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Operators subject to ETCR

[Φ(t, x⃗),Π(t, y⃗)] = [Φ†(t, x⃗),Π†(t, y⃗)] = iδ3(x⃗− y⃗). (2.110)

Remaining ETCR vanish.
Current operator of quantized theory reads

Jµ(x) =: (i∂µΦ†Φ− iΦ†∂µΦ) :, (2.111)

where : : denotes normal or Wick ordering, i.e., annihilation operators
appear to the right of creation operators.
Charge operator (generator of infinitesimal transformations of Hilbert
space states)

Q =

∫
d3xJ0(t, x⃗). (2.112)

Apply Eq. (2.110) to obtain equal-time commutation relations

[J0(t, x⃗),Φ(t, y⃗)] = δ3(x⃗− y⃗)Φ(t, x⃗),
[J0(t, x⃗),Π(t, y⃗)] = −δ3(x⃗− y⃗)Π(t, x⃗),

124



[J0(t, x⃗),Φ†(t, y⃗)] = −δ3(x⃗− y⃗)Φ†(t, x⃗),
[J0(t, x⃗),Π†(t, y⃗)] = δ3(x⃗− y⃗)Π†(t, x⃗). (2.113)

(From [A,B] = AB − BA = C we obtain [A†, B†] = −C†. Note that
J0(x) = J0†(x)).
Remark: Transition to normal ordering involves an (infinite) constant
which does not contribute to commutator.
Example:

[J0(t, x⃗),Φ(t, y⃗)] = i[Π(t, x⃗)Φ(t, x⃗)− Φ†(t, x⃗)Π†(t, x⃗),Φ(t, y⃗)]

= i(−i)δ3(x⃗− y⃗)Φ(t, x⃗)
= δ3(x⃗− y⃗)Φ(t, x⃗).

Perform space integrals in Eqs. (2.113). ⇒
[Q,Φ(x)] = Φ(x),

[Q,Π(x)] = −Π(x),
[Q,Φ†(x)] = −Φ†(x),
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[Q,Π†(x)] = Π†(x). (2.114)

Q: Why are commutation relations involving charge operators so impor-
tant?
A: They specify how operators transform.

Motivation: Consider operator A and basis {|k⟩}.
Perform infinitesimal, unitary transformation of states

|k′⟩ = (1 + iϵaQ
a)|k⟩,

A′ = A + ϵaδAa

such that
⟨i′|A′|j′⟩ !

= ⟨i|A|j⟩ ∀ i, j.

We obtain

(1− iϵaQa)(A + ϵbδAb)(1 + iϵcQ
c) = A,

⇔ A + ϵbδAb = (1 + iϵaQ
a)A(1− iϵcQc),
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⇔ δAa = i[Qa, A].

Physical interpretation of Eqs. (2.114):
Take eigenstate |α⟩ of Q with eigenvalue qα and consider action of Φ(x)
on that state,

Q (Φ(x)|α⟩) = ([Q,Φ(x)] + Φ(x)Q) |α⟩ = (1 + qα) (Φ(x)|α⟩) .
Conclusion: Operators Φ(x) and Π†(x) [Φ†(x) and Π(x)] increase (de-
crease) the Noether charge of a system by one unit.

Example 2: U(1) for fermions

Start from Lagrangian of free theory describing electrons

L0 = Ψ̄(i∂/ −m)Ψ. (2.115)

L0 is invariant under global U(1) transformation

Ψ(x) 7→ Ψ′(x) = e−iαΨ(x),

Ψ̄(x) 7→ Ψ̄′(x) = Ψ̄(x)eiα,
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where α ∈ [0, 2π]:

Ψ̄Ψ 7→ Ψ̄ eiαe−iα︸ ︷︷ ︸
1

Ψ = Ψ̄Ψ,

Ψ̄γµ∂
µΨ 7→ Ψ̄eiαγµ∂

µe−iαΨ = Ψ̄eiαe−iαγµ∂
µΨ = Ψ̄γµ∂

µΨ.

Consider infinitesimal transformation

e−iα → 1− iϵ
and substitute ϵ→ ϵ(x)

δL0 = −i∂µϵ(x)iΨ̄(x)γµΨ(x).
⇒

Jµ =
∂δL0

∂µϵ
= Ψ̄γµΨ, (2.116)

with charge operator

Q =

∫
d3x : Ψ†(t, x⃗)Ψ(t, x⃗) : . (2.117)
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Assignment 4, 4. (a)

Q =

2∑
r=1

∫
d3p

(2π)32E(p⃗)

[
b†r(p⃗ )br(p⃗ )− d†r(p⃗ )dr(p⃗ )

]
.

Minus sign for antiparticle contribution is related to normal-ordering
procedure. Note that

Q|0⟩ = 0,

because

br(p⃗ )|0⟩ = 0,

dr(p⃗ )|0⟩ = 0.

Consider one-particle states:

Q|e−(p⃗, r)⟩ = Qb†r(p⃗ )|0⟩ = ([Q, b†r(p⃗ )] + b†r(p⃗ )Q)|0⟩ = +1|e−(p⃗, r)⟩,
Q|e+(p⃗, r)⟩ = Qd†r(p⃗ )|0⟩ = −1|e+(p⃗, r)⟩.
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We made use of

[Q, b†r(p⃗ )] = b†r(p⃗ ),

[Q, d†r(p⃗ )] = −d†r(p⃗ ).
Verification: Express commutator in terms of anticommutator (fermions)

[ab, c] = abc− cab = abc + acb− acb− cab = a{b, c} − {a, c}b.

[b†s(q⃗ )bs(q⃗ ), b
†
r(p⃗ )] = b†s(q⃗ ){bs(q⃗ ), b†r(p⃗ )} − {b†s(q⃗ ), b†r(p⃗ )}︸ ︷︷ ︸

0

bs(q⃗ )

= (2π)32E(q⃗ )δ3(q⃗ − p⃗ )δsrb†s(q⃗ ),
[d†s(q⃗ )ds(q⃗ ), b

†
r(p⃗ )] = 0.

Substitute into expression for Q, perform integration⇒ result.
Second calculation analogous. Minus sign originates in minus sign in Q.

Interpretation: Q is charge operator in units of −e, e > 0.
Or: Q is electron number operator.
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Chapter 3

Quantum Chromodynamics and Chiral
Symmetry

3.1 Some Remarks on SU(3)

Role of SU(3) in the context of the strong interactions:

1. Gauge group of QCD;

2. flavor SU(3) is approximately realized as a global symmetry of the
hadron spectrum (Eightfold Way);
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3. direct product SU(3)L × SU(3)R is the chiral-symmetry group of
QCD for vanishing u-, d-, and s-quark masses.

Basic properties of SU(3) and its Lie algebra su(3)

Definition:

SU(3) ≡ set of all unitary, unimodular, 3× 3 matrices U :

U †U = 1, det(U) = 1.

Elements of SU(3) are conveniently written in terms of exponential rep-
resentation

U(Θ) = exp

(
−i

8∑
a=1

Θa
λa
2

)
, (3.1)
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Θa: real numbers;
λa: Gell-Mann matrices satisfying

λa
2

= i
∂U

∂Θa
(0, · · · , 0), (3.2)

λa = λ†a, (3.3)

Tr(λaλb) = 2δab, (3.4)

Tr(λa) = 0. (3.5)

Eq. (3.3) ⇒ U † = U−1;
det[exp(C)] = exp[Tr(C)] + Eq. (3.5) ⇒ det(U)=1.

Explicit representation

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 ,
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λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0

 ,

λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 =

√
1

3

 1 0 0
0 1 0
0 0 −2

 . (3.6)

Definition:

Lie algebra su(3) of SU(3) ≡ set of all complex, traceless,
skew-Hermitian, 3× 3 matrices.

Set {iλa} constitutes basis of su(3).
Lie product defined in terms of ordinary matrix multiplication as com-
mutator of two elements of su(3).
Lie properties of anti-commutativity

[A,B] = −[B,A] (3.7)
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and Jacobi identity

[A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0. (3.8)

Structure of SU(3) is encoded in commutation relations of Gell-Mann
matrices, [

λa
2
,
λb
2

]
= ifabc

λc
2
. (3.9)

Structure constants fabc: real, totally symmetric. Given by (Assignment
5, 1. (a))

fabc =
1

4i
Tr([λa, λb]λc). (3.10)

abc 123 147 156 246 257 345 367 458 678

fabc 1 1
2 −

1
2

1
2

1
2

1
2 −

1
2

1
2

√
3 1

2

√
3

Anticommutation relations

{λa, λb} =
4

3
δab + 2dabcλc. (3.11)
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dabc : real, totally symmetric. (Assignment 5, 1. (c))

dabc =
1

4
Tr({λa, λb}λc), (3.12)

abc 118 146 157 228 247 256 338 344
dabc

1√
3

1
2

1
2

1√
3
−1

2
1
2

1√
3

1
2

abc 355 366 377 448 558 668 778 888
dabc

1
2 −

1
2 −

1
2 −

1
2
√
3
− 1

2
√
3
− 1

2
√
3
− 1

2
√
3
− 1√

3

Often useful:
λ0 =

√
2/3 diag(1, 1, 1).

Eqs. (3.3) and (3.4) satisfied by the nine matrices λa. {iλa|a = 0, · · · , 8}
basis of Lie algebra u(3) of U(3), i.e., the set of all complex, skew-
Hermitian, 3× 3 matrices.

• Many useful properties of the Gell-Mann matrices can be found in
Sect. 8 of CORE (Compendium of relations) by V. I. Borodulin,
R. N. Rogalyov, and S. R. Slabospitsky, hep-ph/9507456.
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Arbitrary 3× 3 matrix M can be written as

M =

8∑
a=0

λaMa, (3.13)

where Ma are complex numbers given by

Ma =
1

2
Tr(λaM).

3.2 Local Symmetries and the QCD Lagrangian

Gauge principle: Tremendously successful method in elementary parti-
cle physics to generate interactions between matter fields through the
exchange of (massless) gauge bosons.
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3.2.1 QED

Quantum electrodynamics (QED) obtained from promoting global U(1)
symmetry of free-electron Lagrangian,

Ψ 7→ exp(iΘ)Ψ : Lfree = Ψ̄(iγµ∂µ −m)Ψ 7→ Lfree, (3.14)

to local symmetry.

Q: What does that mean?

Parameter 0 ≤ Θ ≤ 2π describing element of U(1) is allowed to vary
smoothly in space-time, Θ → Θ(x) (sometimes referred to as gauging
the U(1) group).
Requirement: Keep invariance of Lagrangian under local transforma-
tions.
Resolution: Introduce four-potential Aµ into theory which transforms
under gauge transformation Aµ 7→ Aµ + ∂µΘ/e (“gauging Lagrangian
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with respect to U(1)”):

LQED = Ψ̄[iγµ(∂µ − ieAµ)−m]Ψ− 1

4
FµνFµν, (3.15)

where e > 0; Fµν = ∂µAν − ∂νAµ: field strength tensor (see Sect. 2.2).
Introduce covariant derivative of Ψ,

DµΨ ≡ (∂µ − ieAµ)Ψ.
Criterion: Under so-called gauge transformation of the second kind

Ψ(x) 7→ exp[iΘ(x)]Ψ(x), Aµ(x) 7→ Aµ(x) + ∂µΘ(x)/e, (3.16)

DµΨ transforms in the same way as Ψ itself:

DµΨ(x) 7→ D′µΨ
′(x)

= [∂µ − ieAµ(x)− i∂µΘ(x)]eiΘ(x)Ψ(x)

= eiΘ(x)[∂µ + i∂µΘ(x)− ieAµ(x)− i∂µΘ(x)]Ψ(x)
= eiΘ(x)[∂µ − ieAµ(x)]Ψ(x). (3.17)
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Remarks:

1. FµνFµν term makes gauge potential a dynamical degree of freedom
as opposed to a pure external field.

2. Mass term is excluded, since it would violate gauge invariance:

1

2
M 2AµAµ 7→

1

2
M 2(AµAµ+

2

e
∂µΘAµ+

1

e2
∂µΘ∂

µΘ) ̸= 1

2
M 2AµAµ.

Gauge principle requires massless gauge bosons. (Masses of gauge
fields can be induced through a spontaneous breakdown of the gauge
symmetry.)

3. Identify Aµ with electromagnetic four-potential and Fµν with field
strength tensor containing electric and magnetic fields.

4. Gauge principle has (naturally) generated the interaction of the elec-
tromagnetic field with matter.
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3.2.2 The QCD Lagrangian

Quantum chromodynamics (QCD) is the gauge theory of the strong
interactions with color SU(3) as the underlying gauge group.

Ingredients

The matter fields of QCD are the so-called quarks which are spin-1/2
fermions, with six different flavors in addition to their three possible
colors. (Masses from PDG: Review of Particle Physics, 2006).

flavor u d s
charge [e] 2/3 −1/3 −1/3
mass [MeV] 1.5− 3.0 3− 7 95± 25

flavor c b t
charge [e] 2/3 −1/3 2/3
mass [GeV] 1.25± 0.09 4.20± 0.07 174.2± 3.3
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Quark field components
qf,A,α

f = 1, 2, 3, 4, 5, 6: flavor index (u, d, s, c, b, t)
A = 1, 2, 3: color index (red, green, blue)
α = 1, 2, 3, 4: Dirac spinor index

Consider “free” quark Lagrangian without interaction:

L0,quarks =

6∑
f=1

3∑
A=1

4∑
α,α′=1

q̄f,A,α(γ
µ
αα′i∂µ −mfδαα′)qf,A,α′. (3.18)

Sum of 6× 3 = 18 free fermion Lagrangians.
For each quark flavor f introduce color triplet

qf =

 qf,1
qf,2
qf,3

 . (3.19)
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L0,quarks is invariant under global SU(3) transformations of the qf ,

qf 7→ q′f = U(Θ)qf = exp

[
−i

8∑
a=1

Θa
λca
2

]
qf . (3.20)

Superscript c denotes Gell-Mann matrices acting in color space (usually
omitted).
(In principle, each flavor invariant under separate transformations.)
Apply gauge principle with respect to the group SU(3) (all qf tans-
formed by the same SU(3) matrix):

1. We need 8 gauge potentials to compensate for

δL0,quarks = i

8∑
f=1

q̄fγ
µU † (Θ(x)) ∂µU(Θ(x))︸ ︷︷ ︸

acts in color space

qf .

2. Non-abelian nature of SU(3) ⇒ field strength tensor more compli-
cated.
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QCD Lagrangian

LQCD =

6∑
f,f ′=1

3∑
A,A′=1

4∑
α,α′=1

q̄f,A,α
[
(γµαα′i∂µ −mfδαα′)δAA′

−g3
8∑

a=1

Aaµ
λca,AA′

2
γµαα′︸ ︷︷ ︸

from gauge principle

]
δff ′qf ′,A′,α′ −

8∑
a=1

1

4
GaµνGµνa

Short version

LQCD =
∑

f=u,d,s,
c,b,t

q̄f(iD/−mf)qf −
1

4
GaµνGµνa . (3.21)

Extremely short version

LQCD = q̄(iD/−M)q − 1

2
Trc(GµνGµν).

144



LQCD is invariant under the gauge transformations

qf 7→ q′f = exp

[
−i

8∑
a=1

Θa(x)
λca
2

]
qf = U [Θ(x)]qf ,

Aµ ≡ Aaµ
λca
2
7→ UAµU † +

i

g3
∂µUU

†.

Covariant derivative of the quark fields

Dµqf ≡ (∂µ + ig3Aµ)qf
Exercise:7→ (Dµqf)

′ = D′µq
′
f = UDµqf

transforms as quark fields.
Field strengths transform as

Gµν ≡ Gaµν
λca
2

= ∂µAν − ∂νAµ + ig3[Aµ,Aν]
Exercise:7→ UGµνU †.

Equivalent (Gell-Mann matrices!)

Gaµν = ∂µAaν − ∂νAaµ − g3fabcAbµAcν.
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Exercise: LQCD invariant under local SU(3).

Note: Squared field strength tensor gives rise to gauge-field self inter-
action vertices with three and four gauge fields of strength g3 and g23,
respectively. Characteristic of non-Abelian gauge theories, absent in
Abelian gauge theories.

Gauge invariance also allows for (quark masses originate from elec-
troweak symmetry breaking)

Lθ = − g23θ̄

64π2
ϵµνρσ

8∑
a=1

GaµνGaρσ

= − g23θ̄

32π2
ϵµνρσTrc(GµνGρσ),
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ϵµνρσ =

 +1 if {µ, ν, ρ, σ} even permutation of {0, 1, 2, 3}
−1 if {µ, ν, ρ, σ} odd permutation of {0, 1, 2, 3}
0 otherwise

So-called θ term implies explicit P and CP violation in the strong in-
teractions:

P : Gaµν(t, x⃗) 7→ Gµνa (t,−x⃗),
ϵµνρσ = −ϵµνρσ,

⇒ Lθ(t, x⃗) 7→ −Lθ(t,−x⃗).

⇒
1. electric dipole moment of the neutron; empirical information: very
small.

2. η → 4π0 (→ 8γ) (not (yet) observed).
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3.3 Accidental, Global Symmetries of LQCD

3.3.1 Light and Heavy Quarks

The pion is special!

quark content mesons

ud̄ π+, ρ+

(uū− dd̄)/
√
2 π0, ρ0

dū π−, ρ−

Mπ+ = 140MeV ≪ Mρ = 776MeV,

Mπ ≪ mp = 938MeV.

Mπ+ < MK+ = 494MeV≪MD+︸︷︷︸
cd̄

= 1869MeV.
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mu = (1.5− 3.0)MeV
md = (3− 7)MeV

ms = (95± 25)MeV

≪ Λχ ≈ 1GeV ≤

mc = (1.25± 0.09)GeV
mb = (4.20± 0.07)GeV
mt = (174.2± 3.3)GeV


Motivation

mp ≫ 2mu +md

Consider light-flavor quarks in so-called chiral limit mu,md,ms → 0 as
starting point in discussion of low-energy QCD:

L0
QCD =

∑
l=u,d,s

q̄liD/ ql −
1

4
Gµν,aGµνa . (3.22)

3.3.2 Left-Handed and Right-Handed Quark Fields

Recall: Starting point of EFT are underlying symmetries.

Q: What are the global symmetries of L0
QCD?
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Chirality matrix

γ5 = γ5 = iγ0γ1γ2γ3 = γ†5, {γµ, γ5} = 0, γ25 = 1. (3.23)

Projection operators

PL =
1

2
(1− γ5) = P †L, PR =

1

2
(1 + γ5) = P †R. (3.24)

Exercise: Properties
PL + PR = 1,

P 2
L = PL, P 2

R = PR,

PLPR = PRPL = 0.

Left- and right-handed quark fields qL and qR

qL = PLq, qR = PRq (3.25)

Explanation of terminology: Consider positive-energy spinor

u(r)(p⃗ ) =
√
E +m

(
χr

σ⃗·p⃗
E+mχr

)
.
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Take extreme-relativistic limit E ≫ m with spin projection in posi-
tive/negative momentum direction, i. e.,

σ⃗ · p̂χ± = ±χ±.

⇒
u±(p⃗ )

E≫m
=
√
E

(
χ±
±χ±

)
.

Make use of

PR =
1

2

(
12×2 12×2
12×2 12×2

)
and PL =

1

2

(
12×2 −12×2
−12×2 12×2

)
to obtain

PRu+ =
1

2

(
12×2 12×2
12×2 12×2

)√
E

(
χ+

χ+

)
=
√
E

(
χ+

χ+

)
= u+,

PLu+ =
1

2

(
12×2 −12×2
−12×2 12×2

)√
E

(
χ+

χ+

)
= 0,
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PRu− =
1

2

(
12×2 12×2
12×2 12×2

)√
E

(
χ−
−χ−

)
= 0,

PLu− =
1

2

(
12×2 −12×2
−12×2 1×2

)√
E

(
χ−
−χ−

)
= u−.

In the extreme relativistic (or in the zero-mass limit), the operators PR
and PL project to the positive and negative helicity eigenstates. In this
limit chirality equals helicity.

Goal: Analyze the symmetry of the QCD Lagrangian with respect to
independent global transformations of the left- and right-handed fields.
Make use of (Exercise)

q̄Γiq =

{
q̄LΓ1qL + q̄RΓ1qR for Γ1 ∈ {γµ, γµγ5}
q̄RΓ2qL + q̄LΓ2qR for Γ2 ∈ {1, γ5, σµν}

, (3.26)

where

σµν =
i

2
[γµ, γν]
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and

q̄R = q†Rγ0 = q†P †Rγ0 = q†PRγ0 = q†γ0PL = q̄PL und q̄L = q̄PR.

QCD Lagrangian in the chiral limit

L0
QCD =

∑
l=u,d,s

(q̄L,liD/ qL,l + q̄R,liD/ qR,l)−
1

4
GaµνGµνa (3.27)

invariant under (covariant derivative flavor independent!) uL
dL
sL

 7→ UL

 uL
dL
sL

 = exp

(
−i

8∑
a=1

ΘL
a

λfa
2

)
e−iΘ

L

 uL
dL
sL

 , uR
dR
sR

 7→ UR

 uR
dR
sR

 = exp

(
−i

8∑
a=1

ΘR
a

λfa
2

)
e−iΘ

R

 uR
dR
sR

 .

(3.28)

153



UL and UR: independent unitary 3× 3 matrices.
Superscript f denotes Gell-Mann matrices acting in flavor space (will be
omitted from now on).

L0
QCD has a classical global U(3)L ×U(3)R symmetry.

Applying Noether’s theorem from such an invariance one would expect
a total of 2× (8 + 1) = 18 conserved currents

3.3.3 Global Symmetry Currents of the Light-Quark Sector

Consider infinitesimal, local tranformations (Gell-Mann-Levý trick)

qL 7→

(
1− i

8∑
a=1

ϵLa (x)
λa
2
− iϵL(x)

)
qL,
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qR 7→

(
1− i

8∑
a=1

ϵRa (x)
λa
2
− iϵR(x)

)
qR. (3.29)

Variation (sign from i× (−i) = 1)

δL0
QCD = q̄L

(
8∑

a=1

∂µϵ
L
a

λa
2
+ ∂µϵ

L

)
γµqL + (L→ R). (3.30)

Currents

Lµa =
∂δL0

QCD

∂∂µϵLa
= q̄Lγ

µλa
2
qL, ∂µL

µ
a =

∂δL0
QCD

∂ϵLa
= 0,

Lµ =
∂δL0

QCD

∂∂µϵL
= q̄Lγ

µqL, ∂µL
µ =

∂δL0
QCD

∂ϵL
= 0, (3.31)

+ analogous expressions for Rµ
a and Rµ.
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Make use of

PLγ
µPR ± PRγµPL = γµ(P 2

R ± P 2
L) = γµ(PR ± PL) =

{
γµ

γµγ5

⇒ linear combinations

V µ
a = Rµ

a + Lµa = q̄γµ
λa
2
q, (3.32)

Aµ
a = Rµ

a − Lµa = q̄γµγ5
λa
2
q. (3.33)

Transform under parity as vector and axial-vector current densities, re-
spectively,

P : V µ
a (t, x⃗) 7→ Vaµ(t,−x⃗), (3.34)

P : Aµ
a(t, x⃗) 7→ −Aaµ(t,−x⃗), (3.35)

because

P : q(t, x⃗) 7→ γ0q(t,−x⃗), γ0γ
µγ0 = γµ, γ0γ

µγ5γ0 = −γµγ5.
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Conserved singlet vector current (from transformation of all left-handed
and right-handed quark fields by the same phase)

V µ = Rµ + Lµ = q̄γµq, ∂µV
µ = 0. (3.36)

Singlet axial-vector current (from transformation of all left-handed quark
fields with one phase and all right-handed with the opposite phase)

Aµ = Rµ − Lµ = q̄γµγ5q. (3.37)

This symmetry is not preserved by quantization and there will be extra
terms, referred to as anomalies, resulting in

∂µA
µ =

3g2

32π2
ϵµνρσGµνa Gρσa , ϵ0123 = 1.

