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1. The Weyl group (15 P.)

Let
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be the Weyl reflection corresponding to the root a;. The Weyl group is the subgroup of
O(r) generated by the Weyl reflections.

1. Show that s,, permutes the positive roots other than e if a; is simple.
2. Show that {sq,|a; simple} generates the Weyl group.
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. Conclude that the Weyl group can be presented as (g;|(¢:g;)"), where g; = s4, for
a; simple, r; =1, and r;; = 2,3,4,6 for n;; = 0,1,2,3. [Hint: What is the product
of two reflections?]

2. The Chevalley basis (10 P.)
The Chevalley basis of a simple Lie algebra is defined by

hi = Hg,, e = FEa,, fi=FE_a,
with a; the simple roots.
1. Show the commutation relations
[his hil =0, [hi,e5] = Kjieg,  [hi, f5] = —Kjifi,  lej, fi] = dijhy,

where K is the Cartan matrix.

2. Show that the remaining root vectors are given by commutators of the e;, f; subject
to the Serre relations

[€i7 [ .. [6i7 6]'] .. ] = 0, [fl, [ .. [fz; fj] .. ] =0.
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[Hint: Consider the lemmas on root strings.]



3. Working backwards from the Dynkin diagram (15 P.)

1. Starting from the Dynkin diagram for A,, reconstruct the Cartan matrix.

2. Starting from the Cartan matrix for As, reconstruct a pair of simple roots. [Hint:
You may pick a; = (1,0)"]

3. Starting from the simple roots of Ay, reconstruct the full root system.

4. Repeat the above steps for Gs.



