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ABSTRACT

To determine certain physical quantities like form factors, diagrams containing
quark disconnected loops have to be considered. For the calculation of these
loops one needs the quark propagator which on a space-time lattice requires the
inversion of a very large matrix. Since an explicit calculation is too expensive
in computer time, such inversions have to be done stochastically. In this thesis
some methods to improve the stochastic estimates for the disconnected loops are
tested. It is figured out which method works best, and the required parameters
are tuned to obtain an optimal balance between the remaining statistical errors
and the required computer time. Finally, the disconnected contribution to the
scalar form factor of the pion at zero momentum transfer Q2 = 0 is calculated.

ZUSAMMENFASSUNG

Bei der Berechnung bestimmter physikalischer Groflen wie Formfaktoren erhélt
man Beitrdge von Diagrammen mit unverbundenen Quarkschleifen. Um solche
Schleifen zu berechnen, benétigt man den Quarkpropagator. Diesen erhdlt man
auf einem Raum-Zeit Gitter durch Invertieren einer sehr grofien Matrix. Da
eine explizite Rechnung zu viel Rechenzeit erfordert wiirde, miissen solche Ma-
trizen stochastisch invertiert werden. In der vorliegenden Arbeit werden einige
Methoden zur Verbeserung des stochastischen Schétzers fiir die unverbundenen
Schleifen getestet. Die beste Methode wird bestimmt und die benétigten Pa-
rameter so angepasst, dass eine optimale Balance zwischen dem verbleibenden
statistischen Fehler und der erforderlichen Rechenzeit entsteht. Zuletzt wird der
unverbundene Beitrag zum skalaren Formfaktor des Pions bei verschwindendem
Impulsiibertrag Q2 = 0 berechnet.
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INTRODUCTION

The Standard Model of particle physics [1] is the established theory to describe
the fundamental particles and their interactions. The interactions contained in
the Standard Model are the electromagnetic, the weak and the strong force,
where the electromagnetic and the weak force can be unified to the so-called
electroweak interaction. While the strong force only acts on the quarks, the
electroweak force couples to both quarks and leptons. The three fundamental
interactions can be described by gauge theories, where the gauge bosons are the
carriers of the force. The gauge theory that corresponds to the strong force is
called Quantum Chromodynamics (QCD) [2]. A more detailed introduction to
QCD will be given in chapter 1. The associated gauge bosons, i.e. the mediators
of the strong force, are the gluons. Gluons couple to objects that carry colour,
which is the charge that belongs to the strong interaction. Three different colours
are possible, conventionally called red, green and blue. Every quark has a
colour, thus quarks can interact with each other via the strong force. Since
gluons carry colour, self interactions between gluons are also possible. The
strength of the coupling of the strong interaction depends on the energy region
where the interaction takes place. The running coupling has two interesting
features. For high energies the coupling becomes small, thus the quarks and
gluons become asymptotically free. For small energies the coupling becomes
strong and quarks and gluons are confined to bound states called hadrons.
While in the region of small coupling perturbative expansions in the coupling
constant can be performed, such an expansion is not possible in the low energy
region. In 1974, K. Wilson developed a method to treat QCD non-perturbatively
by introducing an Euclidean space-time lattice [3]. Through the discretisation
of the space-time QCD is regularised. Due to the finite lattice spacing one
obtains a natural momentum cutoff, thus the ultraviolet divergences appearing
in loop integrals are removed. Another advantage of introducing a space-time
lattice is that numerical techniques from statistical mechanics can be used and
numerical simulations of physical processes on computers are possible. A short
introduction to lattice QCD can be found in chapter 2.