Factor 3 originates from the number of flavors.
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3.3.4 The Chiral Algebra

Define “charge operators” as space integrals of charge densities (a =
1, · · · , 8)

QaL(t) =

∫
d3x q†L(t, x⃗)

λa
2
qL(t, x⃗), (3.38)

QaR(t) =

∫
d3x q†R(t, x⃗)

λa
2
qR(t, x⃗), (3.39)

QV (t) =

∫
d3x

[
q†L(t, x⃗)qL(t, x⃗) + q†R(t, x⃗)qR(t, x⃗)

]
︸ ︷︷ ︸

q†q

. (3.40)

QCDHamilton operator in the chiral limit,H0
QCD, exhibits global SU(3)L×

SU(3)R × U(1)V symmetry:

[QaL, H
0
QCD] = [QaR, H

0
QCD] = [QV , H

0
QCD] = 0. (3.41)
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Q: What are the commutation relations among the charges?
A: Lie algebra of SU(3)L × SU(3)R × U(1)V :

[QaL, QbL] = ifabcQcL, (3.42)

[QaR, QbR] = ifabcQcR, (3.43)

[QaL, QbR] = 0, (3.44)

[QaL, QV ] = [QaR, QV ] = 0. (3.45)

Q: How does one verify these commutation relations?

1. Anti-commutation relations of Fermi fields

{qf,A,α(t, x⃗), q†f ′,A′,α′(t, y⃗)} = δ3(x⃗− y⃗)δff ′δAA′δαα′,
{qf,A,α(t, x⃗), qf ′,A′,α′(t, y⃗)} = 0,

{q†f,A,α(t, x⃗), q
†
f ′,A′,α′(t, y⃗)} = 0.

2. Exercise: [ab, cd] = a{b, c}d− ac{b, d} + {a, c}db− c{a, d}b.
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3. Let Fi, Ci, and Γi be 3×3 flavor matrices, 3×3 color matrices, 4×4
Dirac matrices, respectively:

[q†(t, x⃗)F1C1Γ1q(t, x⃗), q
†(t, y⃗)F2C2Γ2q(t, y⃗)]

= [q†a,A,α(t, x⃗)︸ ︷︷ ︸
q†i (t, x⃗)

F1aa′C1AA′Γ1αα′︸ ︷︷ ︸
M1ii′

qa′,A′,α′(t, x⃗), q
†
b,B,β(t, y⃗)F2bb′C2BB′Γ2ββ′qb′,B′,β′(t, y⃗)]

= M1ii′M2jj′[q
†
i (t, x⃗)qi′(t, x⃗), q

†
j(t, y⃗)qj′(t, y⃗)]

= M1ii′M2jj′(q
†
i (t, x⃗)qj′(t, y⃗)δ

3(x⃗− y⃗)δi′j − q†j(t, y⃗)qi′(t, x⃗)δ
3(x⃗− y⃗)δij′)

= δ3(x⃗− y⃗)(q†i (t, x⃗)M1ijM2jj′qj′(t, y⃗)− q†j(t, y⃗)M2jiM1ii′qi′(t, x⃗))

= δ3(x⃗− y⃗)(q†(t, x⃗)M1M2q(t, y⃗)− q†(t, y⃗)M2M1q(t, x⃗))

= δ3(x⃗− y⃗)(q†(t, x⃗)F1F2C1C2Γ1Γ2q(t, y⃗)− q†(t, y⃗)F2F1C2C1Γ2Γ1q(t, x⃗)). (3.46)

4. Insert appropriate projection operators

5. Integrate with respect to x⃗ and y⃗
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Example (recall P †L = PL and P 2
L = PL)

[QaL, QbL] =

∫
d3xd3y[q†(t, x⃗)P †L

λa
2
PLq(t, x⃗), q

†(t, y⃗)P †L
λb
2
PLq(t, y⃗)]

=

∫
d3xd3yδ3(x⃗− y⃗)q†(t, x⃗)P †LPLP

†
LPL︸ ︷︷ ︸

PL

λa
2

λb
2
q(t, y⃗)

−
∫

d3xd3yδ3(x⃗− y⃗)q†(t, y⃗)PL
λb
2

λa
2
q(t, x⃗)

= ifabc

∫
d3xq†(t, x⃗)

λc
2
PLq(t, x⃗) = ifabcQcL.

3.3.5 Chiral Symmetry Breaking Due to Quark Masses

So far: Idealized world.

Finite u-, d-, and s-quark masses⇒ explicit divergences of the symmetry
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currents.
Quark-mass matrix

M = diag(mu,md,ms).

Quark-mass term ∼ 14×4 ⇒ mixes left- and right-handed fields

LM = −q̄Mq = −(q̄RMqL + q̄LMqR). (3.47)

Transformation of left-handed fields

qL 7→

(
1− i

8∑
a=1

ϵLa
λa
2
− iϵL

)
qL.

Variation δLM

δLM = −

[
−iq̄RM

(
8∑

a=1

ϵLa
λa
2
+ ϵL

)
qL + iq̄L

(
8∑

a=1

ϵLa
λa
2
+ ϵL

)
MqR

]

= −i

[
8∑

a=1

ϵLa

(
q̄L
λa
2
MqR − q̄RM

λa
2
qL

)
+ ϵL (q̄LMqR − q̄RMqL)

]
.
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Divergences

∂µL
µ
a =

∂δLM
∂ϵLa

= −i
(
q̄L
λa
2
MqR − q̄RM

λa
2
qL

)
,

∂µL
µ =

∂δLM
∂ϵL

= −i (q̄LMqR − q̄RMqL) (3.48)

+ analogous expressions for ∂µR
µ
a and ∂µR

µ (R ↔ L). More common
(linear combinations)

∂µV
µ
a = iq̄[M,

λa
2
]q,

∂µA
µ
a = iq̄{M,

λa
2
}γ5q,

∂µV
µ = 0,

∂µA
µ = 2iq̄Mγ5q +

3g2

32π2
ϵµνρσGµνa Gρσa , ϵ0123 = 1. (3.49)
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Summary

• Massless quarks: 16 conserved currents Lµa and R
µ
a (V

µ
a and Aµ

a) + 1
conserved singlet vector current V µ. Singlet axial-vector current Aµ

has an anomaly.

• For any value of quark masses: flavor currents ūγµu, d̄γµd, and s̄γµs
are always conserved.

• Equal quark masses mu = md = ms:

8 conserved vector currents V µ
a ([λa, 1] = 0).

SU(3) flavor symmetry.

8 axial-vector currents Aµ
a are not conserved.

Microscopic origin of the PCAC relation (partially conserved axial-
vector current).

• mu = md: isospin symmetry.
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3.4 Green Functions and Chiral Ward Identities

3.4.1 Chiral Green Functions

Motivation

Recall standard chain of arguments:

Continuous symmetries⇒ conserved currents⇒ time-independent charge
operators:

[Qa, H ] = 0.

⇒
• classify spectrum in terms of multiplets;

• transformation properties of operators:

[Qa, Ab] = cabcAc.

Apply Wigner-Eckart theorem ⇒ relation among matrix elements
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of the same type (Clebsch-Gordan coefficients + reduced matrix el-
ements); example: pion-nucleon scattering.

But: There is more to symmetries!

1. QFT: Objects of interest are Green functions = matrix elements of
time-ordered products.

2. Pictorially: Green functions = vertices related to physical scattering
amplitudes through the Lehmann-Symanzik-Zimmermann (LSZ) re-
duction formalism.

3. If we know all Green functions, we have completely solved the QFT.

4. Symmetries provide strong constraints for

(a) transformation behavior of scattering amplitudes;

(b) Green functions, in particular, relations among different Green
functions (so-called Ward identities).
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Famous example: Ward identity of QED associated with U(1) gauge
invariance,

(p′µ − pµ)Γµ(p′, p) = S ′F
−1
(p′)− S ′F

−1
(p). (3.50)

Relates electromagnetic vertex of an electron (3-point Green function)
to inverse propagator (2-point Green function).
Illustration in lowest-order perturbation theory:

Γµ(p′, p) = γµ,

S ′F (p) =
1

p/ −m
,

(p′µ − pµ)γµ = p ′/ − p/ = (p ′/ −m)− (p/ −m) = S ′F
−1
(p′)− S ′F

−1
(p).

Symmetry currents relevant to SU(3)L × SU(3)R × U(1)V :

V µ
a = Rµ

a + Lµa = q̄γµ
λa
2
q, (3.51)

V µ = q̄γµq, (3.52)
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Aµ
a = Rµ

a − Lµa = q̄γµγ5
λa
2
q, (3.53)

+ scalar and pseudoscalar densities (see divergences of currents)

Sa(x) = q̄(x)λaq(x), (3.54)

Pa(x) = iq̄(x)γ5λaq(x), (3.55)

where a = 0, · · · , 8.

Some examples of Green functions

“Vacuum” sector

⟨0|T [Aµ
a(x)Pb(y)]|0⟩ pion decay

⟨0|T [Pa(x)Jµ(y)Pc(z)]|0⟩ pion electromagnetic form factor

⟨0|T [Pa(w)Pb(x)Pc(y)Pd(z)]|0⟩ pion-pion scattering

One-nucleon sector

⟨N |Jµ(x)|N⟩ nucleon electromagnetic form factors
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⟨N |Aµ
a(x)|N⟩ axial form factor + induced pseudoscalar form factor

⟨N |T [Jµ(x)Jν(y)]|N⟩ Compton scattering

⟨N |T [Jµ(x)Pa(y)]|N⟩ pion electroproduction

A chiral Ward identity relates the divergence of a Green function
containing at least one factor of V µ

a or Aµ
a [see Eqs. (3.51) and (3.53)] to

some linear combination of other Green functions.

Q: Why chiral?
A: V µ

a and Aµ
a contain L

µ
a and R

µ
a .

Simple example (The time ordering of n points x1, · · · , xn gives rise to
n! distinct orderings, each involving products of n− 1 theta functions):

Gµ
AP ab(x, y) = ⟨0|T [Aµ

a(x)Pb(y)]|0⟩
= Θ(x0 − y0)⟨0|Aµ

a(x)Pb(y)|0⟩ + Θ(y0 − x0)⟨0|Pb(y)Aµ
a(x)|0⟩.
(3.56)
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Evaluate divergence

∂xµG
µ
AP ab(x, y)

= ∂xµ[Θ(x0 − y0)⟨0|Aµ
a(x)Pb(y)|0⟩ + Θ(y0 − x0)⟨0|Pb(y)Aµ

a(x)|0⟩],
make use of

∂xµΘ(x0 − y0) = δ(x0 − y0)g0µ = −∂xµΘ(y0 − x0),

· · · = δ(x0 − y0)⟨0|A0
a(x)Pb(y)|0⟩ − δ(x0 − y0)⟨0|Pb(y)A0

a(x)|0⟩
+Θ(x0 − y0)⟨0|∂xµAµ

a(x)Pb(y)|0⟩ + Θ(y0 − x0)⟨0|Pb(y)∂xµAµ
a(x)|0⟩

= δ(x0 − y0)⟨0|[A0
a(x), Pb(y)]|0⟩ + ⟨0|T [∂xµAµ

a(x)Pb(y)]|0⟩.
Main features of (chiral) Ward identities:

1. Differentiation of the theta functions ⇒ Equal-time commutators
between a charge density and the remaining quadratic forms⇒ Re-
flection of underlying symmetry. Generation of δ4(x− y), reduction
by one power of quark bilinears [see Eq. (3.46)].
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2. Divergence of the current operator in question.

• Perfect symmetry ⇒ such terms vanish
Example: Electromagnetic case with its U(1) symmetry.

• Approximate symmetry⇒ additional term involving the symme-
try breaking appears.
Soft breaking: treat divergence as a perturbation.

Generalization to (n + 1)-point Green function is symbolically of the
form

∂xµ⟨0|T{Jµ(x)A1(x1) · · ·An(xn)}|0⟩ =
⟨0|T{[∂xµJµ(x)]A1(x1) · · ·An(xn)}|0⟩
+δ(x0 − x01)⟨0|T{[J0(x), A1(x1)]A2(x2) · · ·An(xn)}|0⟩
+δ(x0 − x02)⟨0|T{A1(x1)[J0(x), A2(x2)] · · ·An(xn)}|0⟩
+ · · · + δ(x0 − x0n)⟨0|T{A1(x1) · · · [J0(x), An(xn)]}|0⟩, (3.57)

where Jµ stands generically for any of the Noether currents.
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3.4.2 QCD in the Presence of External Fields and the Generating Functional

So far: Explicitly work out the chiral Ward identity you are interested
in.

Q: Is it possible to somehow obtain all chiral Ward identities from a
single expression?
A: Yes (without proof)

1. Introduce into the Lagrangian of QCD the couplings of the

(a) nine vector currents,

(b) eight axial-vector currents,

(c) nine scalar quark densities,

(d) nine pseudoscalar quark densities

to external c-number fields vµ(x), vµ(s), a
µ(x), s(x), and p(x):

L = L0
QCD + Lext,
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Lext = q̄γµ(v
µ +

1

3
vµ(s) + γ5a

µ)q − q̄(s− iγ5p)q.

Parameterization

vµ =

8∑
a=1

λa
2
vµa , aµ =

8∑
a=1

λa
2
aµa, s =

8∑
a=0

λasa, p =

8∑
a=0

λapa.

2. Combine all Green functions in a generating functional

exp(iZ[v, a, s, p]) = ⟨0|T exp

[
i

∫
d4xLext(x)

]
|0⟩0.

Note: Quark field operators q in Lext and ground state |0⟩ refer to
the chiral limit, indicated by subscript 0.

3. Obtain Green function through a functional derivative with respect
to the external fields.
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Some remarks on functional derivatives (as we need them):

Functional derivatives are natural generalizations of classical partial
derivatives to infinite dimensions.

Let F denote a set of functions, e.g., F = C∞(Rn,R) (infinitely
differentiable functions).
Functional F : Mapping from F to R or C, i.e., function 7→ real
or complex number.

Typical example: Integral of the type

F [f ] =

∫
dnxg(f (x)),

with g integrable C∞(R,R) function.

• Often used convention: Arguments of functionals are written in
square brackets.

• Let f be function of two sets of variables, collectively denoted by
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x and y. F [f (y)] denotes functional which depends on values of
f for all x at fixed y.

Functional derivative

Consider Dirac’s delta function

δy⃗ :

{
R
n → R,

x⃗ 7→ δy⃗(x⃗ ) = δn(x⃗− y⃗ ).

Introduce functional derivative as

δF [f ]

δf (y⃗ )
:= lim

ϵ→0

F [f + ϵδy⃗]− F [f ]
ϵ

. (3.58)

Analogy to partial derivative of ordinary function

∂f (x⃗ )

∂xi
:= lim

ϵ→0

f(x⃗ + ϵêi)− f (x⃗ )
ϵ

.
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Basic properties:

Linearity:
δ

δf (x⃗ )
(α1F1[f ] + α2F2[f ]) = α1

δF1[f ]

δf (x⃗ )
+ α2

δF2[f ]

δf (x⃗ )
,

product rule:
δ

δf (x⃗ )
(F1[f ]F2[f ]) =

δF1[f ]

δf (x⃗ )
F2[f ] + F1[f ]

δF2[f ]

δf (x⃗ )
,

chain rule:
δ

δf (x⃗ )
F [g(f)] = g′(f (x⃗ ))

δF

δh(x⃗ )
[h = g(f)].

Important rule (functional derivative of a funtion):

δf (y⃗ )

δf (x⃗ )
= δn(y⃗ − x⃗ ),

because: Define f (y⃗ ) as functional

f(y⃗ ) = Fy⃗[f ] =

∫
dnxδn(y⃗ − x⃗ )f(x⃗ )
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and consider functional derivative

δFy⃗[f ]

δf (x⃗ )
= lim

ϵ→0

Fy⃗[f + ϵδx⃗]− Fy⃗[f ]
ϵ

= lim
ϵ→0

∫
dnx ′δn(y⃗ − x⃗ ′)(f(x⃗ ′) + ϵδn(x⃗ ′ − x⃗ ))−

∫
dnx′δn(y⃗ − x⃗ ′)f (x⃗ ′)

ϵ

=

∫
dnx ′δn(y⃗ − x⃗ ′)δn(x⃗ ′ − x⃗ ) = δn(y⃗ − x⃗ ).

Analogously:
δg(f (y⃗ ))

δf (x⃗ )
= δn(y⃗ − x⃗ )g′(f (y⃗ ))

and

δkg(f (y⃗ ))

δf (x⃗k) · · · δf (x⃗1)
= δn(y⃗ − x⃗k) · · · δn(y⃗ − x⃗1)g(k)(f (y⃗ )).
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4. Pedagogical illustration

L = L0(ϕ) + Lext,

Lext = j(x)ϕ(x)

Generating functional for Green functions of the type

G(x1, · · · , xn) = ⟨0|T [ϕ(x1) · · ·ϕ(xn)]|0⟩

exp(iZ[j]) = ⟨0|T exp

[
i

∫
d4xLext(x)

]
|0⟩

= 1 + i

∫
d4xj(x)⟨0|ϕ(x)|0⟩

+

∞∑
k=2

ik

k!

∫
d4x1 · · · d4xkj(x1) · · · j(xk)⟨0|T [ϕ(x1) · · ·ϕ(xk)]|0⟩

= · · · + i2

2

∫
d4x1d

4x2j(x1)j(x2)⟨0|T [ϕ(x1)ϕ(x2)]|0⟩ + · · · .
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Remark: In many textbooks you will find the nomenclature Z[j]
for our exp(iZ[j]) and W [j] for our Z[j]. We follow Gasser and
Leutwyler.

Example

G(x1, x2) = ⟨0|T [ϕ(x1)ϕ(x2)]|0⟩

= (−i)2δ
2 exp(iZ[j])

δj(x1)δj(x2)

∣∣∣∣
j=0

.

Powers and sort of functional derivatives must match:

1, i

∫
d4xj(x)⟨0|ϕ(x)|0⟩ : too few terms

ik

k!

∫
d4x1 · · · d4xkj(x1) · · · j(xk)⟨0|ϕ(x1) · · ·ϕ(xk)|0⟩, k ≥ 3 :

too many terms, because j is set equal to 0 at the end.
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Analogy: Consider the series (a0, a1, a2, · · ·). Define generating func-
tion f as

f (x) = a0 + a1x +
1

2
a2x

2 +
1

3!
a3x

3 + · · · .

The element an is obtained as

an =
dnf

dxn
(x = 0).

Exercise: Make use of

δj(x)

δj(y)
= δ4(x− y)

to obtain

δ2

δj(x1)δj(x2)

1

2

∫
d4xd4yj(x)j(y)⟨0|T [ϕ(x)ϕ(y)]|0⟩ = ⟨0|T [ϕ(x1)ϕ(x2)]|0⟩.

5. Back to QCD
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Recall

L = L0
QCD + Lext,

exp(iZ[v, a, s, p]) = ⟨0|T exp

[
i

∫
d4xLext(x)

]
|0⟩0,

where

Lext =

8∑
a=1

vµa q̄γµ
λa
2
q︸ ︷︷ ︸

q̄vµγuq

+vµ(s)
1

3
q̄γµq +

8∑
a=1

aµa q̄γµγ5
λa
2
q

−
8∑

a=0

saq̄λaq +
8∑

a=0

paiq̄γ5λaq,

i.e. we have 35 real functions vµa , v
µ
(s), a

µ
a , sa, and pa, collectively

denoted by [v, a, s, p].
Remark: The subscript 0 reminds us that both quark fields and
ground state are considered in the chiral limit.
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For example

V µ
a (x) = q̄(x)γµ

λa
2
q(x) =

δ

δva µ(x)

∫
d4yLext(y).

• Scalar quark condensate in the chiral limit, ⟨0|ūu|0⟩0,

⟨0|ū(x)u(x)|0⟩0 =
i

2

[√
2

3

δ

δs0(x)
+

δ

δs3(x)
+

1√
3

δ

δs8(x)

]
exp(iZ[v, a, s, p])

∣∣∣∣∣
v=a=s=p=0

Note: Express ūu as q̄Mq with appropriate matrix M , namely

M =

 1 0 0
0 0 0
0 0 0

 .
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Make use of

M =

8∑
a=0

Maλa, Ma =
1

2
Tr(λaM),

⇒

ūu =
1

2

√
2

3
q̄λ0q +

1

2
q̄λ3q +

1

2

1√
3
q̄λ8q.

•We can even obtain Green functions of the “real world,” where
quark fields and ground state are those with finite quark masses.

• Two-point function of two axial-vector currents of the “real world,”
i.e., for s = diag(mu,md,ms), and the “true vacuum” |0⟩,

⟨0|T [Aµ
a(x)A

ν
b (0)]|0⟩ =

(−i)2 δ2

δaa µ(x)δab ν(0)
exp(iZ[v, a, s, p])

∣∣∣∣
v=a=p=0,s=diag(mu,md,ms)

.
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Note: Left-hand side involves quark fields and ground state of “real
world,” right-hand side is generating functional defined in terms
quark fields and ground state of the chiral limit.

6. Q: But where is QCD?

A: In |0⟩ and q (solutions to EOM).

(The actual value of the generating functional for a given configura-
tion of external fields v, a, s, and p reflects the dynamics generated
by the QCD Lagrangian.)

7. Q: But where is the (infinite) set of all chiral Ward identities?

A: Ward identities obeyed by the Green functions are equivalent to an
invariance of the generating functional under a local transformation
of the external fields

8. The use of local transformations allows one to also consider diver-
gences of Green functions.
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9. Q: What do we require of the external fields?

A: We want L to be a Hermitian Lorentz scalar, to be even under
P , C, and T , and to be invariant under local chiral transformations.

What does that imply for the external fields?

• Parity
Transformation behavior of quark fields:

qf(t, x⃗)
P7→ γ0qf(t,−x⃗).

Properties of the Dirac matrices Γ:

Γ 1 γµ σµν γ5 γµγ5

γ0Γγ0 1 γµ σµν −γ5 −γµγ5
Requirement of parity conservation:

L(t, x⃗) P7→ L(t,−x⃗).
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⇒

vµ
P7→ vµ, vµ(s)

P7→ v(s)µ , aµ
P7→ −aµ, s

P7→ s, p
P7→ −p.

(Change of arguments from (t, x⃗) to (t,−x⃗) implied.)

Example:

q̄(t, x⃗)γµvµ(t, x⃗)q(t, x⃗)
P7→ q̄(t,−x⃗)γ0γµṽµ(t,−x⃗)γ0q(t,−x⃗)

Tilde denotes the transformed external field.

Make use of table, i.e., γ0γµγ0 = γµ,

· · · = q̄(t,−x⃗)γµṽµ(t,−x⃗)q(t,−x⃗)
!
= q̄(t,−x⃗)γµvµ(t,−x⃗)q(t,−x⃗).

We thus obtain

vµ(t, x⃗)
P7→ vµ(t,−x⃗).
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• Charge conjugation

Transformation behavior of the quark fields

qα,f
C7→ Cαβq̄β,f , q̄α,f

C7→ −qβ,fC−1βα ,
α and β: Dirac spinor indices,

f : flavor index

C = iγ2γ0 =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

 = −C−1 = −C† = −CT

usual charge conjugation matrix.

Properties of the Dirac matrices Γ:

Γ 1 γµ σµν γ5 γµγ5

−CΓTC 1 −γµ −σµν γ5 γµγ5
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Using

q̄ΓFq = q̄α,fΓαβFff ′qβ,f ′

C7→ −qγ,fC−1γαΓαβFff ′Cβδq̄δ,f ′
Fermi statistics

= q̄δ,f ′ Fff ′︸︷︷︸
F T
f ′f

C−1γαΓαβCβδ︸ ︷︷ ︸
(C−1ΓC)Tδγ

qγ,f

= q̄F T (C−1ΓC)T︸ ︷︷ ︸
CTΓTC−1

T

q

= −q̄CΓTCF Tq.

