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1. A harmonic oscillator toy model for the BRST cohomology (20 P.)

1. Starting from the three-dimensional harmonic oscillator in the form
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show how it can be written as
Hp = H, + H,

with
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by appropriately identifying its component operators.

2. Using the canonical commutation relations between the creation and annihilati-
on operators, derive the spectrum and the Hilbert space of the three-dimensional
harmonic oscillator.

3. Consider the fermionic oscillator with Hamiltonian
Hp =T+ 0?27 = w <Z§TZ§+ bth — 1)

where the operators obey canonical anticommutation relations, and derive its spec-
trum and Hilbert space.
4. Write down the Hamiltonian H = H B+ H r for a superoscillator.

5. Show that the resulting theory is invariant under supersymmetry transformations
generated by the BRST operator
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6. Show that the BRST operator is nilpotent, Q% = 0.

7. Write down the conjugate Q' of Q, and show that it is also nilpotent and conserved.



8. Show that
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9. Conclude that Ker H' = Ker Q N Ker Q" and Ker Q = Ker H' & Im Q.

10. Defining the physical Hilbert space as Hpnys = Ker Q/ Im Q, explicitly give the
spectrum of physical states.

2. Chiral symmetry of massless QCD (20 P.)

1. Using the decomposition of the Dirac spinor into a pair of Weyl spinors, show that

the Lagrangian
Ny
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for massless QCD with N; quark flavours is invariant under separate SU (V) trans-
formations of the left- and right-handed components ¢;, p = %(1 F5) of the Dirac
spinor.

2. Write down the Noether currents for the two SU(Ny) symmetries.

3. By forming the sum and the difference of the Noether currents, show that the
SU(N¢)xSU(Nys)g symmetry can also be written as a SU(Ny)y xSU(Ny) 4, with
the two factors corresponding to a vector and an axial vector Noether current,
respectively.

4. Show that the vector Noether current remains conserved if a degenerate mass term
—m Y ;1 is added to the Lagrangian, but that the axial Noether current is no
longer conserved.

5. The strong interactions lead to a quark condensate (tr(Q)) # 0 for the the trace of
the matrix Q;;(z) = ¥,;()1;(x). How does Q transform under SU(N;), xSU(Ny)g
transformations? Show that the condensate leads to spontaneous breaking of the
symmetry associated with the axial vector current, but leaves the vector symmetry

intact.

6. Conclude that there must be (NJ% — 1) massless Goldstone bosons associated with
the spontaneous breaking of the axial symmetry of massless QCD.

7. Using your result for how the mass term breaks the axial symmetry, show that the
pseudo-Goldstone bosons associated with the spontaneous breaking of the approxi-
mate axial symmetry of QCD with light quarks have masses of order m%g oc m.

8. Which particles are the pseudo-Goldstone bosons for Ny = 2,37 What is their
parity and why?



