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Exercise 0.

How much time did it take to complete the task?

Exercise 1. Infinite spherical well (30 points)

Consider a particle in an infinite well 3D potential of radius a,

V(r):{o r < a,

+o00 r<a.
a) (15 p.) Show that the solution of the Schrédinger equation is
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and j;(z) is the spherical Bessel functions of order [ which is defined as:
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ji(z) is the nonsingular at zero solution of the differential equation
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Bt is nth zero of the a spherical Bessel functions of order I: j;(8,;) = 0.

b) (15 p.) The spherical Bessel functions is a particular case of the Bessel functions J,(z) defined as:
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for o being half-integer, so J,11/2 = \/%jn(ac).

Using the definition of the Bessel functions, compute J;/; and Js/5 and check that, indeed, the
relation between J; /9 and j; is correct.
Hint: Prove n!(1-3-5-...-(2n+1))2" = (2n+ 1)L
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Exercise 2. Hydrogen atom (20 4+ 10 points)

The normalized hydrogen wave functions are:
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where Lj_,(z) are the associated Laguerre polynomials and Y} (6, ¢) are the spherical harmonics.

a)

b)

c)

(5 p.) Consider the electron is in the state ¥, (r,0,¢). What is the probability P, (r) to find it
somewhere?

(15 p.) Check explicitly that P, (r) is correctly normalized to unity for n = 3.
Hint: Use [ dze “a" = nl.

(10 p.) (Bonus) Show that [[°dxze "z" = nl.

Exercise 3. 2D quantum harmonic oscillator. (50 + 20 points)
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(10 p.) Assuming solutions for the one-dimensional case are already known, solve the two-
dimensional isotropic quantum harmonic oscillator problem in the Cartesian coordinates:
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Hint: Use the method of separation of variables: ¢ (z,y) = X ()Y (y). Then write down separate
equations on X (z) and Y (y).
(5 p.) Write down the energy spectrum. What is the degree of degeneracy of the energy levels?

(10 p.) Show that the Laplace operator in two dimensions in the polar coordinates takes the form
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(10 p.) Write down the angular momentum operator L, = TPy — YPz in the polar coordinates and
show that [H, L.] = 0.

(10 p.) Consider the two-dimensional isotropic harmonic oscillator in polar coordinates. Separate
variables ¥ (r, ) = v(r)u(¢) and get equations on v(r) and u(¢).

The equation on v(r) can be eventually transformed into the one for the generalised Laguerre
polynomials LLA:”H (%7’2). Then one obtains the final solution

Y, (1, ¢) = Crr Ml =35 TQL!i\T/IHl (773) tMe

with the spectrum
E=h(M|+1+2n,), n,=0,1,2,..., M=0,£1,42,...,
where M is the quantum number corresponding to L..

(5 p.) Find eigenvalues and eigenfunctions of L. in polar coordinates. Show that, indeed, the
complete and orthonormal set of eigenfunctions is common to both H and L.

(20 p.) (Bonus) Find the ground state solution of the Schrodinger equation (n, = 0, M = 0) in
polar coordinates.
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Hint: put E = hw, u”(¢) = 0 and substitute v(r) = e~ 2" F(r).