Invariance of Lext under charge conjugation requires the transforma-
tion properties

vµ
C→ −vTµ , v(s)µ

C→ −v(s)Tµ , aµ
C→ aTµ , s, p

C→ sT , pT ,

transposition refers to the flavor space.
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• Time reversal: Nothing new (because of CPT theorem).

• Local chiral SU(3)L × SU(3)R ×U(1)V transformations

First step: Rewrite in terms of the left- and right-handed quark fields.

Exercise

We first define
rµ = vµ + aµ, lµ = vµ − aµ.

1. Make use of the projection operators PL and PR and verify

q̄γµ(vµ +
1

3
v(s)µ + γ5aµ)q =

q̄Rγ
µ

(
rµ +

1

3
v(s)µ

)
qR + q̄Lγ

µ

(
lµ +

1

3
v(s)µ

)
qL.

2. Also verify

q̄(s− iγ5p)q = q̄L(s− ip)qR + q̄R(s + ip)qL.
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⇒ QCD Lagrangian with coupling to external fields

L = L0
QCD + q̄Lγ

µ

(
lµ +

1

3
v(s)µ

)
qL + q̄Rγ

µ

(
rµ +

1

3
v(s)µ

)
qR

−q̄R(s + ip)qL − q̄L(s− ip)qR. (3.59)

Eq. (3.59) remains invariant under local transformations

qR 7→ exp

(
−iΘ(x)

3

)
VR(x)qR,

qL 7→ exp

(
−iΘ(x)

3

)
VL(x)qL, (3.60)

VR(x) and VL(x): independent space-time-dependent SU(3) matri-
ces, provided the external fields are subject to the transformations

rµ 7→ VRrµV
†
R − i∂µVRV

†
R,

lµ 7→ VLlµV
†
L − i∂µVLV

†
L ,

v(s)µ 7→ v(s)µ − ∂µΘ,
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s + ip 7→ VR(s + ip)V †L ,

s− ip 7→ VL(s− ip)V †R. (3.61)

(Derivative terms in serve the same purpose as in the construction
of gauge theories, i.e., they cancel analogous terms originating from
the kinetic part of the quark Lagrangian. Note: External currents
are coupled with “opposite” sign in comparison with our convention
for gauge theories.)

• Practical implications of the local invariance

Allows one to also discuss a coupling to external gauge fields in the
transition to the EFT.

1. Coupling of the electromagnetic field to point-like fundamental
particles results from gauging a U(1) symmetry. Here, the corre-
sponding U(1) group is to be understood as a subgroup of a local
SU(3)L × SU(3)R.
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2. Interaction of the light quarks with the charged and neutral gauge
bosons of the weak interactions.

Q: What do we have to insert for the external fields to describe the
electromagnetic interaction of quarks?

A:

rµ = lµ = −eQAµ, Q =

 2
3 0 0
0 −1

3 0
0 0 −1

3

 : quark charge matrix

Verification

Lext = −eAµ(q̄LQγµqL + q̄RQγ
µqR) = −eAµq̄Qγµq

= −eAµ
(
2

3
ūγµu− 1

3
d̄γµd− 1

3
s̄γµs

)
= −eAµJµ.
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“SU(2) version” of ChPT:

rµ = lµ = −e
τ3
2
Aµ, v(s)µ = −e

2
Aµ,

because

Q =
1

6
12×2 +

τ3
2
.
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Chapter 4

Spontaneous Symmetry Breaking and the
Goldstone Theorem

4.1 Spontaneous Breakdown of a Global, Continuous, Non-Abelian

Symmetry

Spontaneous symmetry breaking occurs if the ground state has a lower
symmetry than the Hamiltonian.
Illustration of relevant features in terms of O(3) “sigma model:”

L(Φ⃗, ∂µΦ⃗) = L(Φ1,Φ2,Φ3, ∂µΦ1, ∂µΦ2, ∂µΦ3)
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=
1

2
∂µΦi∂

µΦi −
m2

2
ΦiΦi −

λ

4
(ΦiΦi)

2. (4.1)

Φi: Real (hermitian) fields.
Hamilton density

H = ΠiΦ̇i − L =
1

2
Π2
i︸︷︷︸

1
2Φ̇

2
i

+
1

2
∇⃗Φi · ∇⃗Φi

︸ ︷︷ ︸
≥ 0

+
m2

2
ΦiΦi +

λ

4
(ΦiΦi)

2︸ ︷︷ ︸
V(Φ⃗)

. (4.2)

λ > 0: H bounded from below.
Fields Φ⃗min minimizing H must be constant and uniform and must also
minimize potential since V(Φ⃗(x)) ≥ V(Φ⃗min).

Distinguish two different cases:

• m2 > 0: Wigner-Weyl realization of the symmetry.

195



-2 -1 1 2

1

2

3

4

V(x) = x2/2 + x4/4.

V has its minimum for Φ⃗ = 0. In the quantized theory we associate
a unique ground state |0⟩ with this minimum.

• m2 < 0: Nambu-Goldstone realization.

-2 -1 1 2

-0.2

-0.1

0.1

0.2

0.3

V(x) = −x2/2 + x4/4.

196



Several distinct minima.

In the following: m2 < 0.

L invariant under a global “isospin” rotation

g ∈ SO(3) : Φi → Φ′i = Dij(g)Φj = (e−iαkTk)ijΦj, (4.3)

[Ti, Tj] = iϵijkTk,

where

T1 =

 0 0 0
0 0 −i
0 i 0

 , T2 =

 0 0 i
0 0 0
−i 0 0

 , T3 =

 0 −i 0
i 0 0
0 0 0

 .
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-2

-1

0

1

2-2

-1

0

1

2

0

2

4

-2

-1

0

1

Two-dimensional rotationally invariant potential:

V(x, y) = −(x2 + y2) + (x2+y2)2

4

Exercise: Determine the minimum of the potential

V(Φ1,Φ2,Φ3) =
m2

2
ΦiΦi +

λ

4
(ΦiΦi)

2.
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We find

|Φ⃗min| =
√
−m2

λ
≡ v, |Φ⃗| =

√
Φ2
1 + Φ2

2 + Φ2
3. (4.4)

Note that Φ⃗min satisfies EOM:

�Φimin︸ ︷︷ ︸
0

+m2Φimin + λΦ⃗2
minΦimin︸ ︷︷ ︸

∂V
∂ϕi

∣∣∣
Φ⃗min

= Φimin(m
2 + λΦ⃗2

min) = 0.

Φ⃗min can point in any direction in isospin space.
⇒ non-countably infinite number of degenerate vacua.

Spontaneous symmetry breaking (hidden symmetry)

Any infinitesimal external perturbation which is not invariant under
SO(3) will select a particular direction.
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Appropriate orientation of the internal coordinate frame⇒

Φ⃗min = vê3 =

 0
0
v

 . (4.5)

1. Φ⃗min not invariant under full group G = SO(3).

Rotations about the 1 and 2 axis change Φ⃗min, i. e. T1 and T2 do not
annihilate Φ⃗min:

T1Φ⃗min =

 0 0 0
0 0 −i
0 i 0

 v

 0
0
1

 = v

 0
−i
0

 ,

T2Φ⃗min =

 0 0 i
0 0 0
−i 0 0

 v

 0
0
1

 = v

 i
0
0

 . (4.6)

Set of transformations which do not leave Φ⃗min invariant does not
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form a group, because it does not contain the identity.

2. Φ⃗min invariant under subgroup H of G: rotations about the 3 axis

h ∈ H : Φ⃗′ = D(h)Φ⃗ = e−iα3T3Φ⃗, D(h)Φ⃗min = Φ⃗min,

i. e.

T3Φ⃗min =

 0 −i 0
i 0 0
0 0 0

 v

 0
0
1

 = 0.

Exercise: Expand Φ3(x) = v+η(x). ⇒ New expression for the potential

Ṽ =
1

2
(−2m2)η2 + λvη(Φ2

1 + Φ2
2 + η2) +

λ

4
(Φ2

1 + Φ2
2 + η2)2︸ ︷︷ ︸

interaction terms

− λ

4
v4︸︷︷︸

constant

.

(4.7)

Read off masses:

m2
Φ1

= m2
Φ2

= 0, m2
η = −2m2.
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Model-independent feature of the above example:

1. For each of the two generators T1 and T2 which do not annihilate the
ground state one obtains a massless Goldstone boson.

2. Number of Goldstone bosons is determined by the structure of the
symmetry groups:

• G symmetry group of the Lagrangian with nG generators.

• H subgroup with nH generators which leaves the ground state
after spontaneous symmetry breaking invariant.

• # of Goldstone bosons: nG − nH .

3. Criterion for spontaneous symmetry breaking: Non-vanishing vac-
uum expectation value of some Hermitian operator, here ⟨0|Φ3(0)|0⟩ =
v.
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4.2 Goldstone Theorem

Different approach to Goldstone bosons.

Presupposition:

1. Some Hamilton operator with a global symmetry group G = SO(3).

2. Φ⃗(x) = (Φ1(x),Φ2(x),Φ3(x)): Triplet of local hermitian operators
transforming as a vector under G:

g ∈ G : Φ⃗(x) 7→ Φ⃗′(x) = ei
∑3
k=1 αkQkΦ⃗(x)e−i

∑3
l=1 αlQl

= e−i
∑3
k=1 αkTkΦ⃗(x) ̸= Φ⃗(x). (4.8)

Qi: Generators of the SO(3) transformations on the Hilbert space
satisfying [Qi, Qj] = iϵijkQk.
Ti = (tijk): Matrices of the three-dimensional representation satisfy-

ing tijk = −iϵijk.
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3. One component of the multiplet acquires a non-vanishing vacuum
expectation value:

⟨0|Φ1(x)|0⟩ = ⟨0|Φ2(x)|0⟩ = 0, ⟨0|Φ3(x)|0⟩ = v ̸= 0. (4.9)

Claim:

1. The two generators Q1 and Q2 do not annihilate the ground state.

2. To each such generator corresponds a massless Goldstone boson.

Proof:

1. Expand Eq. (4.8) to first order in the αk:

Φ⃗′ = Φ⃗ + i
3∑

k=1

αk[Qk, Φ⃗] = (1− i
3∑

k=1

αkTk)Φ⃗ = Φ⃗ + α⃗× Φ⃗.

Compare terms linear in the αk:

i[αkQk,Φl] = ϵlkmαkΦm.
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αk can be chosen independently ⇒
i[Qk,Φl] = −ϵklmΦm,

i. e. field operators Φi transform as a (iso-) vector.

Analogy

Qi → li,

Φi → xi,

i[lk, xl] = −ϵklmxm.
ϵklmϵkln = 2δmn ⇒

− i
2
ϵkln[Qk,Φl] = δmnΦm = Φn.

In particular,

Φ3 = −
i

2
([Q1,Φ2]− [Q2,Φ1]), (4.10)

with cyclic permutations for the other two cases.
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Consider Eq. (4.8) for α⃗ = (0, π/2, 0),

e−i
π
2T2Φ⃗ =

 cos(π/2) 0 sin(π/2)
0 1 0

− sin(π/2) 0 cos(π/2)

 Φ1

Φ2

Φ3

 =

 Φ3

Φ2

−Φ1


= ei

π
2Q2

 Φ1

Φ2

Φ3

 e−i
π
2Q2.

First row ⇒
Φ3 = ei

π
2Q2Φ1e

−iπ2Q2.

Take vacuum expectation value

v = ⟨0|ei
π
2Q2Φ1e

−iπ2Q2|0⟩.

Since v ̸= 0, clearly Q2|0⟩ ̸= 0, because otherwise the exponential
operator could be replaced by unity and the right-hand side would
vanish (⟨0|Φ1|0⟩ = 0).
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Analogously Q1|0⟩ ̸= 0.

Remarks:

(a) “States” Q1(2)|0⟩ cannot be normalized. Rigorous derivation:∫
d3x⟨0|[J0

b (t, x⃗),Φc(0)]|0⟩,

determine commutator before evaluating the integral.

(b) Some derivations of Goldstone’s theorem right away start by as-
suming Q1(2)|0⟩ ̸= 0. However, in QCD it is advantageous to es-
tablish the connection between the existence of Goldstone bosons
and a non-vanishing vacuum expectation value.

2. Existence of Goldstone bosons.

0 ̸= v = ⟨0|Φ3(0)|0⟩ = −
i

2
⟨0| ([Q1,Φ2(0)]− [Q2,Φ1(0)]) |0⟩ ≡ −

i

2
(A−B).
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Show A = −B. Perform rotation of fields and generators by π/2
about the 3 axis ( α⃗ = (0, 0, π/2)):

e−i
π
2T3Φ⃗ =

 −Φ2

Φ1

Φ3

 = ei
π
2Q3

 Φ1

Φ2

Φ3

 e−i
π
2Q3,

and  −Q2

Q1

Q3

 = ei
π
2Q3

 Q1

Q2

Q3

 e−i
π
2Q3.

⇒
B = ⟨0|[Q2,Φ1(0)]|0⟩ = ⟨0|(ei

π
2Q3(−Q1) e

−iπ2Q3ei
π
2Q3︸ ︷︷ ︸

1
Φ2(0)e

−iπ2Q3

−ei
π
2Q3Φ2(0)e

−iπ2Q3ei
π
2Q3(−Q1)e

−iπ2Q3)|0⟩
= −⟨0|[Q1,Φ2(0)]|0⟩ = −A.

We made use of Q3|0⟩ = 0 (vacuum invariant under rotations about
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the 3 axis).
⇒ v can also be written as

0 ̸= v = ⟨0|Φ3(0)|0⟩ = −i⟨0|[Q1,Φ2(0)]|0⟩

= −i
∫

d3x⟨0|[J0
1 (t, x⃗),Φ2(0)]|0⟩. (4.11)

Insert complete set of states 1 =
∑

n

∫
|n⟩⟨n| (abbreviation includes

integral over the total momentum p⃗ and all other quantum numbers
necessary to fully specify the states) into commutator

v = −i
∑
n

∫ ∫
d3x

(
⟨0|J0

1 (t, x⃗)|n⟩⟨n|Φ2(0)|0⟩ − ⟨0|Φ2(0)|n⟩⟨n|J0
1 (t, x⃗)|0⟩

)
,

translational invariance, A(x) = eiP ·xA(0)e−iP ·x,

= −i
∑
n

∫ ∫
d3x

(
e−iPn·x⟨0|J0

1 (0)|n⟩⟨n|Φ2(0)|0⟩ − · · ·
)
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= −i
∑
n

∫
(2π)3δ3(P⃗n)

(
e−iEnt⟨0|J0

1 (0)|n⟩⟨n|Φ2(0)|0⟩

−eiEnt⟨0|Φ2(0)|n⟩⟨n|J0
1 (0)|0⟩

)
.

Integration with respect to the momentum of the inserted interme-
diate states ⇒

= −i(2π)3
′∑
n

(
e−iEnt · · · − eiEnt · · ·

)
,

prime indicates that only states with P⃗ = 0 need to be considered.
Hermiticity of the symmetry current operators Jµa and the Φl ⇒

cn := ⟨0|J0
1 (0)|n⟩⟨n|Φ2(0)|0⟩ = ⟨n|J0

1 (0)|0⟩∗⟨0|Φ2(0)|n⟩∗,
such that

v = −i(2π)3
′∑
n

(
cne
−iEnt − c∗neiEnt

)
. (4.12)
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Conclusions:

(a) v ̸= 0⇒ there must exist states |n⟩ for which both ⟨0|J0
1(2)(0)|n⟩

and ⟨n|Φ1(2)(0)|0⟩ do not vanish. Vacuum itself cannot contribute
because ⟨0|Φ1(2)(0)|0⟩ = 0.

(b) States with En > 0 contribute (φn is the phase of cn)

1

i

(
cne
−iEnt − c∗neiEnt

)
=

1

i
|cn|
(
eiφne−iEnt − e−iφneiEnt

)
= 2|cn| sin(φn − Ent).

v is time-independent ⇒ the sum over states with (En > 0, 0⃗)
must vanish.

(c)⇒ contribution from states with zero energy as well as zero mo-
mentum thus zero mass. These zero-mass states are the Goldstone
bosons.
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4.3 Particle Spectrum in the Presence of Spontaneous Symmetry

Breaking

• Indication for spontaneous symmetry breaking: Existence of (al-
most) massless spin-0 particles. Properties of these Goldstone bosons
are tightly connected to the properties of the generators which do not
annihilate the vacuum. To each Qa with Qa|0⟩ ̸= 0 corresponds a
Goldstone boson.

• The multiplet structure of a theory (in the presence of spontaneous
symmetry breaking) is determined by irreducible representation of
the group G leaving the ground state invariant (Coleman theorem).
The symmetry group of the ground state is always a symmetry group
of the Hamilton operator (but not viceversa).
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4.4 Explicit Symmetry Breaking: A First Look

Modify potential by adding aΦ3,

V(Φ1,Φ2,Φ3) =
m2

2
ΦiΦi +

λ

4
(ΦiΦi)

2 + aΦ3, (4.13)

m2 < 0, λ > 0, a > 0 and real fields Φi.
New potential has lower symmetry: O(2) symmetry (rotations about
the 3 axis).

Conditions for the new minimum (from ∇⃗ΦV = 0) read

Φ1 = Φ2 = 0, λΦ3
3 +m2Φ3 + a = 0.

Exercise: Solve using a perturbative ansatz

⟨Φ3⟩ = Φ
(0)
3 + aΦ

(1)
3 +O(a2).

Result:

Φ
(0)
3 = ±

√
−m

2

λ
, Φ

(1)
3 =

1

2m2
.

213



Φ
(0)
3 : Result without explicit breaking.

Expand potential with Φ3 = ⟨Φ3⟩ + χ ⇒

m2
Φ1

= m2
Φ2

= a

√
λ

−m2
,

(
m2
χ = −2m2 + 3a

√
λ

−m2

)
.

Remarks:

• The Goldstone bosons have acquired a mass.

• Squared masses ∼ a.

• Quantum corrections lead to observables which are nonanalytic in
the symmetry breaking parameter a, e.g. a ln(a) (so-called chiral
logarithms).

• Analogue of a in QCD: Quark masses.
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4.5 Spontaneous Symmetry Breaking in QCD

4.5.1 Indications from the Hadron Spectrum

Example: Hstr is isospin invariant, i.e.,

[Hstr, Ti] = 0, [Ti, Tj] = iϵijkTk.

Hadrons can be classified as irreducible multiplets of isospin SU(2):

T = 0 : d

T =
1

2
:

(
p
n

)
,

(
K+

K0

)
,

(
K̄0

K−

)
T = 1 :

 π+

π0

π−
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T =
3

2
:


∆++

∆+

∆0

∆−


• Q: Where does this symmetry come from?

• A: Accidental global symmetry of QCD for mu = md.

Consider linear combinations (a = 1, · · · , 8)

QaV = QaR +QaL
P7→ QaV ,

QaA = QaR −QaL
P7→ −QaA.

Exercise: Commutation relations

[QaV , QbV ] = ifabcQcV , [QaV , QbA] = ifabcQcA, [QaA, QbA] = ifabcQcV .
(4.14)
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Hamilton operator of QCD in chiral limit has SU(3)L× SU(3)R symme-
try, i.e.,

[H0
QCD, QaL] = [H0

QCD, QaR] = 0,

or equivalently

[H0
QCD, QaV ] = [H0

QCD, QaA] = 0.

Naive expectation: Parity doubling.
Assume |α,+⟩ to be eigenstate of H0

QCD and parity

H0
QCD|α,+⟩ = Eα|α,+⟩,
P |α,+⟩ = +|α,+⟩,

(e.g. member of the ground state baryon octet (in the chiral limit)).
Define |ϕaα⟩ = QaA|α,+⟩. [H0

QCD, QaA] = 0 ⇒

H0
QCD|ϕaα⟩ = H0

QCDQaA|α,+⟩ = QaAH
0
QCD|α,+⟩ = EαQaA|α,+⟩ = Eα|ϕaα⟩,

P |ϕaα⟩ = PQaAP
−1P |α,+⟩ = −QaA(+|α,+⟩) = −|ϕaα⟩.
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Naively expand |ϕaα⟩ in terms of the members of the multiplet with
negative parity,

|ϕaα⟩ = QaA|α,+⟩ = |β,−⟩⟨β,−|QaA|α,+⟩ = taβα|β,−⟩.

Problem: Low-energy spectrum of baryons does not contain a degenerate
baryon octet of negative parity.

• Q: What’s wrong?

• A: We have tacitly assumed that the ground state of QCD is anni-
hilated by QaA.

b†α+: operator creating quanta with quantum numbers of state |α,+⟩.
b†α−: creates degenerate quanta of opposite parity.

Expand

[QaA, b
†
α+] = b†β−taβα.
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Usual chain of arguments

QaA|α,+⟩ = QaAb
†
α+|0⟩

= ([QaA, b
†
α+] + b†α+ QaA︸︷︷︸

↪→ 0

)|0⟩

= taβαb
†
β−|0⟩. (4.15)

However: Not true if ground state is not annihilated by QaA.

• Coleman theorem [S. Coleman, J. Math. Phys. 7, 787 (1966)]:
The symmetry of the ground state determines the symmetry of the
spectrum (reverse argument: infer symmetry of the ground state
from the symmetry of the spectrum).

QaV |0⟩ = QV |0⟩ = 0. (4.16)

⇒ SU(3)V multiplets + baryon number classification.
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Figure 4.1: Pseudoscalar meson octet in an (I3, S) diagram. Baryon number B = 0. Masses in MeV.

• Examples: Figs. 4.1 and 4.2.

• Goldstone theorem [J. Goldstone, Nuovo Cim. 19, 154 (1961); J. Gold-
stone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962)]:
To each generator that does not annihilate the ground state exists a
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Figure 4.2: Baryon octet (J = 1
2
) in an (I3, S) diagram. Masses in MeV. Baryon number B = 1.

massless Goldstone boson.

QaA|0⟩ ̸= 0. (4.17)
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Symmetry properties of Goldstone boson fields are tightly connected to
the generator in question:

Parity:

ϕa(t, x⃗)
P7→ −ϕa(t,−x⃗), (4.18)

(pseudoscalars).
Transform under subgroup H = SU(3)V leaving vacuum invariant as an
octet [see Eq. (4.14)]:

[QaV , ϕb(x)] = ifabcϕc(x). (4.19)

• Here
– H0

QCD invariant under G = SU(3)L × SU(3)R
– |0⟩ invariant under

H = {(V, V )} ∼= SU(3)V (flavor SU(3))

– idealized: 8 massless Goldstone bosons π,K, η (see Fig. 4.1).
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4.5.2 The Scalar Singlet Quark Condensate

Reference:

• G. Colangelo, J. Gasser, and H. Leutwyler, Phys. Rev. Lett. 86, 5008
(2001)

Claim: A non-vanishing scalar quark condensate in the chiral limit is
a sufficient (but not a necessary) condition for a spontaneous symmetry
breaking in QCD.
Outline of proof:
Recall definition

Sa(y) = q̄(y)λaq(y), a = 0, · · · , 8, (4.20)

Pa(y) = iq̄(y)γ5λaq(y), a = 0, · · · , 8. (4.21)

We need ETCR of two quark operators of the form Ai(x) = q†(x)Âiq(x)
(see Eq. (3.46)):

[A1(t, x⃗ ), A2(t, y⃗ )] = δ3(x⃗− y⃗ )q†(x)[Â1, Â2]q(x). (4.22)
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Recall definition

QaV (t) =

∫
d3xq†(t, x⃗ )

λa
2
q(t, x⃗ ).

Make use of

[
λa
2
, γ0λ0] =

λa
2
γ0λ0 − γ0λ0

λa
2

= γ0[
λa
2
, λ0] = 0,

[
λa
2
, γ0λb] = γ0ifabcλc,

+ integration of Eq. (4.22) over x⃗:

[QaV (t), S0(y)] = 0, a = 1, · · · , 8, (4.23)

[QaV (t), Sb(y)] = i

8∑
c=1

fabcSc(y), a, b = 1, · · · , 8, (4.24)
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+ analogous results for pseudoscalar quark densities (Exercise).
Make use of

8∑
a,b=1

fabcfabd = 3δcd

⇒

Sa(y) = −
i

3

8∑
b,c=1

fabc[QbV (t), Sc(y)]. (4.25)

Compare with

x3 = −
i

2
([l1, x2]− [l2, x1]) = −

i

2
ϵ3ij[li, xj].