Many physical quantities that can be calculated in lattice QCD contain contri-
butions from diagrams with disconnected quark lines. In the following these
diagrams are called disconnected diagrams, where the terminology “discon-
nected” refers to quark disconnected and does not exclude gluons connecting
two quark lines. In the following we will concentrate on diagrams with a dis-
connected loop, thus a disconnected quark line from one lattice point to the
same point. Quantities containing disconnected loops are for example the scalar
form factor of the pion [4] or the strangeness content of the nucleon [5]. In the
following we will concentrate on the scalar form factor of the pion. A short
introduction to pions and form factors will be given in sections 1.3 and 1.4.
The scalar form factor describes the coupling of a scalar particle to a pion, for
example the coupling of a Higgs boson to a pion [6]. Since the Higgs boson
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has so far not been discovered, no experimental value for the scalar form factor
of the pion exists. Thus one has to obtain values from theoretical calculations.
However, lattice QCD provides a reasonable possibility to calculate form factors.
While for the vector form factor, which occurs in the coupling of a photon to a
pion, one can show [7] that the disconnected contribution vanishes, one expects
the disconnected contribution to the scalar form factor to be non-zero. Thus it is
important to develop methods to calculate these contribution as accurately as
possible. However, the calculation of diagrams containing disconnected loops
requires more numerical effort than the calculation of connected parts, since the
propagator from every lattice point to all lattice points — the so-called all-to-all
propagator — is needed. On the lattice this requires an inversion of a 12V x 12V
matrix, where V is the total number of lattice points and 12 results from three
colour- and four Dirac-components. Since V is usually of O(10°) and higher,
an exact calculation using point sources (see section 3.1) is too expensive in
computer time. Therefore the matrix has to be inverted stochastically. This is
done using the method of stochastic sources [8], which is introduced in section
3.2. To invert the matrix, one has to solve the Dirac equation on the lattice for
every stochastic source. Since the solution of the Dirac equation is expensive in
computer time, one is interested in using as few sources as possible. However,
fewer sources result in larger statistical errors, which requires the development
of techniques to improve the stochastic estimates. Three techniques [9] — dilution,
the hopping parameter expansion, and the truncated solver method — will be
introduced in sections 3.3 to 3.5. In chapter 4 all three methods will be tested
with the Klein-Gordon operator as a toy model on a two-dimensional 10 x 10
lattice. The tests will then be continued using the Wilson-Dirac operator in
chapter 5. At first the loop will be calculated for the unimproved Wilson-Dirac
operator on an 8 x 83 lattice and afterwards for the O(a)-improved Wilson-Dirac
operator using four different lattices. Here the hopping parameter expansion
has to be adapted to the case of the improved Wilson-Dirac operator. It will be
figured out which method works most efficiently and the required parameters
will be tuned for one of the tested lattices such that one obtains an optimal
balance between the remaining statistical error and the computer time needed
for the calculation.

In chapter 6 we will discuss how the disconnected contribution to the scalar form
factor can be extracted from lattice calculations using the so-called summation
method [10]. Finally the disconnected contribution to the scalar charge, thus the
scalar form factor for zero momentum transfer Q2 = 0, will be calculated for the
E4 ensemble, where the parameters for the calculation of the loop have already
been tuned.
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1.1 QCD AS A GAUGE THEORY

Quantum Chromodynamics (QCD) is a non-Abelian gauge theory in SU(3)
colour-space. Since SU(3) has eight generators, there exist eight gluons which
mediate the strong force. The Lagrangian density of QCD is given by [2]

— 1 2
L =Y(iy,D* —m)¥ + ETI {(Ffwta) } , (1.1)

where the t* with a =1,..., 8 are the eight generators of SU(3), which can be
represented by the Gell-Mann matrices. D, is the covariant derivative

Dy, =09, +iAqt® (1.2)

with the gauge fields A[; and the strong coupling g. The field strength tensor
Fi for the strong interaction is given by

FO, = 0uAS —0vAL — fPCAPAS . (1.3)

The f°¢ are the SU(3) structure constants. They are defined by the commutators
of the generators of the group

[t?,t°] = ifebete. (1.4)
The Lagrangian (1.1) is invariant under local SU(3) gauge transformations
Y(x) = ¥ (x) = Q(x)¥(x)
¥(x) » ¥'(x) = ¥ 0! (1.5)
ALY = AR (x)t = Q)AL Q)T +1(3,Q((x) Q(x)!

with a local SU(3) matrix Q(x).

1.2 THE RUNNING COUPLING CONSTANT

In QCD one can define an analogue of the fine structure constant

g
g = —. 1.6
S 4 (1.6)
As in QED, «; is not a constant but depends on the momentum transfer QZ. Such
a Q? dependence of the coupling constant is known as running coupling. After
renormalisation of QCD at a scale A one finds as a solution of the renormalisation
group equation [2]

_ O‘s(/\z)
14 o (A2) 3320 Jog ()

os(Q?) (1.7)
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with the number n¢ = 6 of quark flavours in the standard model. For large
momentum transfers, i.e. small distances, the coupling s becomes small, which
leads to the so called asymptotic freedom.

For small momentum transfers, i.e. large distances, the strong interaction gets
strong. This behaviour indicates confinement, which means that quarks or
gluons cannot exist as free particles. In this region perturbation theory cannot be
used anymore. However, QCD can be regularised by introducing a space-time
lattice. With lattice QCD one has the possibility to study also non-perturbative
phenomena.