Equation (4.25) is the analogue of Eq. (4.10) in discussion of Goldstone
theorem.
Without proof [see C. Vafa and E. Witten, Nucl. Phys. B234, 173
(1984)]:
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In the chiral limit the ground state is necessarily invariant under SU(3)V ,
i.e., QaV |0⟩ = 0. ⇒

⟨0|Sa(y)|0⟩ = ⟨0|Sa(0)|0⟩ ≡ ⟨Sa⟩
Eq(4.25)

= 0, a = 1, · · · , 8. (4.26)

Intermediate result: Octet components of the scalar quark conden-
sate must vanish in the chiral limit.
Equation (4.26) for a = 3:

λ3 =

 1 0 0
0 −1 0
0 0 0

 ⇒ S3 = ū− d̄d ⇒ ⟨ūu⟩ − ⟨d̄d⟩ = 0,

and for a = 8

λ8 =

√
1

3

 1 0 0
0 1 0
0 0 −2

 ⇒ ⟨ūu⟩ + ⟨d̄d⟩ − 2⟨s̄s⟩ = 0,
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i.e. ⟨ūu⟩ = ⟨d̄d⟩ = ⟨s̄s⟩.
Similar argument does not work for the singlet condensate: 0=0.

Assumption:

0 ̸= ⟨q̄q⟩ = ⟨ūu + d̄d + s̄s⟩ = 3⟨ūu⟩ = 3⟨d̄d⟩ = 3⟨s̄s⟩. (4.27)

Make use of (no summation implied)

(i)2[γ5
λa
2
, γ0γ5λa] = λ2aγ0

and

λ21 = λ22 = λ23 =

 1 0 0
0 1 0
0 0 0

 ,

λ24 = λ25 =

 1 0 0
0 0 0
0 0 1

 ,
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λ26 = λ27 =

 0 0 0
0 1 0
0 0 1

 ,

λ28 =
1

3

 1 0 0
0 1 0
0 0 4


⇒

i[QaA(t), Pa(y)] =


ūu + d̄d, a = 1, 2, 3
ūu + s̄s, a = 4, 5
d̄d + s̄s, a = 6, 7

1
3(ūu + d̄d + 4s̄s), a = 8

(4.28)

(y dependence suppressed on rhs)
Evaluate Eq. (4.28) between SU(3)V -invariant ground state:

⟨0|i[QaA(t), Pa(y)]|0⟩
Eq. (4.27)

=
2

3
⟨q̄q⟩, a = 1, · · · , 8, (4.29)
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(translational invariance).
Insert complete set of states into commutator. Note ⟨q̄q⟩ ̸= 0. Chain of
arguments now as in Sec. 4.2 (Goldstone theorem): Both pseudoscalar
density Pa(y) and axial charge operator QaA must have non-vanishing
matrix element between vacuum and massless one-particle states |ϕa⟩!
Lorentz covariance

⟨0|Aµ
a(0)|ϕb(p)⟩ = ipµF0δab, (4.30)

F0 ≈ 93 MeV: “decay” constant of Goldstone bosons in chiral limit.
Remarks:

• Assume QaA|0⟩ ̸= 0. F0 ̸= 0 is a necessary and sufficient criterion
for spontaneous chiral symmetry breaking.

• ⟨q̄q⟩ is a sufficient (but not a necessary) condition for a spontaneous
symmetry breakdown in QCD.
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Summary of patterns of spontaneous symmetry breaking
Sec. 3.3 O(N) linear sigma model QCD

Symmetry group G of L O(3) O(N) SU(3)L × SU(3)R
Number of 3 N(N − 1)/2 16

generators nG
Symmetry group H of |0⟩ O(2) O(N − 1) SU(3)V

Number of 1 (N − 1)(N − 2)/2 8
generators nH
Number of 2 N − 1 8

Goldstone bosons
nG − nH

Multiplet of (Φ1(x),Φ2(x)) (Φ1(x), · · · ,ΦN−1(x)) iq̄(x)γ5λaq(x)
Goldstone boson fields
Vacuum expectation v = ⟨Φ3⟩ v = ⟨ΦN⟩ v = ⟨q̄q⟩

value
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Chapter 5

Chiral Perturbation Theory for Mesons

5.1 Transformation Properties of the Goldstone Bosons

References:

• S. Weinberg, Phys. Rev. 166, 1568 (1968)

• S. R. Coleman, J. Wess, and B. Zumino, Phys. Rev. 177, 2239 (1969)

• C. G. Callan, S. R. Coleman, J. Wess, and B. Zumino, Phys. Rev.
177, 2247 (1969)
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• A. P. Balachandran, G. Marmo, B. S. Skagerstam, and A. Stern,
Classical Topology and Quantum States (World Scientific, Singa-
pore, 1991) Chap. 12.2

• H. Leutwyler, in Perspectives in the Standard Model, Proceed-
ings of the 1991 Advanced Theoretical Study Institute in Elemen-
tary Particle Physics, Boulder, Colorado, 2 - 28 June, 1991, edited by
R. K. Ellis, C. T. Hill, and J. D. Lykken (World Scientific, Singapore,
1992)

Purpose of this section: Transformation properties of field variables de-
scribing Goldstone bosons.
New concept: Nonlinear realization of a group.

5.1.1 General Considerations

Consider physical system with Hamilton operator Ĥ which is invariant
under a compact Lie group G.
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Assumption: Ground state |0⟩ is invariant under subgroup H of G ⇒
n = nG − nH Goldstone bosons.
Describe each Goldstone boson by independent field ϕa (smooth real
function on Minkowski space M 4).
Collect fields in n-component vector Φ and define vector space

M1 ≡ {Φ :M 4 → R
n|ϕa :M 4 → R smooth}. (5.1)

Aim: Find mapping φ : G×M1 →M1 with the following properties:

φ(e,Φ) = Φ ∀ Φ ∈M1, e identity of G, (5.2)

φ(g1, φ(g2,Φ)) = φ(g1g2,Φ) ∀ g1, g2 ∈ G, ∀Φ ∈M1. (5.3)

• Nomenclature: φ defines operation of G on M1.

• Eq. (5.3): Group-homomorphism property.

• φwill in general, not define a representation ofG, because φ(g, λΦ) ̸=
λφ(g,Φ).
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Construction:

• Φ = 0: “Origin” of M1, corresponds to ground state configuration.

• h ∈ H ⇒ φ(h, 0) = 0, H is so-called little group of Φ = 0.

• Establish connection between Goldstone boson fields and set of all
left cosets {gH|g ∈ G} (so-called quotient G/H).

• Elements of quotient are sets of group elements.

• Cosets either completely overlap or are completely disjoint.

• Illustration:
Symmetry group C4 of a square with directed sides:
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G = C4 = {e, a, a2, a3}, a rotation by 90◦, a4 = e,

H = {e, a2}.

eH = {e, a2}, aH = {a, a3}, a2H = {e, a2}, a3H = {a, a3}.
G/H = {gH|g ∈ G} = {{e, a2}, {a, a3}}.

• Under all elements of a given coset gH the origin is mapped onto
the same vector in Rn:

φ(gh, 0) = φ(g, φ(h, 0)) = φ(g, 0) ∀ h ∈ H.

• φ is injective with respect to elements of G/H .

Consider g, g′ ∈ G with g′ ̸∈ gH . Need to show φ(g, 0) ̸= φ(g′, 0).
Assume φ(g, 0) = φ(g′, 0):

0 = φ(e, 0) = φ(g−1g, 0) = φ(g−1, φ(g, 0)) = φ(g−1, φ(g′, 0)) = φ(g−1g′, 0).
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Implies g−1g′ ∈ H or g′ ∈ gH in contradiction to assumption. ⇒
φ(g, 0) = φ(g′, 0) cannot be true. ⇒ Mapping can be inverted on
the image of φ(g, 0).

• Conclusion: There exists isomorphic mapping between quotient
G/H and Goldstone boson fields (given by image of 0 under all
g).

Transformation behavior of Goldstone boson fields under arbitrary g ∈
G in terms of above mapping:

• To each Φ corresponds coset g̃H with appropriate g̃. Let f = g̃h ∈
g̃H denote representative of this coset such that

Φ = φ(f, 0) = φ(g̃h, 0).

Apply mapping φ(g) to Φ:

φ(g,Φ) = φ(g, φ(g̃h, 0)) = φ(gg̃h, 0) = φ(f ′, 0) = Φ′, f ′ ∈ g(g̃H).
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Φ
g→ Φ′

↓ ↑
g̃H

g→ gg̃H

Procedure uniquely determines transformation behavior of Goldstone
bosons up to appropriate choice of variables parameterizing elements
of quotient G/H .

5.1.2 Application to QCD

Groups relevant to application in QCD:

G = SU(N)× SU(N) = {(L,R)|L ∈ SU(N), R ∈ SU(N)},
H = {(V, V )|V ∈ SU(N)} ∼= SU(N).

Let g̃ = (L̃, R̃) ∈ G. Characterize left coset
g̃H = {(L̃V, R̃V )|V ∈ SU(N)}
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through SU(N) matrix U = R̃L̃†:

(L̃V, R̃V ) = (L̃V, R̃L̃†L̃V ) = (1, R̃L̃†) (L̃V, L̃V )︸ ︷︷ ︸
∈ H

, i.e. g̃H = (1, R̃L̃†)H,

with convention that representative of coset is chosen such that the unit
matrix stands in its first argument.
U is isomorphic to a Φ.
Transformation behavior of U under g = (L,R) ∈ G is obtained by
multiplication in left coset:

gg̃H = (L,RR̃L̃†)H = (1, RR̃L̃†L†)(L,L)H = (1, R(R̃L̃†)L†)H,

i.e.
U = R̃L̃† 7→ U ′ = R(R̃L̃†)L† = RUL†. (5.4)

Introduce x dependence (transition to fields) so that

U(x) 7→ RU(x)L†. (5.5)
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Physically relevant cases of N = 2 and N = 3. Define

M1 ≡
{
{Φ :M 4 → R

3|ϕi :M 4 → R smooth} for N = 2,
{Φ :M 4 → R

8|ϕi :M 4 → R smooth} for N = 3.

H̃(N): Set of all Hermitian and traceless N ×N matrices,

H̃(N) ≡ {A ∈ gl(N,C)|A† = A ∧ Tr(A) = 0},

(real vector space under addition of matrices). Define

M2 := {ϕ :M 4 → H̃(N)|ϕ smooth}, entries are smooth functions.

Relation between M1 and M2 for N = 2

ϕ(x) =

3∑
i=1

τiϕi(x) =

(
ϕ3 ϕ1 − iϕ2

ϕ1 + iϕ2 −ϕ3

)
≡
(

π0
√
2π+√

2π− −π0
)
,

τi: usual Pauli matrices and ϕi(x) =
1
2Tr[τiϕ(x)].
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Analogously for N = 3 (Exercise),

ϕ(x) =

8∑
a=1

λaϕa(x) =

 ϕ3 +
1√
3
ϕ8 ϕ1 − iϕ2 ϕ4 − iϕ5

ϕ1 + iϕ2 −ϕ3 + 1√
3
ϕ8 ϕ6 − iϕ7

ϕ4 + iϕ5 ϕ6 + iϕ7 − 2√
3
ϕ8


≡

 π0 + 1√
3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√
2K0

√
2K−

√
2K̄0 − 2√

3
η

 ,

λa: Gell-Mann matrices and ϕa(x) =
1
2Tr[λaϕ(x)].

Define

M3 ≡
{
U :M 4 → SU(N)|U(x) = exp

(
i
ϕ(x)

F0

)
, ϕ ∈M2

}
.

M3 does not define a vector space. E.g. det(λU) ̸= 1.
Definition of nonlinear realization of SU(N)× SU(N) on M3:
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Homomorphism

φ : G×M3 →M3 with φ[(L,R), U ](x) ≡ RU(x)L†,

defines operation of G on M3, because

1. RUL† ∈M3, since U ∈M3 and R,L
† ∈ SU(N).

2. φ[(1, 1), U ](x) = 1U(x)1 = U(x).

3. Let gi = (Li, Ri) ∈ G and thus g1g2 = (L1L2, R1R2) ∈ G.

φ[g1, φ[g2, U ]](x) = φ[g1, (R2UL
†
2)](x) = R1R2U(x)L

†
2L
†
1,

φ[g1g2, U ](x) = R1R2U(x)(L1L2)
† = R1R2U(x)L

†
2L
†
1.

φ is called a nonlinear realization, because M3 is not a vector space.
The origin ϕ(x) = 0, i.e. U0 = 1, denotes ground state of system.
Q: What does φ do to ground state?

241



A:

1. Ground state remains invariant under subgroup H = {(V, V )|V ∈
SU(N)} (corresponding to rotating both left- and right-handed quark
fields in QCD by the same V ):

φ[g = (V, V ), U0] = V U0V
† = V V † = 1 = U0.

2. Under “axial transformations” (rotating the left-handed quarks by
A and the right-handed quarks by A†) ground state does not remain
invariant,

φ[g = (A,A†), U0] = A†U0A
† = A†A† ̸= U0.

Consistent with the assumed spontaneous symmetry breakdown!

Transformation behavior of ϕ(x) under subgroup H = {(V, V )|V ∈
SU(N)}? Expand

U = 1 + i
ϕ

F0
− ϕ2

2F 2
0

+ · · · ,
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⇒ Realization restricted to the subgroup H ,

1+i
ϕ

F0
− ϕ2

2F 2
0

+· · · 7→ V (1+i
ϕ

F0
− ϕ2

2F 2
0

+· · ·)V † = 1+i
V ϕV †

F0
−V ϕV

†V ϕV †

2F 2
0

+· · · ,

(5.6)
defines a linear representation on M2 ∋ ϕ 7→ V ϕV † ∈M2, because

(V ϕV †)† = V ϕV †, Tr(V ϕV †) = Tr(ϕ) = 0,

V1(V2ϕV
†
2 )V

†
1 = (V1V2)ϕ(V1V2)

†.

Example: N = 3

1. Parameterize V = exp
(
−iΘV

a
λa
2

)
and compare both sides of Eq.

(5.6),

ϕ = λbϕb
h ∈ SU(3)V7→ V ϕV † = ϕ− iΘV

a [
λa
2
, ϕbλb]︸ ︷︷ ︸

ϕbifabcλc

+ · · ·

= ϕ + fabcΘ
V
a ϕbλc + · · · . (5.7)
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Corresponds to adjoint representation.
In SU(3) the fields ϕa transform as an octet. Consistent with trans-
formation behavior quoted in Eq. (4.19):

eiΘ
V
a Q

a
V λbϕbe

−iΘVa QaV = λbϕb + iΘV
a λb [Q

a
V , ϕb]︸ ︷︷ ︸

ifabcϕc

+ · · ·

= ϕ + fabcΘ
V
a ϕbλc + · · · . (5.8)

2. For group elements (A,A†) of G proceed analogously. ⇒ Fields ϕa
do not have simple transformation behavior. Commutation relations
of fields with axial charges are complicated nonlinear functions of
fields.
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5.2 The Lowest-Order Effective Lagrangian

References:

• J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984)

• J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985)

• H. Georgi, Weak Interactions and Modern Particle Theory (Ben-
jamin/Cummings, Menlo Park, 1984)

Goal: Construction of the most general theory describing the dynam-
ics of the Goldstone bosons associated with the spontaneous symmetry
breakdown in QCD.
Requirements:

1. In chiral limit Leff is invariant under SU(3)L × SU(3)R × U(1)V .

2. Theory contains exactly eight pseudoscalar degrees of freedom trans-
forming as octet under subgroup H = SU(3)V .
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3. Because of ssb, ground state is only invariant under SU(3)V ×U(1)V .

Sec. 5.1.2 ⇒ Collect dynamical variables in SU(3) matrix U(x),

U(x) = exp

(
i
ϕ(x)

F0

)
,

ϕ(x) =

8∑
a=1

λaϕa(x) ≡

 π0 + 1√
3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√
2K0

√
2K−

√
2K̄0 − 2√

3
η

 . (5.9)

Most general, chirally invariant, effective Lagrangian density with mini-
mal number of derivatives:

Leff =
F 2
0

4
Tr
(
∂µU∂

µU †
)
, (5.10)

F0 ≈ 93 MeV is free parameter (related to pion decay π+ → µ+νµ).

• Leff is invariant under global SU(3)L × SU(3)R transformations:

U 7→ RUL†,
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∂µU 7→ ∂µ(RUL
†) = ∂µR︸︷︷︸

0

UL† +R∂µUL
† +RU ∂µL

†︸︷︷︸
0

= R∂µUL
†,

U † 7→ LU †R†,

∂µU
† 7→ L∂µU

†R†,

because

Leff 7→
F 2
0

4
Tr(R∂µU L†L︸︷︷︸

1
∂µU †R†)

∗
=
F 2
0

4
Tr(R†R︸︷︷︸

1
∂µU∂

µU †) = Leff.

∗: trace property Tr(AB) = Tr(BA).

• Global U(1)V invariance is trivially satisfied: Goldstone bosons have
baryon number zero ⇒ ϕ 7→ ϕ under U(1)V ⇒ U 7→ U .

• Consider substitution ϕa(t, x⃗) 7→ −ϕa(t, x⃗) or, equivalently, U(t, x⃗) 7→
U †(t, x⃗): Test whether expression is of so-called even or odd intrin-
sic parity, i.e., even or odd in the number of Goldstone boson fields.
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Leff of Eq. (5.10) is even (Exercise).
Note: Goldstone bosons are pseudoscalars ⇒ true parity transfor-
mation given by ϕa(t, x⃗) 7→ −ϕa(t,−x⃗) or, equivalently, U(t, x⃗) 7→
U †(t,−x⃗).
• Purpose of multiplicative constant F 2

0 /4: Generates standard form
of kinetic term 1

2∂µϕa∂
µϕa. Expand exponential U = 1+iϕ/F0+· · ·,

∂µU = i∂µϕ/F0 + · · ·, ⇒

Leff =
F 2
0

4
Tr

[
i∂µϕ

F0

(
−i∂

µϕ

F0

)]
+ · · · = 1

4
Tr(λa∂µϕaλb∂

µϕb) + · · ·

=
1

4
∂µϕa∂

µϕbTr(λaλb)︸ ︷︷ ︸
2δab

+ · · · = 1

2
∂µϕa∂

µϕa + Lint.

No other terms containing only two fields⇒ eight fields ϕa describe
eight independent massless particles.

•What about other structures?
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– Tr(UU †) is a constant.

– Total derivatives have no dynamical significance. Thus

Tr[(∂µ∂
µU)U †] = ∂µ[Tr(∂

µUU †)]− Tr(∂µU∂µU
†).

– Product of two invariant traces is excluded at lowest order, be-
cause Tr(∂µUU

†) = 0 (Exercise).

• Discussion of vector and axial-vector currents associated with global
SU(3)L × SU(3)R symmetry.

Parameterize infinitesimal transformations as

L = 1− iϵLa
λa
2
, (5.11)

R = 1− iϵRa
λa
2
. (5.12)
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Construction of JµaL: Set ϵ
R
a = 0 and choose ϵLa = ϵLa (x). ⇒

U 7→ U ′ = RUL† = U

(
1 + iϵLa

λa
2

)
,

U † 7→ U ′† =

(
1− iϵLa

λa
2

)
U †,

∂µU 7→ ∂µU
′ = ∂µU

(
1 + iϵLa

λa
2

)
+ Ui∂µϵ

L
a

λa
2
,

∂µU
† 7→ ∂µU

′† =

(
1− iϵLa

λa
2

)
∂µU

† − i∂µϵLa
λa
2
U †.

⇒

δLeff =
F 2
0

4
Tr

[
Ui∂µϵ

L
a

λa
2
∂µU † + ∂µU

(
−i∂µϵLa

λa
2
U †
)]

=
F 2
0

4
i∂µϵ

L
aTr

[
λa
2
(∂µU †U − U †∂µU)

]
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∗
=
F 2
0

4
i∂µϵ

L
aTr

(
λa∂

µU †U
)
. (5.13)

∗: U †U = 1 ⇒ ∂µ(U †U) = 0 ⇒ ∂µU †U = −U †∂µU.
Left currents

JµaL =
∂δLeff

∂∂µϵLa
= i

F 2
0

4
Tr
(
λa∂

µU †U
)
. (5.14)

Right currents (Exercise)

JµaR =
∂δLeff

∂∂µΘR
a

= −iF
2
0

4
Tr
(
λaU∂

µU †
)
. (5.15)

Vector and axial-vector currents

JµaV = JµaR + JµaL = −iF
2
0

4
Tr
(
λa[U, ∂

µU †]
)
, (5.16)

JµaA = JµaR − J
µ
aL = −iF

2
0

4
Tr
(
λa{U, ∂µU †}

)
. (5.17)
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Leff is invariant under SU(3)L × SU(3)R ⇒ left and right currents
are conserved ⇒ vector and axial-vector currents are conserved.

Q: What happens under ϕ→ −ϕ?
A:

1.

JµaV
ϕ 7→ −ϕ7→ −iF

2
0

4
Tr[λa(U

†∂µU − ∂µUU †)]

= −iF
2
0

4
Tr[λa(−∂µU †U + U∂µU †)] = JµaV ,

i.e. even in the number of Goldstone bosons.

2.

JµaA
ϕ 7→ −ϕ7→ −iF

2
0

4
Tr[λa(U

†∂µU + ∂µUU †)]

= i
F 2
0

4
Tr[λa(∂

µU †U + U∂µU †)] = −JµaA,
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i.e. odd in the number of Goldstone bosons.

Expand JµaA in fields,

JµaA = −iF
2
0

4
Tr

(
λa

{
1 + · · · ,−iλb∂

µϕb
F0

+ · · ·
})

= −F0∂
µϕa+ · · ·

⇒ axial-vector current has non-vanishing matrix element when eval-
uated between vacuum and one-Goldstone-boson state [see Eq. (4.30)]:

⟨0|JµaA(x)|ϕp(p)⟩ = ⟨0| − F0∂
µϕa(x)|ϕb(p)⟩

= −F0∂
µ exp(−ip · x)δab = ipµF0 exp(−ip · x)δab.

• So far: Perfect SU(3)L × SU(3)R symmetry.

Now: Include explicit symmetry breaking due quark-mass term of

253



QCD,

LM = −q̄RMqL − q̄LM†qR, M =

mu 0 0
0 md 0
0 0 ms

 . (5.18)

Argument due to Georgi: Although M is in reality just constant
matrix and does not transform along with quark fields, LM of Eq.
(5.18) would be invariant ifM transformed as

M 7→ RML†. (5.19)

Construct most general Lagrangian L(U,M) invariant under

U 7→ RUL†, M 7→ RML†,

and expand in powers ofM. At lowest order inM

Ls.b. =
F 2
0B0

2
Tr(MU † + UM†), (5.20)

s.b. = symmetry breaking.
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• Interpretation of new parameter B0.

Consider energy density of ground state (U = U0 = 1),

⟨Heff⟩min = −F 2
0B0(mu +md +ms). (5.21)

Justification of Eq. (5.21):
Construct Hamilton density corresponding to L of Eq. (5.10) and
(5.20).
Dynamical fields ϕa; conjugate momenta

πa =
∂L
∂ϕ̇a

=
F 2
0

4
Tr

(
∂U̇

∂ϕ̇a
U̇ † + U̇

∂U̇ †

∂ϕ̇a

)
.

We need

πaϕ̇a =
F 2
0

4
Tr

(
ϕ̇a
∂U̇

∂ϕ̇a
U̇ † + U̇ ϕ̇a

∂U̇ †

∂ϕ̇a

)
.
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Make use of

U̇ =
iϕ̇

F0
− ϕ̇ϕ + ϕϕ̇

2F 2
0

+ · · · ,

∂U̇

∂ϕ̇a
=
iλa
F0
− λaϕ + ϕλa

2F 2
0

+ · · · ,

ϕ̇a
∂U̇

∂ϕ̇a
= i

ϕ̇

F0
− ϕ̇ϕ + ϕϕ̇

2F 2
0

+ · · · = U̇ ,

ϕ̇a
∂U̇ †

∂ϕ̇a
= U̇ †.

⇒ Hamilton density

H = πaϕ̇a − L

=
F 2
0

4
Tr(U̇ U̇ † + U̇ U̇ †)− L

256



=
F 2
0

4
Tr(U̇ U̇ †) +

F 2
0

4
Tr(∇⃗U · ∇⃗U †)︸ ︷︷ ︸

≥ 0

−F
2
0B0

2
Tr(MU † + UM)︸ ︷︷ ︸
V

.

Hamilton density is minimized by constant and uniform fields. De-
termine minimum of last term:

∂V
∂ϕa

=
∂

∂ϕa

[
−F

2
0B0

2
Tr(MU † + UM)

]
= 0.

Make use of

Tr(MU † + UM) = 2Tr

[
M
(
1− ϕ2

2F 2
0

+
ϕ4

24F 4
0

+ · · ·
)]

.

Consider
∂

∂ϕa
Tr

[
M
(
1− ϕ2

2F 2
0

+
ϕ4

24F 4
0

+ · · ·
)]

= Tr

[
M
(
−λaϕ + ϕλa

2F 2
0

+
λaϕ

3 + ϕλaϕ
2 + ϕ2λaϕ + ϕ3λa
24F 4

0

+ · · ·
)]

.
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Parameterize

M = m0λ0 +m3λ3 +m8λ8,

where

m0 =
mu +md +ms√

6
,

m3 =
mu −md

2
,

m8 =
mu+md

2 −ms√
3

.

Ansatz for solution:

ϕ = ϕ0 +
1

F 2
0

ϕ2 +
1

F 4
0

ϕ4 + · · · .

Organize in powers of 1/F 2
0 . Write ϕ0 = λbϕ0b. Terms proportional
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to 1/F 2
0 (factor −1/2 omitted):

Tr[M(λaϕ0 + ϕ0λa)] = Tr[M( λaλb + λbλa︸ ︷︷ ︸
4
3δab + 2dabcλc

)]ϕ0b

=

(
4

3
δab(mu +md +ms) + 4m3dab3 + 4m8dab8

)
ϕ0b = 0.

8 equations (a = 1, · · · , 8) in 8 unknowns ϕ0b. Example a = 1:

4

3
(mu +md +ms)ϕ01 + 4m3 d1b3︸︷︷︸

0

ϕ03 + 4m8 d1b8︸︷︷︸
d118δb1 =

1√
3
δb1

ϕ0b

=
4

3
(mu +md +ms)ϕ01 + 4

mu+md
2 −ms√

3

1√
3
ϕ01

= 2(mu +md)ϕ01 = 0. ⇒ ϕ01 = 0.

Proceed analogously for remaining cases. ⇒ For non-vanishing quark

259



masses

ϕ0b = 0, b = 1, · · · , 8.

Now consider 1/F 4
0 terms:

Tr{M[(λaϕ2+ϕ2λa)−
1

12
(λaϕ

3
0 + ϕ0λaϕ

2
0 + ϕ20λaϕ0 + ϕ30λa)︸ ︷︷ ︸

0, because ϕ0 = 0

]} = 0.

Calculation for ϕ2 as for ϕ0 above. ⇒ ϕ2 = 0. And so on. In total
we obtain

ϕ = 0

as the configuration minimizing H and thus Eq. (5.21).
ϕ = 0 is indeed minimum. Verified by taking second derivative of V
and showing

∂2V
∂ϕa∂ϕb

∣∣∣∣
ϕ=0

ϕaϕb ≥ 0∀ϕ.
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Compare derivative of Eq. (5.21) with respect tomq with correspond-
ing quantity in QCD (make use of Hellmann-Feynman theorem, Ex-
ercise),

∂⟨0|HQCD|0⟩
∂mq

∣∣∣∣
mu=md=ms=0

=
1

3
⟨0|q̄q|0⟩0 =

1

3
⟨q̄q⟩0.

⟨q̄q⟩0: scalar singlet quark condensate in chiral limit [see Eq. (4.27)].
⇒

3F 2
0B0 = −⟨q̄q⟩0. (5.22)

• Remarks

1. Tr(M) is not invariant.

2. Tr(MU † − UM†) has wrong behavior under parity ϕ(t, x⃗) →
−ϕ(t,−x⃗),

Tr[MU †(t, x⃗)− U(t, x⃗)M†]
P7→ Tr[MU(t,−x⃗)− U †(t,−x⃗)M†]
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M=M†
= −Tr[MU †(t,−x⃗)− U(t,−x⃗)M†].

3. Because ofM =M†, Ls.b. contains only terms even in ϕ (Exer-
cise).

• Masses of Goldstone bosons.

Identify terms of second order in fields in Ls.b.,

Ls.b = −
B0

2
Tr(ϕ2M) + · · · . (5.23)

Exercise

Tr(ϕ2M) = 2(mu +md)π
+π− + 2(mu +ms)K

+K− + 2(md +ms)K
0K̄0

+(mu +md)π
0π0 +

2√
3
(mu −md)π

0η +
mu +md + 4ms

3
η2.

Isospin-symmetric limit mu = md = m̂⇒ π0η term vanishes i.e. no
π0-η mixing.
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⇒
M 2

π = 2B0m̂, (5.24)

M 2
K = B0(m̂ +ms), (5.25)

M 2
η =

2

3
B0 (m̂ + 2ms) . (5.26)

In combination with B0 = −⟨q̄q⟩0/(3F 2
0 ) referred to as Gell-Mann,

Oakes, and Renner relations.
Also: Gell-Mann-Okubo relation (Exercise)

4M 2
K = 4B0(m̂+ms) = 2B0(m̂+2ms)+2B0m̂ = 3M 2

η+M
2
π (5.27)

independent of value of B0.

Values of quark masses m̂ and ms cannot be extracted from Eqs.
(5.24) - (5.26).

Why? Rescaling B0 → λB0 ∧ mq → mq/λ leaves relations invari-
ant.
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But: Ratios of quark masses. Using Mπ = 135 MeV, MK = 496
MeV, and Mη = 547 MeV ⇒ (Exercise)

M 2
K

M 2
π

=
m̂ +ms

2m
⇒ ms

m̂
= 25.9,

M 2
η

M 2
π

=
2ms + m̂

3m̂
⇒ ms

m̂
= 24.3. (5.28)

• Remark on ⟨q̄q⟩0

⟨q̄q⟩0 ̸= 0 sufficient but not necessary condition for ssb in QCD.
Ls.b. ⇒ shift of vacuum energy but also finite Goldstone boson
masses. Both effects proportional to B0. Tr(M) term would have
decoupled vacuum energy shift from Goldstone boson masses. How-
ever, forbidden by symmetry argument.

Analogy
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Heisenberg ferromagnet QCD

Symmetry of Ĥ O(3) SU(3)L × SU(3)R
Symmetry of |0⟩ O(2) SU(3)V

VEV ⟨M⃗⟩ ⟨q̄q⟩0
Explicit s. b. external magnetic field quark masses

interaction −⟨M⃗⟩ · H⃗ ⟨Heff⟩ of Eq. (5.21)
In principle: B0 could vanish or be rather small. ⇒ Quadratic
masses of Goldstone bosons might be dominated by terms which are
nonlinear in quark masses, i.e., by higher-order terms in expansion
of L(U,M). ⇒ Generalized chiral perturbation theory.

Analogue would be antiferromagnet which shows ssb with ⟨M⃗⟩ = 0.
Analysis of recent data onK+ → π+π−e+νe in terms of the isoscalar
s-wave scattering length a00 (Colangelo, Gasser, Leutwyler)⇒ ⟨q̄q⟩0
is indeed leading order parameter of spontaneously broken chiral
symmetry.
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5.3 Effective Lagrangians and Weinberg’s

Power Counting Scheme

Reference:

• S. Weinberg, Physica A 96, 327 (1979).

Perturbative calculations in effective field theory require two main
ingredients:

1. Knowledge of the most general effective Lagrangian.

2. Consistent expansion scheme for observables.

Mesonic chiral perturbation theory:
Leff organized as string of terms

Leff = L2 + L4 + L6 + · · · , (5.29)

subscripts refer to order in momentum and quark-mass expansion.
Index 2: Two derivatives or one quark-mass term.
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Index 4: Four derivatives, two derivatives and one quark-mass term, two
quark-mass terms.
Feynman rules: Derivatives generate four-momenta.
Quark-mass term≃ two derivatives because of Eqs. (5.24) - (5.26),M 2 ∼
mq, and on-shell condition p2 =M 2.
Mesonic sector: Chiral orders are always even [O(q2k), k ≥ 1] because
Lorentz indices of derivatives always have to be contracted and quark-
mass terms count as O(q2).
Weinberg’s power counting scheme

Q: How do different diagrams compare?

Analyze given diagram under

1. linear rescaling of all external momenta, pi 7→ tpi,

2. quadratic rescaling of light quark masses, mq 7→ t2mq (corresponds
to M 2 7→ t2M 2).
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Chiral dimension D:

M(tpi, t
2mq) = tDM(pi,mq) = O(qD). (5.30)

For small enough momenta (and masses) contributions with increasing
D become less important.

D = nNL − 2NI +

∞∑
k=1

2kN2k (5.31)

= 2 + (n− 2)NL +

∞∑
k=1

2(k − 1)N2k (5.32)

≥ 2 in 4 dimensions.

• n: Number of space-time dimensions.

• NL: Number of independent loops.

• NI : Number of internal Goldstone boson lines.
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• N2k: Number of vertices from L2k.

• Loops suppressed by (n− 2)NL.

• Relation between the momentum and loop expansion:

1. O(q2): No loops.

2. O(q4): No loops and 1 loop.

3. O(q6): No loops, 1 loop, and 2 loops.

4. etc.

• Perturbative scheme in terms of external momenta and quark
masses (→meson masses2) which are small compared to some scale
[here: 4πF0 = O (1 GeV)].

Examples (n = 4 dimensions):
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2 2

D = 4 · 2− 2 · 3 + 2 · 2 = 6

= 2 + 2 · 2 + (2− 2) · 2

42

D = 4 · 2− 2 · 3 + 1 · 2 + 1 · 4 = 8
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22

D = 4 · 4− 2 · 5 + 2 · 2 = 10

Proof: Start from Feynman rules for evaluating S-matrix element.

• Internal lines:

∫
d4k

1

k2 −M 2 + iϵ

M 2 → t2M 2

→
∫

d4k
1

t2(k2/t2 −M 2 + iϵ)

271



k = tl
= t2

∫
d4l

1

l2 −M 2 + iϵ
.

• Vertices with 2k derivatives or k quark-mass terms:

δ4(q)q2k → t2k−4δ4(q)q2k,

– since p→ tp if q is an external momentum,

– and k = tl if q is an internal momentum (see above).

• These are rules to calculate S ∼ δ4(P )M.
Add 4 to compensate for overall momentum-conserving delta func-
tion.

• Scaling behavior of the contribution toM of a given diagram:

D = 4 + 2NI +

∞∑
k=1

N2k(2k − 4).
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• Relation between # of independent loops, # of internal lines, and
total # of vertices NV =

∑∞
k=1N2k:

NL = NI − (NV − 1).

Remark: Product of NV momentum-conserving δ functions contains
overall momentum conservation. ⇒ NV − 1 rather than NV restric-
tions on internal momenta.

• Apply to

−4
∞∑
k=1

N2k = −4NV = 4(NL −NI − 1).

⇒ Eq. (5.31):

D = 4NL − 2NI +

∞∑
k=1

2kN2k.
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• Apply to

−4
∞∑
k=1

N2k = −2
∞∑
k=1

N2k + 2(NL −NI − 1).

⇒ Eq. (5.32):

D = 2 +

∞∑
k=1

2(k − 1)N2k + 2NL ≥ 2.

In particular, diagrams containing loops are suppressed due to the
term 2NL.

• Remark: Minimal k > 0 important.
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k
D = 0−0+k = k =

{
0 for k = 0,
2 for k = 2.

k k
D = 4−2·2+2·k = 2k =

{
0 for k = 0,
4 for k = 2.

Loop diagram is only suppressed if kmin > 0.
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5.4 Construction of the Effective Lagrangian

References:

• J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985)

• H. W. Fearing and S. Scherer, Phys. Rev. D 53, 315 (1996)

• J. Bijnens, G. Colangelo, and G. Ecker, JHEP 9902, 020 (1999)

• T. Ebertshäuser, Mesonic Chiral Perturbation Theory: Odd In-
trinsic Parity Sector, PhD thesis, Johannes Gutenberg-Universität,
Mainz, Germany, 2001, http://archimed.uni-mainz.de/

• T. Ebertshäuser, H. W. Fearing, and S. Scherer, Phys. Rev. D 65,
054033 (2002)

• J. Bijnens, L. Girlanda, and P. Talavera, Eur. Phys. J. C 23, 539
(2002)
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So far: Lowest-order effective Lagrangian for global SU(3)L × SU(3)R
symmetry.
Sec. 3.4: Ward identities of QCD are obtained from locally invariant
generating functional involving a coupling to external fields.
Follow Gasser and Leutwyler: Promote global symmetry of effective
Lagrangian to a local one,

L→ VL(x), R→ VR(x),

and introduce coupling to the same external fields v, a, s, and p as in
QCD [see Eq. (3.59)].
Collect Goldstone bosons in special unitary matrix

U(x) = exp

(
i
ϕ(x)

F0

)
.
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Transformation behavior under G = SU(3)L × SU(3)R, parity P , and
charge conjugation C:

U
G7→ VRUV

†
L ,

U(x⃗, t)
P7→ U †(−x⃗, t),

U
C7→ UT (Exercise).

Let object A transform as VRAV
†
L . Define covariant derivative DµA as

(Exercise)

DµA ≡ ∂µA− irµA + iAlµ

7→ VR(∂µA− irµA + iAlµ)V
†
L = VR(DµA)V

†
L . (5.33)

Defining property: Covariant derivative should transform as object it
acts on.
In particular

DµU = ∂µU − irµU + iUlµ. (5.34)
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Introduce field strength tensors

fRµν ≡ ∂µrν − ∂νrµ − i[rµ, rν]
G7→ VRf

R
µνV

†
R, (5.35)

fLµν ≡ ∂µlν − ∂νlµ − i[lµ, lν]
G7→ VLf

L
µνV

†
L . (5.36)

Field strength tensors are traceless,

Tr(fLµν) = Tr(fRµν) = 0,

because Tr(lµ) = Tr(rµ) = 0 and trace of any commutator vanishes.
Introduce linear combination χ = 2B0(s + ip).
E.g., pure QCD: χ = 2B0diag(mu,md,ms).
Construct effective Lagrangian in terms of U , U †, χ, χ†, fRµν, f

L
µν and

covariant derivatives of these objects.

Construction of invariants

Suppose we have matrices A,B,C, . . ., all of which transform as

A
G7→ VRAV

†
L ,
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B
G7→ VRBV

†
L ,

. . .

Form invariants by “multiplying” in the following way:

Tr(AB†)
G7→ Tr(VRAV

†
L VL︸ ︷︷ ︸
1

B†V †R) = Tr(V †R VRAB
†) = Tr(AB†).

• Generalization to more terms is obvious.

• Product of invariant traces is invariant,

Tr(AB†CD†), Tr(AB†)Tr(CD†), · · · . (5.37)

List of (selected) ingredients

• Assign (chiral) orders:

U = O(q0),
DµU = O(q),
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rµ, lµ = O(q),
fL/Rµν = O(q2),

χ = O(q2).

• Each covariant derivative produces power of q.

• Identify terms which can be related by total derivatives.

• List of objects A up to and including order q2 which transform as
A′ = VRAV

†
L :

U, DµU, DµDνU, χ, Uf
L
µν, f

R
µνU.

• Construction of chirally invariant expressions (to order q2):

O(q0) : Tr
(
UU †

)
= Tr(1) = const.

O(q) : Tr
(
DµUU

†) = 0, (Exercise)

important: excludes terms of the
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type Tr[O(q)]× Tr(. . .) ,

O(q2) : Tr
(
DµDνUU

†) = −Tr [DνU(DµU)
†] (Exercise),

Tr
[
DµU(DνU)

†] ,
Tr
[
U(DµDνU)

†] = −Tr [DµU(DνU)
†] (Exercise),

Tr
(
χU †

)
,

Tr
(
Uχ†

)
,

Tr
[
(UfLµν)U

†] = Tr
(
fLµν
)
= 0,

Tr
(
fRµν
)
= 0.

• Lorentz invariance: Indices have to be contracted.

• Candidates:

Tr
[
DµU(D

µU)†
]
,

Tr
(
χU † ± Uχ†

)
.
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• Parity:
L(x⃗, t) P7→ L(−x⃗, t).

Tr(χU † − Uχ†) has wrong parity.

• Charge conjugation [no additional constraint at O(q2)] (Exercise).

Lowest–order Lagrangian L2

L2 =
F 2
0

4
Tr
[
DµU(D

µU)†
]
+
F 2
0

4
Tr
(
χU † + Uχ†

)
. (5.38)

At O(q2) two parameters:

F0 ≈ 93MeV, 3F 2
0B0 = −⟨0|q̄q|0⟩0

• L2 has predictive power! ππ scattering etc. (Exercise).

Lowest-order equation of motion

Essentially as in Assignment 1, 3.
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Consider small variations of SU(3) matrix:

U ′(x) = U(x) + δU(x) =

(
1 + i

8∑
a=1

∆a(x)λa

)
U(x), (5.39)

∆a(x): Real functions. Matrix U ′ satisfies both conditions

U ′U ′† = 1, det(U ′) = 1, (5.40)

up to and including terms linear in ∆a.
Apply principle of stationary action. Variation of action

δS =
F 2
0

4

∫ t2

t1

dt

∫
d3xTr

[
DµδU(D

µU)† +DµU(D
µδU)† + χδU † + δUχ†

]
∗
=
F 2
0

4

∫ t2

t1

dt

∫
d3xTr

[
−δU(DµD

µU)† −DµD
µUδU † + χδU † + δUχ†

]
∗∗
= i

F 2
0

4

∫ t2

t1

dt

∫
d3x

8∑
a=1

∆a(x)
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×Tr
{
λa[DµD

µUU † − U(DµD
µU)† − χU † + Uχ†]

}
. (5.41)

∗: partial integration + standard boundary conditions ∆a(t1, x⃗) =
∆a(t2, x⃗) = 0 + divergence theorem + definition of covariant deriva-
tive of Eq. (5.33).
Example:

Tr[DµδU(D
µU)†] = Tr[(∂µδU − irµδU + iδUlµ)(D

µU)†]

= ∂µTr[δU(D
µU)†]

−Tr{δU [∂µ(DµU)† + i(DµU)†rµ − ilµ(DµU)†]}
= tot. der.− Tr[δU(DµD

µU)†].

∗∗: δU † = −U †δUU † + invariance of trace with respect to cyclic per-
mutations.
Functions ∆a(x) may be chosen arbitrarily ⇒ eight Euler-Lagrange
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equations

Tr
{
λa[D

2UU † − U(D2U)† − χU † + Uχ†]
}
= 0, a = 1, · · · , 8.

(5.42)
Any 3× 3 matrix A can be written as

A = a013×3 +

8∑
i=1

aiλi, a0 =
1

3
Tr(A), ai =

1

2
Tr(λiA). (5.43)

⇒ Compact matrix form

O(2)
EOM(U) ≡ D2UU †−U(D2U)†−χU †+Uχ†+ 1

3
Tr(χU †−Uχ†) = 0.

(5.44)
Remark: Tr[D2UU † − U(D2U)†] = 0 (Exercise).
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5.5 Applications at Lowest Order

Eq. (5.32): D = 2 + 2NL +
∑∞

k=1 2(k − 1)N2k. Lowest order: D = 2,
i.e. tree-level diagrams with vertices from L2.

5.5.1 Pion Decay π+ → µ+νµ

Diagrammatic representation in terms of d.o.f. of Standard Model:

u

+

d W

νµ

µ+ +_
π

• Interaction of massive charged weak bosonsW±ρ = (W1ρ∓iW2ρ)/
√
2

with leptons

L(l)
CC = − g

2
√
2

[
W+

ρ ν̄µγ
ρ(1− γ5)µ +W−ρ µ̄γρ(1− γ5)νµ

]
.
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CC: Charged current.
Fermi constant is related to gauge coupling g and W mass as

GF =
√
2
g2

8M 2
W

= 1.166 37(1)× 10−5GeV−2.

• Coupling of W bosons to quarks

L(q)
CC = − g

2
√
2

{
W+

ρ [Vudūγ
ρ(1− γ5)d + Vusūγ

ρ(1− γ5)s] + h.c.
}
,

|Vud| = 0.97377± 0.00027, |Vus| = 0.2257± 0.0021.

• Express in terms of QCD Lagrangian with coupling to external fields.
Set

rµ = 0, lµ = −
g√
2
(W+

µ T+ + h.c.)
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in Lext [see Eq. (3.59)], where

T+ =

 0 Vud Vus
0 0 0
0 0 0

 .

• Coupling of W bosons to Goldstone bosons.
Insert covariant derivative

DµU = ∂µU + iUlµ

into L2 and identify terms ∼ Wϕ:

F 2
0

4
Tr[DµU(D

µU)†]
U†∂µU=−∂µU†U

= i
F 2
0

2
Tr(lµ∂

µU †U) + · · ·
∂µU†=−i∂µϕ/F0+···

=
F0

2
Tr(lµ∂

µϕ) + · · · .
⇒

LWϕ = −
g√
2

F0

2
Tr[(W+

µ T+ +W−µ T−)∂µϕ].
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Evaluate

Tr(T+∂
µϕ)

= Tr


 0 Vud Vus

0 0 0
0 0 0

 ∂µ

 π0 + 1√
3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√
2K0

√
2K−

√
2K̄0 − 2√

3
η




= Vud
√
2∂µπ− + Vus

√
2∂µK−,

Tr(T−∂
µϕ)

= Tr


 0 0 0
Vud 0 0
Vus 0 0

 ∂µ

 π0 + 1√
3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√
2K0

√
2K−

√
2K̄0 − 2√

3
η




= Vud
√
2∂µπ+ + Vus

√
2∂µK+.

(Vud and Vus real.)
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⇒ Interaction Lagrangian

LWϕ = −g
F0

2
[W+

µ (Vud∂
µπ−+Vus∂

µK−)+W−µ (Vud∂µπ++Vus∂µK+)].

(5.45)

• Expand Feynman propagator for W bosons

−gµν + kµkν
M2
W

k2 −M 2
W

=
gµν
M 2

W

+O(
kk

M 4
W

).

• Neglect terms of higher order in (momentum/MW )2.

• Feynman rule for invariant amplitude for weak pion decay

M = i

[
− g

2
√
2
ūνµγ

ρ(1− γ5)vµ+
]

︸ ︷︷ ︸
leptonic vertex

igρσ
M 2

W︸︷︷︸
W propagator

i

[
−gF0

2
Vud(−ipσ)

]
︸ ︷︷ ︸
hadronic vertex

= −GFVudF0ūνµp/(1− γ5)vµ+,
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p: four-momentum of pion.

• Decay rate (Exercise)

1

τ
=
G2
F |Vud|2

4π
F 2
0Mπm

2
µ

(
1−

m2
µ

M 2
π

)2

.

• F0: pion-decay constant in the chiral limit. Measures strength of
matrix element of axial-vector current between one-Goldstone boson
state and vacuum.

• Degeneracy of a single coupling constant F0 removed at O(q4).
• Empirical numbers:

Fπ = 92.4MeV,

FK = 113MeV.
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5.5.2 Pion-Pion Scattering

References:

• S. Weinberg, Phys. Rev. Lett. 17, 616 (1966)

• J. Gasser and H. Leutwyler, Annals Phys. 158, 142 (1984)

• M. A. Preston, Physics of the Nucleus (Addison-Wesley, Reading,
MA, 1962)

• J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, and M. E. Sainio,
Phys. Lett. B 374, 210 (1996)

• G. Colangelo, J. Gasser, and H. Leutwyler, Phys. Rev. Lett. 86, 5008
(2001)

• G. Colangelo, J. Gasser, and H. Leutwyler, Nucl. Phys. B603, 125
(2001)

293



Consider L2 with rµ = lµ = 0,

L2 =
F 2

4
Tr
(
∂µU∂

µU †
)
+
F 2

4
Tr
(
χU † + Uχ†

)
in the SU(2) sector with

χ = 2B

(
m̂ 0
0 m̂

)
︸ ︷︷ ︸
M

and

U = exp

(
i
ϕ

F

)
, ϕ =

3∑
i=1

τiϕi =:

(
π0

√
2π+√

2π− −π0
)
.

Remark on chiral limit:

• In the SU(2) sector it is common to express quantities in the chiral
limit without index 0, e. g., F and B. By this one means the SU(2)
chiral limit, i. e. mu = md = 0 but ms at its physical value.
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• In the SU(3) sector the quantities F0 and B0 denote the chiral limit
for all three quarks: mu = md = ms = 0.

Substitution U ↔ U †. ⇒ L2 contains even powers of ϕ only:

L2 = L2ϕ
2 + L4ϕ

2 + · · · .
• L2 does not produce a vertex with 3 Goldstone bosons. ⇒ AtD = 2,
no s-, u-, and t-channel pole diagrams.

• At D = 2, ππ scattering is generated by a 4 Goldstone boson inter-
action term.

Expand

U = 1 + i
ϕ

F
− 1

2

ϕ2

F 2
− i

6

ϕ3

F 3
+

1

24

ϕ4

F 4
+ · · ·

and identify L4ϕ
2 as (Exercise)

L4ϕ
2 =

1

48F 2

[
Tr([ϕ, ∂µϕ][ϕ, ∂

µϕ]) + 2BTr(Mϕ4)
]
.
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Remark: Substituting F → F0, B → B0 and the relevant expressions
for ϕ and the quark mass matrixM the corresponding formula for SU(3)
looks identical.
Insert ϕ = τiϕi. Make use of

[ϕ, ∂µϕ] = 2iϵijkϕi∂µϕjτk,

Tr(τkτn) = 2δkn,

ϵijkϵlmk = δilδjm − δimδjl,
ϕ2 = ϕiϕi.

⇒

L4ϕ
2 = − 1

6F 2
ϵijkϕi∂µϕjϵlmkϕl∂

µϕm +
M 2

24F 2
ϕiϕiϕjϕj

=
1

6F 2
(ϕi∂

µϕi∂µϕjϕj − ϕiϕi∂µϕj∂µϕj) +
M 2

24F 2
ϕiϕiϕjϕj,

where M 2 = 2Bm̂.
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pa; a
pb; b

pc; c
pd; d2

Feynman rule for Cartesian isospin indices a, b, c, and d from “iL”.
Example

⟨pc, c; pd, d|ϕi∂µϕi∂µϕjϕj|pa, a; pb, b⟩
24 combinations of combining 4 fields with 4 quanta. E.g.

⟨pc, c; pd, d|ϕi ∂µϕi ∂µϕj ϕj|pa, a; pb, b⟩
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⇒ δicip
µ
dδidδja(−ipbµ)δjb = pd · pb δcdδab.

Complete result

M = i

[
1

6F 2
(2 [δabδcd(−ipa − ipb) · (ipc + ipd)

+δacδbd(−ipa + ipc) · (−ipb + ipd)

+δadδbc(−ipa + ipd) · (−ipb + ipc)]

−4 {δabδcd [(−ipa) · (−ipb) + (ipc) · (ipd)]
+δacδbd[(−ipa) · (ipc) + (−ipb) · (ipd)]
+δadδbc[(−ipa) · (ipd) + (−ipb) · (ipc)]})

+
M 2

24F 2
8(δabδcd + δacδbd + δadδbc)

]
=

i

3F 2

{
δabδcd[(pa + pb)

2 + 2pa · pb + 2pc · pd +M 2]

+δacδbd[(pa − pc)2 − 2pa · pc − 2pb · pd +M 2]
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+δadδbc[(pa − pd)2 − 2pa · pd − 2pb · pc +M 2]
}

=
i

3F 2

[
δabδcd(3s− p2a − p2b − p2c − p2d +M 2)

+δacδbd(3t− p2a − p2c − p2b − p2d +M 2)

+δadδbc(3u− p2a − p2d − p2b − p2c +M 2)
]

= i

[
δabδcd

s−M 2

F 2
+ δacδbd

t−M 2

F 2
+ δadδbc

u−M 2

F 2

]
− i

3F 2
(δabδcd + δacδbd + δadδbc) (Λa + Λb + Λc + Λd) ,(5.46)

where Λk = p2k −M 2.
Mandelstam variables

s = (pa + pb)
2 = (pc + pd)

2,

t = (pa − pc)2 = (pd − pb)2,
u = (pa − pd)2 = (pc − pb)2,
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and
2pa · pb = s− p2a − p2b, 2pc · pd = s− p2c − p2d,
−2pa · pc = t− p2a − p2c, −2pb · pd = t− p2b − p2d,
−2pa · pd = u− p2a − p2d, −2pb · pc = u− p2b − p2c.

The last line of the Feynman rule disappears, if the external lines satisfy
on-mass-shell conditions.
Scattering process πa(pa) + πb(pb)→ πc(pc) + πd(pd) at O(q2):

T = δabδcd
s−M 2

π

F 2
π

+ δacδbd
t−M 2

π

F 2
π

+ δadδbc
u−M 2

π

F 2
π

.

(iT =M). We replaced

F → Fπ, Fπ = F [1 +O(q2)],
M 2 →M 2

π , M 2
π =M 2[1 +O(q2)],

because difference is of O(q4) in T .
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Consider (theoretical) limit M 2
π , s, t, u→ 0:

T → 0.

• Goldstone bosons interact “weakly” at low energies.

Isospin symmetry. ⇒ Most general parametrization

T = δabδcdA(s, t, u) + δacδbdA(t, s, u) + δadδbcA(u, t, s)

with A(s, t, u) = A(s, u, t).
Isospin channels:

T I=0 = 3A(s, t, u) + A(t, u, s) + A(u, s, t),

T I=1 = A(t, u, s)− A(u, s, t),
T I=2 = A(t, u, s) + A(u, s, t).

s-wave ππ scattering lengths (Convention in ChPT differs by a factor
(−Mπ) from the usual definition of a scattering length in the effective
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range expansion.)

T I=0|thr = 32πa00,

T I=2|thr = 32πa20.

Lower index 0: s wave; upper index: Isospin. (T I=1|thr vanishes because
of Bose symmetry.)

• π+π+ scattering described by T I=2.

• Other physical reactions may be determined using the appropriate
Clebsch-Gordan coefficients.

Prediction at O(q2):

A(s, t, u) =
s−M 2

π

F 2
π

.

At threshold

sthr = (2Mπ)
2
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and thus

A(sthr, tthr, uthr) =
3M 2

π

F 2
π

.

• I = 0: Consider linear combination

[3A(s, t, u) + A(t, u, s) + A(u, s, t)]thr
= [2A(s, t, u) + A(s, t, u) + A(t, u, s) + A(u, s, t)]thr

=
6M 2

π

F 2
π

+
[s + t + u− 3M 2

π ]thr
F 2
π

=
7M 2

π

F 2
π

• I = 2: Consider linear combination

[A(t, u, s) + A(u, s, t)]thr
= [A(t, u, s) + A(u, s, t) + A(s, t, u)− A(s, t, u)]thr
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=
M 2

π

F 2
π

− 3M 2
π

F 2
π

= −2M
2
π

F 2
π

.

• ⇒ Famous results of current algebra for the scattering lengths (S. Wein-
berg, Phys. Rev. Lett. 17, 616 (1966)):

a00 =
7M 2

π

32πF 2
π

= 0.156, a20 = −
M 2

π

16πF 2
π

= −0.045.

(with Fπ = 93.2 MeV and Mπ = 139.57 MeV)

• Absolute prediction of chiral symmetry! Once we know Fπ (from
pion decay) we can predict the scattering lengths.

• Different fromWigner-Eckart theorem which predicts relations among
processes of the same type.
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Experimental data
π±p→ π±π+n:1 a00 = 0.204± 0.014 (stat)± 0.008 (syst),
K+ → π+π−e+νe:

2 a00 = 0.216± 0.013 (stat)± 0.002 (syst)
±0.002 (theor),

π+π− atom lifetime:3 |a00 − a20| = 0.264+0.033
−0.020,

K± → π±π0π0:4 a00 − a20 = 0.268± 0.010 (stat)± 0.004 (syst)
±0.013 (ext),

a20 = −0.041± 0.022 (stat)± 0.014 (syst).
Predictions for the s-wave scattering lengths at O(q6)5

a00 =

O(q2)︷ ︸︸ ︷
0.156 +

O(q4): +28%︷ ︸︸ ︷
0.039︸ ︷︷ ︸
L

+0.005︸ ︷︷ ︸
anal.

+

O(q6): +8.5%︷ ︸︸ ︷
0.013︸ ︷︷ ︸
ki

+0.003︸ ︷︷ ︸
L

+0.001︸ ︷︷ ︸
anal.

=

total︷ ︸︸ ︷
0.217,

1M. Kermani et al. [CHAOS Collaboration], Phys. Rev. C 58, 3431 (1998)
2S. Pislak et al., Phys. Rev. D 67, 072004 (2003)
3B. Adeva et al. [DIRAC Collaboration], Phys. Lett. B 619, 50 (2005)
4J. R. Batley et al. [NA48/2 Collaboration], Phys. Lett. B 633, 173 (2006)
5J. Bijnens, G. Colangelo, G. Ecker, J. Gasser, and M. E. Sainio, Phys. Lett. B 374, 210 (1996)
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a00 − a20 =

O(q2)︷ ︸︸ ︷
0.201 +

O(q4): +21%︷ ︸︸ ︷
0.036︸ ︷︷ ︸
L

+0.006︸ ︷︷ ︸
anal.

+

O(q6): +6.6%︷ ︸︸ ︷
0.012︸ ︷︷ ︸
ki

+0.003︸ ︷︷ ︸
L

+0.001︸ ︷︷ ︸
anal.

=

total︷ ︸︸ ︷
0.258 .

• O(q4)

– chiral logarithms of one-loop diagrams (L)

– analytic contributions from one-loop diagrams + tree graphs from
L4 (anal.)

• O(q6)

– loop corrections involving double chiral logarithms (ki)

– loop corrections with chiral logarithms (L)

– analytic contributions (anal.)
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5.6 Dimensional Regularization: Basics

References:

• G. ’t Hooft and M. J. Veltman, Nucl. Phys. B44, 189 (1972)

• G. Leibbrandt, Rev. Mod. Phys. 47, 849 (1975)

• G. ’t Hooft and M. J. Veltman, Nucl. Phys. B153, 365 (1979)

• T. P. Cheng and L. F. Li, Gauge Theory of Elementary Particle
Physics (Clarendon, Oxford, 1984), chapter 2

• J. C. Collins, Renormalization (Cambridge University Press, Cam-
bridge, 1984), chapter 4

• M. J. Veltman, Diagrammatica. The Path to Feynman Rules
(Cambridge University Press, Cambridge, 1994)

• Any modern book on quantum field theory
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D ≥ 4: We need to discuss loops!
Simple example

k

Consider integral

I =

∫
d4k

(2π)4
i

k2 −M 2 + i0+
. (5.47)

Introduce

a ≡
√
k⃗2 +M 2 > 0
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so that

k2 −M 2 + i0+ = k20 − k⃗2 −M 2 + i0+

= k20 − a2 + i0+

= k20 − (a− i0+)2

= [k0 + (a− i0+)][k0 − (a− i0+)].

Define

f (k0) =
1

[k0 + (a− i0+)][k0 − (a− i0+)]
.

Determine
∫∞
−∞ dk0f(k0) as part of the calculation of I .

Consider f in the complex k0 plane and make use of Cauchy’s theorem∮
C

dzf (z) = 0 (5.48)

for functions which are differentiable in every point inside the closed
contour C.
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Choose contour as

a-i0+

-(a-i0+)

3

Re(k   )

Im(k   )

0

0

γ

γ

γ

1

2

4

γ

0 =

4∑
i=1

∫
γi

dzf (z).
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Make use of ∫
γ

f (z)dz =

∫ b

a

f [γ(t)]γ′(t)dt

to obtain for individual integrals:

γ1(t) = t, γ′1(t) = 1, a = −∞, b =∞ :

∫
γ1

f (z)dz =

∫ ∞
−∞

f (t)dt,

γ2(t) = Reit, γ′2(t) = iReit, a = 0, b =
π

2
:∫

γ2

f (z)dz = lim
R→∞

∫ π
2

0

f (Reit)iReitdt = 0, because lim
R→∞

Rf (Reit)︸ ︷︷ ︸
∼ 1

R

= 0,

γ3(t) = it, γ′3(t) = i, a = +∞, b = −∞ :

∫
γ3

f (z)dz =

∫ −∞
∞

f (it)idt,

γ4(t) = Reit, γ′4(t) = iReit, a =
3

2
π, b = π :
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∫
γ4

f (z)dz = 0 analogous to γ2.

Combine with Eq. (5.48)⇒ so-called Wick rotation∫ ∞
−∞

f (t)dt = −i
∫ −∞
∞

dtf (it) = i

∫ ∞
−∞

dtf(it). (5.49)

Intermediate result

I =
1

(2π)4
i

∫ ∞
−∞

dk0

∫
d3k

i

(ik0)2 − k⃗2 −M 2 + i0+

=

∫
d4l

(2π)4
1

l2 +M 2 − i0+
.

l2 = l21 + l22 + l23 + l24 denotes Euclidian scalar product. In this special
case: Integrand does not have a pole⇒ we can omit the −i0+.

• I diverges for large values of l [ultraviolet (UV) divergence].
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UV degree of divergence can be estimated by simply counting powers of
momenta.
If the integral behaves asymptotically as∫

d4l/l2 : diverges quadratically∫
d4l/l3 : diverges linearly∫
d4l/l4 : diverges logarithmically

I diverges quadratically.

Various methods to regularize divergent integrals.
Here: Dimensional regularization, because it preserves algebraic rela-
tions among Green functions (Ward identities) if underlying symmetries
do not depend on # of space-time dimensions.
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Dimensional regularization: Generalize integral from 4 to n dimensions.
Introduce polar coordinates

l1 = l cos(θ1),

l2 = l sin(θ1) cos(θ2),

l3 = l sin(θ1) sin(θ2) cos(θ3),
...

ln−1 = l sin(θ1) sin(θ2) · · · cos(θn−1),
ln = l sin(θ1) sin(θ2) · · · sin(θn−1), (5.50)

where 0 ≤ l, θi ∈ [0, π], i = 1, · · · , n− 2, θn−1 ∈ [0, 2π].
General integral is symbolically of the form∫

dnl · · · =
∫ ∞
0

ln−1dl

∫ 2π

0

dθn−1

∫ π

0

dθn−2 sin(θn−2) · · ·
∫ π

0

dθ1 sin
n−2(θ1) · · · .

(5.51)
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If integrand does not depend on angles, angular integration can explicitly
be carried out. Make use of (Exercise)

∫ π

0

sinm(θ)dθ =

√
πΓ
(
m+1
2

)
Γ
(
m+2
2

)
(shown by induction).

Result of angular integration

∫ 2π

0

dθn−1 · · ·
∫ π

0

dθ1 sin
n−2(θ1) = 2π

√
πΓ(1)

Γ
(
3
2

) √πΓ (32)
Γ(2)

· · ·
√
πΓ
(
n−1
2

)
Γ
(
n
2

)︸ ︷︷ ︸
(n− 2) factors

= 2π
π
n−2
2

Γ
(
n
2

) = 2
π
n
2

Γ
(
n
2

). (5.52)
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Check for n = 3:

4π = 2
π
1
2

= 2
π

3
2

√
π
2

= 2
π

3
2

Γ
(
3
2

).
Define integral for n dimensions (n integer) as

In(M
2, µ2) = µ4−n

∫
dnk

(2π)n
i

k2 −M 2 + i0+
. (5.53)

Scale µ: Unit of mass, ’t Hooft parameter, renormalization scale (inte-
gral has the same dimension for arbitrary n). [Integral of Eq. (5.53) is
convergent only for n = 1.]

Wick rotation + angular integration⇒ integral formally reads

In(M
2, µ2) = µ4−n2

π
n
2

Γ
(
n
2

) 1

(2π)n

∫ ∞
0

dl
ln−1

l2 +M 2
.
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For later use, investigate (more general) integral∫ ∞
0

ln−1dl

(l2 +M 2)α
=

1

(M 2)α

∫ ∞
0

ln−1dl

( l
2

M2 + 1)α
=

1

2
(M 2)

n
2−α
∫ ∞
0

t
n
2−1dt

(t + 1)α
,

(5.54)
with substitution t ≡ l2/M 2.
Beta function

B(x, y) =

∫ ∞
0

tx−1dt

(1 + t)x+y
=

Γ(x)Γ(y)

Γ(x + y)
, (5.55)

integral converges for x > 0, y > 0 and diverges if x ≤ 0 or y ≤ 0.

Non-positive values of x or y: Use analytic continuation in terms of
Gamma function to define Beta function and thus integral of Eq. (5.54).

Recall: Γ(z) is single valued and analytic over entire complex plane, save
for the points z = −n, n = 0, 1, 2, · · ·, where it possesses simple poles
with residue (−1)n/n!.
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x = n/2, x + y = α and y = α− n/2 ⇒∫ ∞
0

ln−1dl

(l2 +M 2)α
=

1

2
(M 2)

n
2−α

Γ
(
n
2

)
Γ
(
α− n

2

)
Γ(α)

(5.56)

α = 1 ⇒

In(M
2, µ2) = µ4−n 2

π
n
2

Γ
(
n
2

)︸ ︷︷ ︸
angular integration

1

(2π)n
1

2
(M 2)

n
2−1

Γ
(
n
2

)
Γ
(
1− n

2

)
Γ(1)︸︷︷︸
1

=
µ4−n

(4π)
n
2
(M 2)

n
2−1Γ

(
1− n

2

)
. (5.57)

az = exp[ln(a)z], a ∈ R+ is an analytic function in C.
Making use of

µ4−n = (µ2)2−
n
2 , (M 2)

n
2−1 =M 2(M 2)

n
2−2, (4π)

n
2 = (4π)2(4π)

n
2−2,
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we define (as a function of a complex variable n)

I(M 2, µ2, n) =
M 2

(4π)2

(
4πµ2

M 2

)2−n2
Γ
(
1− n

2

)
.

n→ 4: Gamma function has a pole.
How is this pole is approached?
Important property: Γ(z + 1) = zΓ(z)

Γ
(
1− n

2

)
=

Γ
(
1− n

2 + 1
)

1− n
2

=
Γ
(
2− n

2 + 1
)(

1− n
2

) (
2− n

2

) = Γ
(
1 + ϵ

2

)
(−1)

(
1− ϵ

2

)
ϵ
2

where ϵ ≡ 4− n.
Make use of ax = exp[ln(a)x] = 1 + ln(a)x +O(x2).
Expand integral for small ϵ

I(M 2, µ2, n) =
M 2

16π2

[
1 +

ϵ

2
ln

(
4πµ2

M 2

)
+O(ϵ2)

]
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×
(
−2
ϵ

)[
1 +

ϵ

2
+O(ϵ2)

]Γ(1)︸︷︷︸
1

+
ϵ

2
Γ′(1) +O(ϵ2)


=

M 2

16π2

−2
ϵ

−Γ′(1)︸ ︷︷ ︸
γE = 0.5772 · · ·

−1− ln(4π) + ln

(
M 2

µ2

)
+O(ϵ)

 ,
γE: Euler’s constant.
Final result

I(M 2, µ2, n) =
M 2

16π2

[
R + ln

(
M 2

µ2

)]
+O(n− 4), (5.58)

where

R︸︷︷︸
M̃S

=
2

n− 4︸ ︷︷ ︸
MS

−[ln(4π) + Γ′(1)]

︸ ︷︷ ︸
MS

−1. (5.59)
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Using the same techniques⇒ very useful expression for the more general
integral (Exercise)∫

dnk

(2π)n
(k2)p

(k2 −M 2 + i0+)q
=

i(−)p−q 1

(4π)
n
2
(M 2)p+

n
2−q

Γ
(
p + n

2

)
Γ
(
q − p− n

2

)
Γ
(
n
2

)
Γ(q)

. (5.60)

Remarks:

1. In the context of combining propagators by using Feynman’s trick
⇒ integrals with M 2 replaced by A− i0+, A real number.
It is important to consistently deal with the boundary condition
−i0+.

Example: Consider ln(A− i0+).
Express z in its polar form z = |z| exp(iφ), demand −π ≤ φ < π.

• A > 0: ln(A− i0+) = ln(A).
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• A < 0: Infinitesimal imaginary part indicates that−|A| is reached
in the third quadrant from below the real axis,⇒ we have to use
the −π.
Make use of ln(ab) = ln(a) + ln(b) ⇒

ln(A− i0+) = ln(|A|) + ln(e−iπ) = ln(|A|)− iπ, A < 0.

• Summarized in a single expression

ln(A− i0+) = ln(|A|)− iπΘ(−A) forA ∈ R. (5.61)

Discussion is of importance for consistently determining imagi-
nary parts of loop integrals.

2. In dim. reg. power-law divergences are set to 0.

3. Logarithmic UV divergences of one-loop integrals in dim. reg. show
up as single poles in ϵ = 4− n.
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5.7 Chiral Lagrangian at Order O(q4)

Reference:

• J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985)

Most general Lagrangian at O(q4):

L4 = L1

{
Tr[DµU(D

µU)†]
}2

+L2Tr
[
DµU(DνU)

†]Tr [DµU(DνU)†
]

+L3Tr
[
DµU(D

µU)†DνU(D
νU)†

]
+L4Tr

[
DµU(D

µU)†
]
Tr
(
χU † + Uχ†

)
+L5Tr

[
DµU(D

µU)†(χU † + Uχ†)
]

+L6

[
Tr
(
χU † + Uχ†

)]2
+L7

[
Tr
(
χU † − Uχ†

)]2
+L8Tr

(
Uχ†Uχ† + χU †χU †

)
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−iL9Tr
[
fRµνD

µU(DνU)† + fLµν(D
µU)†DνU

]
+L10Tr

(
UfLµνU

†fµνR
)

+H1Tr
(
fRµνf

µν
R + fLµνf

µν
L

)
+H2Tr

(
χχ†
)
. (5.62)

• Numerical values of low-energy coupling constants Li (LECs) are not
determined by chiral symmetry.

• In principle, determined in terms of (remaining) parameters of QCD,
namely, heavy-quark masses and QCD scale ΛQCD (g3).

• Sources of information on LECs:

– Fix by using empirical input.

– Estimate from QCD-inspired models.

– Calculate from lattice QCD.
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S. Weinberg, The Quantum Theory of Fields, Vol. I, Chap. 12:
“... the cancellation of ultraviolet divergences does not really depend on
renormalizability; as long as we include every one of the infinite number
of interactions allowed by symmetries, the so-called non-renormalizable
theories are actually just as renormalizable as renormalizable theories.”

Weinberg’s power counting⇒ (renormalized) one-loop graphs with ver-
tices from L2 are of O(q4). By construction Eq. (5.62) represents the
most general Lagrangian at O(q4).

⇒ Adjust (renormalize) parameters of L4 to cancel one-loop divergences:

Li = Lri +
Γi

32π2
R, i = 1, · · · , 10, (5.63)

Hi = Hr
i +

∆i

32π2
R, i = 1, 2, (5.64)
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where

R =
2

n− 4
− [ln(4π)− γE + 1]. (5.65)

Li bare parameters vs. Lri renormalized parameters.

Coefficient Empirical Value Γi
Lr1 0.4± 0.3 3

32
Lr2 1.35± 0.3 3

16
Lr3 −3.5± 1.1 0
Lr4 −0.3± 0.5 1

8
Lr5 1.4± 0.5 3

8
Lr6 −0.2± 0.3 11

144
Lr7 −0.4± 0.2 0
Lr8 0.9± 0.3 5

48
Lr9 6.9± 0.7 1

4
Lr10 −5.5± 0.7 −1

4
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Renormalized low-energy coupling constants Lri in units of 10−3 at the
scale µ = Mρ, see J. Bijnens, G. Ecker, and J. Gasser, The Second
DAΦNE Physics Handbook, Vol. I, Chap. 3. ∆1 = −1/8, ∆2 = 5/24.

• Except for L3 and L7, Li and Hi are required in the renormalization
of one-loop graphs.

• H1 and H2 contain only external fields, are of no physical relevance.

• Renormalized coefficients Lri depend on scale µ introduced by di-
mensional regularization [see Eq. (5.58)].
Values at two different scales µ1 and µ2 are related by

Lri (µ2) = Lri (µ1) +
Γi

16π2
ln

(
µ1
µ2

)
. (5.66)

Scale dependence of coefficients and of finite part of loop-diagrams
compensate each other. Physical observables are scale independent.
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5.8 Application at Order O(q4): Masses of the Goldstone Bosons

Reference:

• J. Gasser and H. Leutwyler, Nucl. Phys. B250, 465 (1985)

Masses at O(q4) will allow us to illustrate various properties typical of
ChPT:

1. Relation between bare LECs Li and renormalized LECs Lri : Diver-
gences of one-loop diagrams are canceled.

2. Scale dependence of Lri (µ) and of finite contributions of one-loop
diagrams combine to scale-independent predictions for physical ob-
servables.

3. A perturbation expansion in the explicit symmetry breaking with re-
spect to a symmetry that is realized in the Nambu-Goldstone mode
generates corrections which are non-analytic in the symmetry break-
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ing parameter, here the quark masses [see L. F. Li and H. Pagels,
Phys. Rev. Lett. 26, 1204 (1971)].

• Recall [see, e.g., T. P. Cheng and L. F. Li, Gauge Theory of Ele-
mentary Particle Physics (Clarendon, Oxford, 1984), chapter 2]

Propagator of a (pseudo-) scalar field is defined as the Fourier transform
of the two-point Green function:

i∆(p) =

∫
d4xe−ip·x⟨0|T [Φ0(x)Φ0(0)] |0⟩. (5.67)

Index 0: Bare unrenormalized field (do not confuse with free field).
Recall propagator of free field with mass m (Assignment 3)

i∆F (p) =
i

p2 −m2 + i0+
.

Full propagator in terms of the so-called proper self-energy insertions
−iΣ(p2):
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−iΣ(p2) consists of one-particle-irreducible diagrams: Diagrams which
do not fall apart into two separate pieces when cutting an arbitrary
internal line.
Summation via a geometric series

i∆(p) =
i

p2 −M 2
0 + i0+

+
i

p2 −M 2
0 + i0+

[−iΣ(p2)] i

p2 −M 2
0 + i0+︸ ︷︷ ︸

x
+ · · ·

=
i

p2 −M 2
0 + i0+

[1 + x + x2 + · · ·]︸ ︷︷ ︸
1/(1− x)
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=
i

p2 −M 2
0 − Σ(p2) + i0+

. (5.68)

Physical (or pole) mass (including interaction) is defined as the position
of the pole of Eq. (5.68),

M 2 −M 2
0 − Σ(M 2)

!
= 0. (5.69)

Assume that Σ(p2) can be expanded in a series around p2 = λ2:

Σ(p2) = Σ(λ2) + (p2 − λ2)Σ′(λ2) + Σ̃(p2). (5.70)

Remainder Σ̃(p2) depends on choice of λ2, satisfies Σ̃(λ2) = Σ̃′(λ2) = 0.
⇒
i∆(p) =

i

p2 −M 2
0 − Σ(λ2)− (p2 − λ2)Σ′(λ2)− Σ̃(p2) + i0+

. (5.71)

Take λ2 =M 2 in Eq. (5.71) + condition of Eq. (5.69)⇒

i∆(p) =
i

(p2 −M 2)[1− Σ′(M 2)]− Σ̃(p2) + i0+
=

iZΦ

p2 −M 2 − ZΦΣ̃(p2) + i0+
.
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Wave function renormalization constant

ZΦ =
1

1− Σ′(M 2)
.

Introduce renormalized field as ΦR = Φ0/
√
ZΦ ⇒ renormalized propa-

gator

i∆R(p) =

∫
d4xe−ip·x⟨0|T [ΦR(x)ΦR(0)]|0⟩

=
i

p2 −M 2 − ZΦΣ̃(p2) + i0+
.

Σ̃(M 2) = Σ̃′(M 2) = 0 ⇒ residue = 1.
In the vicinity of the pole, renormalized propagator behaves as a free
propagator with physical squared mass M 2.
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At lowest order (D = 2), the propagator simply reads

i∆(p) =
i

p2 −M 2
0 + i0+

, (5.72)

with lowest-order squared masses M 2
0

M 2
π,2 = 2B0m̂,

M 2
K,2 = B0(m̂ +ms),

M 2
η,2 =

2

3
B0 (m̂ + 2ms) .

(Subscript 2 refers to chiral order 2. We assume isospin symmetry.)

L2 and L4 (without external fields) generate vertices with an even num-
ber of Goldstone bosons only ⇒ self-energy contributions at D = 4:
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4 2

We need
Lint = L4ϕ

2 + L2ϕ
4 , (5.73)

where

L4ϕ
2 =

1

24F 2
0

{
Tr([ϕ, ∂µϕ]ϕ∂

µϕ) +B0Tr(Mϕ4)
}
. (5.74)

Q: Which terms of L4 contribute?
A:

• Terms ∼ L9, L10, H1, H2 do not, because they either contain field-
strength tensors or external fields only.

• ∂µU = O(ϕ)⇒ terms ∼ L1, L2, L3 are O(ϕ
4)⇒ do not contribute.
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• Candidates: L4 - L8

• Example:

L4Tr(∂µU∂
µU †)Tr(χU † + Uχ†) =

L4
2

F 2
0

[∂µη∂
µη + ∂µπ

0∂µπ0 + 2∂µπ
+∂µπ− + 2∂µK

+∂µK−

+2∂µK
0∂µK̄0 +O(ϕ4)][4B0(2m̂ +ms) +O(ϕ2)].

• Remaining terms as Exercise.

We obtain for L2ϕ
4

L2ϕ
4 = −1

2

(
aηη

2 + bη∂µη∂
µη
)

−1
2

(
aππ

0π0 + bπ∂µπ
0∂µπ0

)
−aππ+π− − bπ∂µπ+∂µπ−

−aKK+K− − bK∂µK+∂µK−

335



−aKK0K̄0 − bK∂µK0∂µK̄0, (5.75)

with constants aϕ and bϕ

aη =
64B2

0

3F 2
0

[
(2m̂ +ms)(m̂ + 2ms)L6 + 2(m̂−ms)

2L7 + (m̂2 + 2m2
s)L8

]
,

bη = −16B0

F 2
0

[
(2m̂ +ms)L4 +

1

3
(m̂ + 2ms)L5

]
,

aπ =
64B2

0

F 2
0

[
(2m̂ +ms)m̂L6 + m̂2L8

]
,

bπ = −16B0

F 2
0

[(2m̂ +ms)L4 + m̂L5] ,

aK =
32B2

0

F 2
0

[
(2m̂ +ms)(m̂ +ms)L6 +

1

2
(m̂ +ms)

2L8

]
,

bK = −16B0

F 2
0

[
(2m̂ +ms)L4 +

1

2
(m̂ +ms)L5

]
. (5.76)
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Self energies at O(q4) are of the form
Σϕ(p

2) = Aϕ +Bϕp
2. (5.77)

Constants Aϕ and Bϕ receive a tree-level contribution from L4 and a
one-loop contribution with a vertex from L2.

• Tree-level contribution of L4: Lagrangians of Eq. (5.75) contain ei-
ther exactly two derivatives of the fields or no derivatives at all.

Example η. Feynman rule from iL. ∂µϕ generates −ipµ (ipµ) for
incoming (outgoing) line:

−iΣtree
η (p2) = i2

[
−1
2
aη −

1

2
bη(ipµ)(−ipµ)

]
= −i(aη + bηp

2).

Factor of 2 takes account of two combinations of contracting the
fields with external lines.

• Argument for one-loop contribution: Lagrangian L4ϕ
2 contains either

two derivatives or no derivatives, symbolically ϕϕ∂ϕ∂ϕ or ϕ4, re-
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spectively.
First term ⇒ M 2 if both ϕs are contracted with external lines, and
p2 if both ∂ϕs are contracted with external lines. “Mixed” situation
vanishes upon integration.
Second term ⇒ no momentum dependence.

Example: Pion-loop contribution to π0 self energy

p, 3 p, 3

k, j

2
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Apply Feynman rule of Eq. (5.46) for a = c = 3, pa = pc = p, b = d = j,
and pb = pd = k:

1

2

∫
d4k

(2π)4
i

3F 2
0

3∑
j=1

{
δ3jδ3j︸ ︷︷ ︸
→ 1

[(p + k)2 + 2p · k + 2p · k +M 2
π,2]

+ δ33δjj︸ ︷︷ ︸
→ 3

[(p− p)2 − 2p2 − 2k2 +M 2
π,2]

δ3jδ3j︸ ︷︷ ︸
→ 1

[(p− k)2 − 2p · k − 2k · p +M 2
π,2]

}
i

k2 −M 2
π,2 + i0+

=
1

2

∫
d4k

(2π)4
i

3F 2
0

(
−4p2 − 4k2 + 5M 2

π,2

) i

k2 −M 2
π,2 + i0+

. (5.78)

Explanation of symmetry factor 1/2:

Feynman rule of Eq. (5.46) results from 4! = 24 distinct combinations
of contracting four field operators with four external lines. Two lines
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have to be selected as internal lines: ⇒ 6 possibilities to choose one pair
out of 4 field operators to form internal lines. For the two remaining
operators one has two possibilities of contracting them with external
lines. ⇒ 6× 2 = 24/2 combinations.

Integral of Eq. (5.78) diverges ⇒ dimensional regularization. Besides I
we need

µ4−ni

∫
dnk

(2π)n
kµkν

k2 −M 2 + i0+
= gµνC. (5.79)

Integral contains no external momenta, gµν is the only symmetric second-
rank tensor.
Determination of C (simplest example of Veltman-Passarino procedure).
Contract Eq. (5.79) with gµν in n dimensions and add 0 = −M 2 +M 2

in numerator:

µ4−ni

∫
dnk

(2π)n
k2 −M 2 +M 2

k2 −M 2 + i0+
= gµνgµν︸ ︷︷ ︸

n

C.
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Make use of

µ4−ni

∫
dnk

(2π)n
= 0

in dimensional regularization which is “shown” as follows. Consider
(more general) integral ∫

dnk(k2)p,

substitute k = λk′ (λ > 0), relabel k′ = k

· · · = λn+2p

∫
dnk(k2)p. (5.80)

λ > 0 arbitrary ∧ for fixed p, the result is to hold for arbitrary n⇒ 0 in
dimensional regularization. (Note: This has the character of a prescrip-
tion. Integral does not depend on any scale; its analytic continuation is
ill-defined in the sense that there is no dimension n where it is meaning-
ful. It is ultraviolet divergent for n + 2p ≥ 0 and infrared divergent for
n + 2p ≤ 0.)

341



⇒

µ4−ni

∫
dnk

(2π)n
kµkν

k2 −M 2 + i0+
=
M 2

n
gµνµ

4−n
∫

dnk

(2π)n
i

k2 −M 2 + i0+

=
M 2

n
gµνI(M

2, µ2, n),

i.e.

C =
M 2

n
I(M 2, µ2, n).

Pion-loop contribution to the π0 self energy

i

6F 2
0

(−4p2 +M 2
π,2)I(M

2
π,2, µ

2, n).

• Contribution indeed of the type A +Bp2.

• Diverges as n→ 4.

342



Systematic analysis of all loop contributions + tree-level contributions
⇒

Aπ =
M 2

π,2

F 2
0

{
−1
6
I(M 2

π,2)−
1

6
I(M 2

η,2)−
1

3
I(M 2

K,2)︸ ︷︷ ︸
loop contribution

+32[(2m̂ +ms)B0L6 + m̂B0L8]︸ ︷︷ ︸
tree-level contribution

}
,

Bπ =
2

3

I(M 2
π,2)

F 2
0

+
1

3

I(M 2
K,2)

F 2
0

− 16B0

F 2
0

[(2m̂ +ms)L4 + m̂L5] ,

AK =
M 2

K,2

F 2
0

{ 1

12
I(M 2

η,2)−
1

4
I(M 2

π,2)−
1

2
I(M 2

K,2)

+32

[
(2m̂ +ms)B0L6 +

1

2
(m̂ +ms)B0L8

]}
,
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BK =
1

4

I(M 2
η,2)

F 2
0

+
1

4

I(M 2
π,2)

F 2
0

+
1

2

I(M 2
K,2)

F 2
0

−16B0

F 2
0

[
(2m̂ +ms)L4 +

1

2
(m̂ +ms)L5

]
,

Aη =
M 2

η,2

F 2
0

[
−2
3
I(M 2

η,2)

]
+
M 2

π,2

F 2
0

[
1

6
I(M 2

η,2)−
1

2
I(M 2

π,2) +
1

3
I(M 2

K,2)

]
+
M 2

η,2

F 2
0

[16M 2
η,2L8 + 32(2m̂ +ms)B0L6]

+
128

9

B2
0(m̂−ms)

2

F 2
0

(3L7 + L8),

Bη =
I(M 2

K,2)

F 2
0

− 16

F 2
0

(2m̂ +ms)B0L4 − 8
M 2

η,2

F 2
0

L5. (5.81)

(Dependence on µ2 and n in integrals I(M 2, µ2, n) suppressed.)
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• Integrals I and bare coefficients Li (with the exception of L7) have
1/(n− 4) poles and finite pieces.

• Coefficients Aϕ and Bϕ are not finite as n→ 4 (no observables!).

Determine masses at O(q4)

M 2 =M 2
2 + Σ(M 2) (5.82)

using predictions of Eq. (5.77) for self energies,

M 2 =M 2
2 +A +BM 2 ⇒M 2 =

M 2
2 + A

1−B
=M 2

2 (1 +B) +A +O(q6),

because A = O(q4) und B = O(q2). Express bare coefficients Li in
terms of renormalized coefficients by using Eq. (5.63) (Exercise) ⇒

M 2
π,4 = M 2

π,2

{
1 +

M 2
π,2

32π2F 2
0

ln

(
M 2

π,2

µ2

)
−

M 2
η,2

96π2F 2
0

ln

(
M 2

η,2

µ2

)
345



+
16

F 2
0

[(2m̂ +ms)B0(2L
r
6 − Lr4) + m̂B0(2L

r
8 − Lr5)]

}
, (5.83)

M 2
K,4 = M 2

K,2

{
1 +

M 2
η,2

48π2F 2
0

ln

(
M 2

η,2

µ2

)
+
16

F 2
0

[
(2m̂ +ms)B0(2L

r
6 − Lr4) +

1

2
(m̂ +ms)B0(2L

r
8 − Lr5)

]}
,

(5.84)

M 2
η,4 = M 2

η,2

[
1 +

M 2
K,2

16π2F 2
0

ln

(
M 2

K,2

µ2

)
−

M 2
η,2

24π2F 2
0

ln

(
M 2

η,2

µ2

)

+
16

F 2
0

(2m̂ +ms)B0(2L
r
6 − Lr4) + 8

M 2
η,2

F 2
0

(2Lr8 − Lr5)

]

+M 2
π,2

[
M 2

η,2

96π2F 2
0

ln

(
M 2

η,2

µ2

)
−

M 2
π,2

32π2F 2
0

ln

(
M 2

π,2

µ2

)
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+
M 2

K,2

48π2F 2
0

ln

(
M 2

K,2

µ2

)]
+
128

9

B2
0(m̂−ms)

2

F 2
0

(3Lr7 + Lr8). (5.85)

Remarks

• Physical masses are finite ⇒ bare coefficients Li must be infinite in
order to cancel infinities resulting from divergent loop integrals.

• Masses vanish if quark masses are sent to zero. [Self interaction in L2

(in the absence of quark masses) does not generate Goldstone boson
masses at higher order.]

• Two types of quark-mass dependence

1. Analytic terms ∼ m2
q × Lri .
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2. Non-analytic terms ∼ m2
q ln(mq)—so-called chiral logarithms—

which do not involve new parameters.

Li and Pagels: Perturbation theory around a symmetry which is
realized in Nambu-Goldstone mode results in both analytic as well
as non-analytic expressions in the perturbation.

• Scale dependence of Lri is by construction such that it cancels the
scale dependence of chiral logarithms. Physical observables do not
depend on the scale µ!

From Eq. (5.66),

Lri (µ) = Lri (µ
′) +

Γi
16π2

ln

(
µ′

µ

)
,

we obtain
dLri (µ)

dµ
= − Γi

16π2µ
.
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Also
d

dµ
ln

(
M 2

µ2

)
= 2

d

dµ
[ln(M)− ln(µ)] = −2

µ
.

Example pion mass:

dM 2
π,4

dµ
=

M 2
π,2

16π2µF 2
0

{M 2
π,2

2
(−2)−

M 2
η,2

6
(−2)

+16[(2m̂ +ms)B0(−2Γ6 + Γ4) + m̂B0(−2Γ8 + Γ5)]
}

=
M 2

π,2

16π2µF 2
0

{
− 2B0m̂ +

2

9
(m̂ + 2ms)B0

+16
[
(2m̂ +ms)B0

(
−2 11

144
+
1

8

)
︸ ︷︷ ︸

− 1
36

+m̂B0

(
−2 5

48
+
3

8

)
︸ ︷︷ ︸

1
6

]}

=
M 2

π,2

16π2µF 2
0

{
B0m̂

(
−2 + 2

9
− 8

9
+
8

3

)
+B0ms

(
4

9
− 16

36

)}
= 0.
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Chapter 6

Chiral Perturbation Theory for Baryons

• So far: Purely mesonic sector involving interaction of Goldstone
bosons with each other and with external fields.

• Now: Matrix elements with a single baryon in the initial and final
states.

6.1 Transformation Properties of the Fields

References:
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• S. Weinberg, Phys. Rev. 166, 1568 (1968)

• S. R. Coleman, J. Wess, and B. Zumino, Phys. Rev. 177, 2239 (1969)

• C. G. Callan, S. R. Coleman, J. Wess, and B. Zumino, Phys. Rev.
177, 2247 (1969)

• H. Georgi, Weak Interactions and Modern Particle Theory (Ben-
jamin/Cummings, Menlo Park, 1984)

• J. Gasser, M. E. Sainio, and A. Švarc, Nucl. Phys. B307, 779 (1988)

Aim: Most general description of interaction of baryons with Goldstone
bosons and external fields at low energies.

Discussion for nucleons [SU(2) ChPT] and baryon octet [SU(3) ChPT].

Consider nucleon doublet and octet of 1
2

+
baryons (see Fig. 4.2)

Ψ =

(
p
n

)
, (6.1)
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B =

8∑
a=1

λaBa√
2

=


1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ

 . (6.2)

• Each entry is a Dirac field.

• B ̸= B†.

Representation of groups H = SU(2)V /SU(3)V on {Ψ}/{B} [see also
Eq. (5.6)]:

Ψ 7→ V Ψ, V ∈ SU(2)V , (6.3)

B 7→ V BV †, V ∈ SU(3)V . (6.4)

• Ψ transforms under the fundamental representation of SU(2).

• B transforms under the adjoint representation of SU(3).

Realization of SU(N)L × SU(N)R (see textbook by Georgi for more de-
tails). Start with G = SU(2)L × SU(2)R.
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Recall

U 7→ RUL†

defines nonlinear realization of G. Introduce u2(x) = U(x) and define
SU(2)-valued function K(L,R, U) by

u 7→ u′ =
√
RUL† ≡ RuK−1(L,R, U), (6.5)

i.e.

K(L,R, U) = u′−1Ru =
√
RUL†

−1
R
√
U.

Claim:

φ(g) :

(
U
Ψ

)
7→
(
U ′

Ψ′

)
=

(
RUL†

K(L,R, U)Ψ

)
(6.6)

defines operation of G on the set {(U,Ψ)}.
Verification:

• Identity leaves (U,Ψ) invariant.
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• Homomorphism property

φ(g1)φ(g2)

(
U
Ψ

)
= φ(g1)

(
R2UL

†
2

K(L2, R2, U)Ψ

)
=

(
R1R2UL

†
2L
†
1

K(L1, R1, R2UL
†
2)K(L2, R2, U)Ψ

)
=

(
R1R2U(L1L2)

†

K(L1L2, R1R2, U)Ψ

)
= φ(g1g2)

(
U
Ψ

)
.

We made use of (Exercise)

K(L1, R1, R2UL
†
2)K(L2, R2, U) = K((L1L2), (R1R2), U).

Remarks:

• For general group element g = (L,R) the transformation behavior
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of Ψ depends on U !

• Special case of isospin transformation: R = L = V . ⇒ u′ = V uV †,
because

U ′ = u′2 = V uV †V uV † = V u2V † = V UV †.

Compare with Eq. (6.5) ⇒ K−1(V, V, U) = V † or K(V, V, U) = V
⇒ Ψ transforms linearly as isospin doublet under the isospin sub-
group SU(2)V of SU(2)L × SU(2)R.

General feature: Transformation behavior under the subgroup which
leaves the ground state invariant is independent of U .

• Various realizations may be connected to each other using field re-
definitions.

Analogously: For G = SU(3)L × SU(3)R one uses nonlinear realization

φ(g) :

(
U
B

)
7→
(
U ′

B′

)
=

(
RUL†

K(L,R, U)BK†(L,R, U)

)
, (6.7)
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where K is defined completely analogously to Eq. (6.5) after inserting
corresponding SU(3) matrices.

Generalization to other multipletts: Define transformation behavior un-
der subgroup H in terms of V (and V †). Replace V → K (and
V † → K†).

6.2 Baryonic Effective Lagrangian at Lowest Order

References:

• J. Gasser, M. E. Sainio, and A. Švarc, Nucl. Phys. B307, 779 (1988)

• A. Krause, Helv. Phys. Acta 63, 3 (1990)

• E. Jenkins and A. V. Manohar, Phys. Lett. B 255, 558 (1991)

• V. Bernard, N. Kaiser, J. Kambor, and U.-G. Meißner, Nucl. Phys.
B388, 315 (1992)
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• H. Georgi, Weak Interactions and Modern Particle Theory (Ben-
jamin/Cummings, Menlo Park, 1984)

• B. Borasoy, Phys. Rev. D 59, 054021 (1999)

Aim: Construction of effective πN Lagrangian L(1)
πN assuming local

SU(2)L × SU(2)R × U(1)V symmetry.

Transformation behavior of external fields

rµ 7→ VRrµV
†
R + iVR∂µV

†
R,

lµ 7→ VLlµV
†
L + iVL∂µV

†
L ,

v(s)µ 7→ v(s)µ − ∂µΘ,
s + ip 7→ VR(s + ip)V †L ,

s− ip 7→ VL(s− ip)V †R.
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Transformation behavior of nucleon doublet and of U(
U(x)
Ψ(x)

)
7→
(

VR(x)U(x)V
†
L(x)

exp[−iΘ(x)]K[VL(x), VR(x), U(x)]Ψ(x)

)
(6.8)

Introduce covariant derivative DµΨ transforming as Ψ:

DµΨ(x) 7→ [DµΨ(x)]
′ !
= exp[−iΘ(x)]K[VL(x), VR(x), U(x)]DµΨ(x).

(6.9)
Since K depends on VL, VR, and U , we expect that covariant derivative
contains u, u†, and their derivatives.
Introduce so-called chiral connection (note ∂µuu

† = −u∂µu†),

Γµ =
1

2

[
u†(∂µ − irµ)u + u(∂µ − ilµ)u†

]
, (6.10)

and define
DµΨ = (∂µ + Γµ − iv(s)µ )Ψ. (6.11)

Need to show

D′µΨ
′ = [∂µ + Γ′µ − i(v(s)µ − ∂µΘ)] exp(−iΘ)KΨ
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= exp(−iΘ)K(∂µ + Γµ − iv(s)µ )Ψ. (6.12)

Make use of product rule

∂µ[exp(−iΘ)KΨ] = −i∂µΘexp(−iΘ)KΨ+exp(−iΘ)∂µKΨ+exp(−iΘ)K∂µΨ,
multiply by exp(iΘ) ⇒ condition

∂µK = KΓµ − Γ′µK.

Eq. (6.5),

K = u′†VRu = u′u′†︸︷︷︸
1

u′†VRu = u′U ′†VRu = u′VL U †︸︷︷︸
u†u†

V †RVR︸ ︷︷ ︸
1

u = u′VLu
†,

⇒
2(KΓµ − Γ′µK) = K

[
u†(∂µ − irµ)u

]
−
[
u′†(∂µ − iVRrµV †R + VR∂µV

†
R)u

′
]
K

+(R→ L, rµ → lµ, u↔ u†, u′ ↔ u′†)

= u′†VR(∂µu− irµu)− u′†∂µu′ K︸︷︷︸
u′†VRu
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+iu′†VRrµ V
†
Ru
′K︸ ︷︷ ︸
u

−u′†VR∂µV †R u
′K︸︷︷︸
VRu

+(R→ L, rµ → lµ, u↔ u†, u′ ↔ u′†)

= u′†VR∂µu− iu′†VRrµu− u′†∂µu′u′†︸ ︷︷ ︸
−∂µu′†

VRu

+iu′†VRrµu− u′† VR∂µV †RVR︸ ︷︷ ︸
−∂µVR

u

+(R→ L, rµ → lµ, u↔ u†, u′ ↔ u′†)

= u′†VR∂µu + ∂µu
′†VRu + u′†∂µVRu

+(R→ L, u↔ u†, u′ ↔ u′†)

= ∂µ(u
′†VRu + u′VLu

†) = 2∂µK.
√

At O(q): Another Hermitian building block, so-called chiral vielbein,

uµ := i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†

]
. (6.13)
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• Under parity transforms as axial vector

uµ
P7→ i
[
u(∂µ − ilµ)u† − u†(∂µ − irµ)u

]
= −uµ.

• Under SU(2)L × SU(2)R × U(1)V transforms as (Exercise)

uµ 7→ KuµK
†.

Structure of the most general effective πN Lagrangian describing pro-
cesses with a single nucleon in initial and final states:

Ψ̄ÔΨ.

Ô is operator acting in Dirac- and flavor space transforming under
SU(2)L × SU(2)R × U(1)V as KÔK†. Lagrangian must be a Hermi-
tian Lorentz scalar which is even under the discrete symmetries C, P ,
and T .

Lagrangian with smallest number of derivatives

L(1)
πN = Ψ̄

(
iD/−m +

gA
2
γµγ5uµ

)
Ψ. (6.14)
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Two parameters

• Chiral limit m of nucleon mass [physical nucleon mass: mN = 939
MeV. Theoretical analysis: m ≈ 883 MeV (for fixed ms ̸= 0)].

• Chiral limit gA of axial-vector coupling constant gA. Physical value
determined from neutron beta decay: gA = 1.2695± 0.0029.

Overall normalization: External field and pion fields → 0 ⇒ free La-
grangian with mass m.

Discussion of power counting

Consider chiral limit: There is no reason for nucleon mass to become
small ⇒ ∂0 acting on nucleon field does not produce “small” quantity
⇒ new features of chiral power counting in baryonic sector.

Counting of bilinears Ψ̄ΓΨ
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Consider matrix elements of positive-energy plane-wave solutions to the
free Dirac equation in the Dirac representation:

ψ(+)(x⃗, t) = exp(−ipN · x)
√
EN +mN

(
χ

σ⃗·p⃗N
EN+mN

χ

)
. (6.15)

• χ two-component Pauli spinor;

• pµN = (EN , p⃗N) with EN =
√
p⃗ 2
N +m2

N ;

• Nonrelativistic limit: Lower (small) component suppressed with |p⃗N |/mN

relative to upper (large) component.

Divide 16 4× 4 matrices into

E = {1, γ0, γ5γi, σij},
O = {γ5, γ5γ0, γi, σ0i},
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where

1 =

(
1 0
0 1

)
,

γ0 =

(
1 0
0 −1

)
,

γ5γi =

(
−σi 0
0 σi

)
,

σij = ϵijk

(
σk 0
0 σk

)
,

γ5 =

(
0 1

1 0

)
,

γ5γ0 =

(
0 −1
1 0

)
,

γi =

(
0 σi

−σi 0

)
,
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σ0i = i

(
0 σi

σi 0

)
.

Odd matrices couple large with small components; do not couple large
with large components.
Even matrices couple large with large components; do not couple large
with small components.
i∂µ produces pµN = (mN , 0⃗) + (EN −mN , p⃗N ). First term O(q0) and
second term O(q).
Summary of chiral power counting (of new elements):

Ψ, Ψ̄ = O(q0), DµΨ = O(q0), (iD/−m)Ψ = O(q),
1, γµ, γ5γµ, σµν = O(q0), γ5 = O(q). (6.16)

The given order is always the minimal one. For example, γµ has O(q0)
piece (γ0) and O(q) piece (γi).

Construction of SU(3)L×SU(3)R Lagrangian similar. Consider building
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blocks transforming as K · · ·K†. Take products, sandwich between B̄
and B and take trace.

Lowest-order Lagrangian

L(1)
MB = Tr

[
B̄ (iD/ −M0)B

]
−D

2
Tr
(
B̄γµγ5{uµ, B}

)
−F
2
Tr
(
B̄γµγ5[uµ, B]

)
.

(6.17)

•M0 mass of baryon octet in chiral limit.

• Covariant derivative defined as

DµB = ∂µB + [Γµ, B], (6.18)

with Γµ from Eq. (6.10) [for SU(3)L × SU(3)R].

• ConstantsD and F from fit to semileptonic decays B → B′+e−+ν̄e
at tree level:

D = 0.80, F = 0.50. (6.19)
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Further values used in the literature: (D = 0.75, F = 0.50), (D =
0.804, F = 0.463).

6.3 Pion Nucleon Scattering at Lowest Order

References:

• S. Weinberg, Phys. Rev. Lett. 17, 616 (1966)

• Y. Tomozawa, Nuovo Cim. 46 A, 707 (1966)

• M. Mojžǐs, Eur. Phys. J. C 2, 181 (1998)

• N. Fettes and U.-G. Meißner, Nucl. Phys. A676, 311 (2000)

• T. Becher and H. Leutwyler, JHEP 0106, 017 (2001)

• R. Koch, Nucl. Phys. A448, 707 (1986)

• E. Matsinos, Phys. Rev. C 56, 3014 (1997)
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• H. C. Schröder et al., Eur. Phys. J. C 21, 473 (2001)

Effective Lagrangian of Eq. (6.14) reproduces famousWeinberg-Tomozawa
predictions for s-wave scattering lengths.

General parameterization of invariant amplitudeM = iT for the pro-
cess πa(q) +N(p)→ πb(q′) +N(p′)

T ab(p, q; p′, q′) = ū(p′)
{ 1
2
{τ b, τ a}︸ ︷︷ ︸
δab

A+(ν, νB) +
1

2
[τ b, τ a]︸ ︷︷ ︸
−iϵabcτ c

A−(ν, νB)

+
1

2
(q/ + q′/ )

[
δabB+(ν, νB)− iϵabcτ cB−(ν, νB)

] }
u(p).

(6.20)

Two independent scalar kinematical variables

ν =
s− u
4mN

=
(p + p′) · q

2mN
=

(p + p′) · q′

2mN
, (6.21)
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νB = −q · q
′

2mN
=
t− 2M 2

π

4mN
, (6.22)

with Mandelstam variables

s = (p + q)2,

t = (p′ − p)2,
u = (p′ − q)2,

s + t + u = 2m2
N + 2M 2

π .

Pion-crossing symmetry

T ab(p, q; p′, q′) = T ba(p,−q′; p′,−q).

(Exercise) ⇒

A+(−ν, νB) = A+(ν, νB), A−(−ν, νB) = −A−(ν, νB),
B+(−ν, νB) = −B+(ν, νB), B−(−ν, νB) = B−(ν, νB).
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Isospin decomposition

⟨I ′, I ′3|T |I, I3⟩ = T IδII ′δI3I ′3.

Relation between the two sets

T
1
2 = T+ + 2T−,

T
3
2 = T+ − T−. (6.23)

• Evaluation of tree-level approximation to πN scattering

obtained from L(1)
πN

Consider chiral vielbein without external fields (Exercise)

uµ = −
τ⃗ · ∂µϕ⃗
F

+O(ϕ3) (6.24)

and chiral connection (Exercise)

Γµ =
i

4F 2
τ⃗ · ϕ⃗× ∂µϕ⃗ +O(ϕ4). (6.25)
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⇒

Lint = −
1

2

gA
F
Ψ̄γµγ5τ

b∂µϕ
bΨ− 1

4F 2
Ψ̄γµ τ⃗ · ϕ⃗× ∂µϕ⃗︸ ︷︷ ︸

ϵcdeτ
cϕd∂µϕ

e

Ψ. (6.26)

• First term: Pseudovector pion-nucleon coupling.

• Second term: Weinberg-Tomozawa contact interaction.

Feynman rules

• for an incoming pion with four-momentum q and Cartesian isospin
index a:

−1
2

gA
F
q/γ5τ

a, (6.27)

• for an incoming pion with q, a and an outgoing pion with q′, b:

i

(
− 1

4F 2

)
γµϵcdeτ

c
(
δdaδebiq′µ + δdbδea(−iq)µ

)
=
q/ + q′/

4F 2
ϵabcτ

c.

(6.28)
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Calculation at lowest order: m→ mN , F → Fπ, and gA → gA, because
difference is O(q2).
Contact contribution�p p0q; a q0; b
Mcont = ū(p′)

q/ + q′/

4F 2
π

ϵabcτ
c︸ ︷︷ ︸

i12[τ
b, τ a]

u(p) = i
1

2F 2
π

ū(p′)
1

2
[τ b, τ a]

1

2
(q/ + q′/ )u(p).

(6.29)
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Remark: “Conventional” calculation (PS or PV couplings) does not
generate such a term.

s- and u-channel nucleon-pole diagrams�p p+ q p0q; a q0; b �p p� q0 p0q; a q0; b
Ms+u =

g2A
4F 2

π

ū(p′)τ bτ a(−)(−q′/ )γ5
i

p′/ + q′/ −mN
(−q/)γ5u(p)

+
g2A
4F 2

π

ū(p′)τ aτ b(−q/)γ5
i

p′/ − q/ −mN
(−)(−q′/ )γ5u(p)
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= i
g2A
4F 2

π

ū(p′)τ bτ a(−q′/ )γ5
1

p′/ + q′/ −mN
q/γ5u(p)

+i
g2A
4F 2

π

ū(p′)τ aτ bq/γ5
1

p′/ − q/ −mN
(−q′/ )γ5u(p). (6.30)

s- and u-channel contributions related via pion crossing a ↔ b and
q ↔ −q′. In the following: Explicitly calculate s-channel contribution,
obtain u-channel contribution through crossing.

Make use of Dirac equation and rewrite

q/γ5u(p) = (p′/ + q′/ −mN +mN − p/)γ5u(p)
= (p′/ + q′/ −mN)γ5u(p) + 2mNγ5u(p).

⇒

Ms = i
g2A
4F 2

π

ū(p′)τ bτ a(−q′/ )γ5
1

p′/ + q′/ −mN
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× [(p′/ + q′/ −mN) + 2mN ] γ5u(p)
γ25=1
= i

g2A
4F 2

π

ū(p′)τ bτ a
[
(−q′/ ) + (−q′/ )γ5

1

p′/ + q′/ −mN
2mNγ5

]
u(p).

Repeat procedure

ū(p′)q′/ γ5 = ū(p′)[−2mNγ5 − γ5(p/ + q/−mN)].

⇒

Ms = i
g2A
4F 2

π

ū(p′)τ bτ a[(−q′/ ) + 4m2
Nγ5

1

p′/ + q′/ −mN
γ5︸ ︷︷ ︸

PS coupling

+2mN ]u(p).

(6.31)
PS result using Goldberger-Treiman relation

gA
F

=
gπN
m
.

gπN : Pion nucleon coupling constant in chiral limit.
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s−m2
N = 2mN(ν − νB),

⇒

ū(p′)γ5
1

p′/ + q′/ −mN
γ5u(p)

= ū(p′)γ5
p′/ + q′/ +mN

(p′ + q′)2 −m2
N

γ5u(p)

Dirac eq.
= ū(p′)γ5

q′/

(p′ + q′)2 −m2
N

γ5u(p)

= −ū(p′) q′/

(p′ + q′)2 −m2
N

u(p)

momentum cons.
= −ū(p′)1

2

q′/ + p/ + q/− p′/
(p′ + q′)2 −m2

N

u(p)

Dirac eq.
=

1

2mN(ν − νB)

[
−1
2
ū(p′)(q/ + q′/ )u(p)

]
.
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⇒

Ms = i
g2A
4F 2

π

ū(p′)τ bτ a
[
2mN +

1

2
(q/ + q′/ )

(
−1− 2mN

ν − νB

)]
u(p).

(6.32)
u-channel result through substitution a↔ b and q ↔ −q′

Mu = i
g2A
4F 2

π

ū(p′)τ aτ b
[
2mN +

1

2
(q/ + q′/ )

(
1− 2mN

ν + νB

)]
u(p). (6.33)

No t-channel contribution, since 3π vertex does not exist.

Combine s- and u-channel contributions using

τ bτ a =
1

2
{τ b, τ a} + 1

2
[τ b, τ a], τ aτ b =

1

2
{τ b, τ a} − 1

2
[τ b, τ a],

and

1

ν − νB
± 1

ν + νB
=

{
2ν
2νB

}
ν2 − ν2B

.
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Summary of contributions to A± and B±:

amplitude\origin PS ∆PV contact sum

A+ 0
g2AmN

F 2
π

0
g2AmN

F 2
π

A− 0 0 0 0

B+ −g2A
F 2
π

mNν

ν2−ν2B
0 0 −g2A

F 2
π

mNν

ν2−ν2B

B− −g2A
F 2
π

mNνB
ν2−ν2B

− g2A
2F 2

π

1
2F 2

π

1−g2A
2F 2

π
− g2A

F 2
π

mNνB
ν2−ν2B
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• Scattering lengths

Consider threshold kinematics

pµ = p′µ = (mN , 0), qµ = q′µ = (Mπ, 0), ν|thr =Mπ, νB|thr = −
M 2

π

2mN
.

(6.34)
Using

u(p)→
√
2mN

(
χ
0

)
, ū(p′)→

√
2mN

(
χ′† 0

)
⇒ matrix elements at threshold

T |thr = 2mNχ
′† [δab (A+ +MπB

+
)
− iϵabcτ c

(
A− +MπB

−)]
thr
χ.

(6.35)
Using [

ν2 − ν2B
]
thr

=M 2
π

(
1− µ2

4

)
, µ =

Mπ

mN
≈ 1

7
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⇒

T |thr = 2mNχ
′†[δab (g2AmN

F 2
π

+Mπ

(
−g

2
A

F 2
π

)
mN

Mπ

1

1− µ2

4︸ ︷︷ ︸
PS

)
︸ ︷︷ ︸

ChPT = PV

−iϵabcτ cMπ

( 1

2F 2
π

− g2A
2F 2

π

−g
2
A

F 2
π

(
−1
2

)
1

1− µ2

4︸ ︷︷ ︸
PS︸ ︷︷ ︸

PV

)

︸ ︷︷ ︸
ChPT

]
χ. (6.36)

Discussion of s-wave scattering lengths.
Consider differential cross section in center of mass system

dσ

dΩ
=
|q⃗ ′|
|q⃗ |

(
1

8π
√
s

)2

|T |2. (6.37)
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At threshold

dσ

dΩ

∣∣∣∣
thr

=

(
1

8π(mN +Mπ)

)2

|T |2thr
!
= |a|2. (6.38)

Definition (via multipole decomposition)

a±0+ =
1

8π(mN +Mπ)
T±|thr =

1

4π(1 + µ)

[
A± +MπB

±]
thr
. (6.39)

Index 0+: πN system is in s wave (l = 0) with total angular momentum
1/2 = 0 + 1/2.
Results of table ⇒

a−0+ =
Mπ

8π(1 + µ)F 2
π

(
1 +

g2Aµ
2

4

1

1− µ2

4

)
=

Mπ

8π(1 + µ)F 2
π

[1 +O(q2)],

(6.40)

a+0+ = − g2AMπ

16π(1 + µ)F 2
π

µ

1− µ2

4

= O(q2). (6.41)
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Linear combinations a
1
2 = a+0+ + 2a−0+ and a

3
2 = a+0+ − a−0+:

a
1
2 =

Mπ

4π(1 + µ)F 2
π

+O(M 2
π),

a
3
2 = − Mπ

8π(1 + µ)F 2
π

+O(M 2
π),

satisfy Weinberg-Tomozawa relation

aI = − Mπ

8π(1 + µ)F 2
π

[I(I + 1)− 3

4
− 2], (6.42)

because

I =
1

2
:

1

2
· 3
2
− 3

4
− 2 = −2,

I =
3

2
:

3

2
· 5
2
− 3

4
− 2 = 1.

[The result, in principle, holds for a general target of isospin T (except
for the pion) after replacing 3/4 by T (T + 1) and µ by Mπ/MT .]
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Remarks:

• As in ππ scattering, scattering lengths vanish in the chiral limit.
Interaction of Goldstone bosons with other hadrons vanishes in zero-
energy limit.

• PS coupling

– a+0+ ∼ proportional mN instead of ∼ µMπ. Contradiction to
requirements of chiral symmetry.

– a−0+ is too large by a factor of g2A in comparison with the two-pion
contact term of Eq. (6.29) (Weinberg-Tomozawa term) induced
by nonlinear realization of chiral symmetry.

• PV coupling

– Totally wrong result for a−0+, because it misses the two-pion con-
tact term of Eq. (6.29).
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scattering length a+0+ [MeV−1] a−0+ [MeV−1]
tree level result −6.80× 10−5 +5.71× 10−4

ChPT O(q) 0 +5.66× 10−4

HBChPT O(q2) [3] −1.3× 10−4 +5.5× 10−4

HBChPT O(q3) [3] (−7± 9)× 10−5 (+6.7± 1.0)× 10−4

HBChPT O(q4) [I] [4] −6.9× 10−5 +6.47× 10−4

HBChPT O(q4) [II] [4] +3.2× 10−5 +5.52× 10−4

HBChPT O(q4) [III] [4] +1.9× 10−5 +6.21× 10−4

RChPT O(q4) (a) [5] −6.0× 10−5 +6.55× 10−4

RChPT O(q4) (b) [5] −9.4× 10−5 +6.55× 10−4

PS −1.23× 10−2 +9.14× 10−4

PV −6.80× 10−5 +5.06× 10−6

empirical values [6] (−7± 1)× 10−5 (6.6± 0.1)× 10−4

empirical values [7] (2.04± 1.17)× 10−5 (5.71± 0.12)× 10−4

(5.92± 0.11)× 10−4

experiment [8] (−2.7± 3.6)× 10−5 (+6.59± 0.30)× 10−4
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• J. Gasser, M. E. Sainio, and A. Švarc, Nucl. Phys. B307, 779 (1988)

• S. Scherer, Adv. Nucl. Phys. 27, 277 (2003)

• T. Fuchs, J. Gegelia, G. Japaridze, and S. Scherer, Phys. Rev. D 68,
056005 (2003)

• B. C. Lehnhart, J. Gegelia, and S. Scherer, J. Phys. G 31, 89 (2005)

386



6.4.1 Power Counting

• Power counting: Associate chiral order D with a diagram

– Square of the lowest-order pion mass:

M 2 = B(mu +md) ∼ O(q2)
– Nucleon mass in the chiral limit m ∼ O(q0)
– Loop integration in n dimensions ∼ O(qn)
– Vertex from L(2k)

π ∼ O(q2k)
– Vertex from L(k)

πN ∼ O(qk)
– Nucleon propagator ∼ O(q−1)
– Pion propagator ∼ O(q−2)

6.4.2 One-Loop Correction to the Nucleon Mass

• Example: Contribution to nucleon mass
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�p p� kk p1 1
Goal: D = n · 1− 2 · 1− 1 · 1 + 2 · 1 = n− 1

How this is achieved, see Assignment 13.

6.4.3 The Generation of Counterterms ∗

The renormalization of the effective field theory (of pions and nucleons) is performed by expressing
all the bare parameters and bare fields of the effective Lagrangian in terms of renormalized
quantities [see J. C. Collins, Renormalization (Cambridge University Press, Cambridge, 1984)
for details]. In this process, one generates counterterms which are responsible for the absorption
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of all the divergences occurring in the calculation of loop diagrams. In order to illustrate the
procedure let us discuss L(1)

πN and consider the free part in combination with the πN interaction
term with the smallest number of pion fields,

L(1)
πN = Ψ̄0

(
iγµ∂

µ −m0 −
1

2

gA0

F0
γµγ5τ

a∂µπa0

)
Ψ0 + · · · , (6.43)

given in terms of bare fields and parameters denoted by subscripts 0. Introducing renormalized
fields (we work in the isospin-symmetric limit) through

Ψ =
Ψ0√
ZΨ

, πa =
πa0√
Zπ

, (6.44)

we express the field redefinition constants
√
ZΨ and

√
Zπ and the bare quantities in terms of

renormalized parameters:

ZΨ = 1 + δZΨ (m, gA, gi, ν) ,

Zπ = 1 + δZπ (m, gA, gi, ν) ,

m0 = m(ν) + δm (m, gA, gi, ν) ,

gA0 = gA(ν) + δgA (m, gA, gi, ν) , (6.45)

where gi, i = 1, · · ·∞, collectively denote all the renormalized parameters which correspond to
bare parameters gi0 of the full effective Lagrangian. The parameter ν indicates the dependence
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on the choice of the renormalization prescription.1 Substituting Eqs. (6.44) and (6.45) into Eq.
(6.43), we obtain

L(1)
πN = Lbasic + Lct + · · · (6.46)

with the so-called basic and counterterm Lagrangians, respectively,2

Lbasic = Ψ̄

(
iγµ∂

µ −m− 1

2

gA
F
γµγ5τ

a∂µπa
)
Ψ, (6.47)

Lct = δZΨΨ̄iγµ∂
µΨ− δ{m}Ψ̄Ψ− 1

2
δ
{gA
F

}
Ψ̄γµγ5τ

a∂µπaΨ,

(6.48)

where we introduced the abbreviations

δ{m} ≡ δZΨm+ ZΨδm,

δ
{gA
F

}
≡ δZΨ

gA
F

√
Zπ + ZΨ

(
gA0

F0
− gA
F

)√
Zπ +

gA
F

(
√
Zπ − 1).

In Eq. (6.47), m, gA, and F denote the chiral limit of the physical nucleon mass, the axial-
vector coupling constant, and the pion-decay constant, respectively. Expanding the counterterm
Lagrangian of Eq. (6.48) in powers of the renormalized coupling constants generates an infinite
series, the individual terms of which are responsible for the subtraction of loop diagrams.

1Note that our choice m(ν) = m, where m is the nucleon pole mass in the chiral limit, is only one among an infinite number of
possibilities.

2Collins uses a slightly different convention which is obtained through the replacement (δZΨm+ ZΨδm)→ δm.
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