1.3 PIONS

Pions are pseudoscalar mesons consisting of a quark and an antiquark of the
first generation. They have the quantum numbers J°¢ = 0. Three types of
pions with different charges are possible

it = ud) = |du) 0 = \}2 (luw) —[dd)), (1.8)

which form an isospin triplet. The masses [11] of the pions are

nt . m =139.57018 £ 0.00035 MeV (1.0)
1.
n° m =134.9766 4 0.0006 MeV . ?
Pions can be identified as pseudo-Goldstone bosons of the breaking of chiral
symmetry. In exact chiral symmetry, thus vanishing masses for the light quarks,
the Lagrangian for these quarks can be separated into a left- and a right-handed
part.

£ =Y iy, D"V + Wriy,D*Wg (1.10)

If n¢ is the number of light flavours, both parts can be transformed separately
by a global SU(n¢) transformation in flavour-space

‘PL/R — ei“iysti\y[_/]{ WL/R — WL/Rei“iVSti (1.11)

with the generators ti, i = 1,..,n%? — 1 of SU(n¢). Thus the Lagrangian (1.10)
has a global SU(n¢); x SU(n¢)g symmetry. However, the QCD vacuum is not
invariant under the full symmetry group SU(n¢)r x SU(n¢)g, due to the non-
vanishing quark condensate [2]

(0lqql0) = (O[qLqr +qrqrLl0) # 0 (1.12)

that mixes the two heliticities. The vacuum (1.12) is invariant only if right- and
left-handed fields are transformed using the same SU(n¢) matrix. Therefore the
SU(n¢)r x SU(n¢)r symmetry is broken spontaneously to SU(n¢). Due to the
Goldstone theorem [12] n% — 1 massless Goldstone bosons occur.

Since the light quarks are not massless the SU(n¢)p x SU(n¢)r symmetry is also
broken explicitly by the mass term in the Lagrangian. This mechanism generates
masses for the (pseudo-) Goldstone bosons. If one only considers the two lightest
flavours u and d, so n¢ = 2, the associated pseudo-Goldstone bosons are the 3
pions (n*,n°). For n¢ = 3 additionally the kaons and the 1 occur.
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1.4 FORM FACTORS

Form factors F(Q?) contain information about the substructure of a particle.
They describe how the differential cross section differs from the cross section of
a point-like particle [13]

do <d0> 202
=35 F(Q) (1.13)
aa ~\aa) ., ")

with the momentum transfer g = (p —p’)? and Q? = —q?, where p is the

four-momentum of the incoming and p’ of the outgoing state. Form factors are
measured in scattering experiments.

In the non-relativistic case, form factors can be written as the Fourier transform
of the charge distribution. Therefore, in spherical symmetry, the form factor is
related to the charge radius.

FQH=1- ()@ +0(Q" (119)
dF(Q?
() = 6% o (119

For the charged pion for example the vector form factor can be calculated from
the matrix element [4, 14, 15, 16, 17]

(e (") Vil (p)) = (p+p")uFy (Q%) (1.16)
with
2 —
Vi = 3Vl — gdyud. (1.17)

The vector form factor occurs in the coupling of a photon to a pion, for example
in pion electron scattering.

Figure 1.1: Feynman diagram of pion electron scattering

The scalar form factor can be calculated as [4, 14, 15, 18]
(m(p)ISIm (p)) = Fy (QZ) with S =mgdd+ m,uu. (1.18)

This describes the coupling of a pion to a scalar particle such as the Higgs boson.
Since the Higgs boson so far is not discovered, the only possibility to obtain
values for the scalar form factor of the pions are theoretical calculations. Such
calculations can be performed on space-time lattices.
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As mentioned above, QCD can be regularised by introducing a T x L3 lattice A
in space-time

A={ne N*|ng,ny,n3=0,1,..,L—1;n9=0,1,...,T— 1} (2.1)

with T lattice points in time direction and L lattice points for each three spatial
directions.

The lattice in momentum space is obtained by Fourier transformation. The dual
lattice then is given by [19]

2m 2m
AF = {P S ]R4‘PO = ?Tlo; Pi= Lni} . (2.2)

Here one can see that on the lattice the momenta are discrete and only values in
the first Brillouin zone are allowed:

T T
Therefore on the lattice one has a “natural” momentum cutoff.

The lattice A (2.1) is defined in Euclidean metric. To obtain Euclidean metric
one has to switch to imaginary times t — it , a procedure called Wick rotation.
In Euclidean metric the QCD action is given by [19]

Ny

a(f 1
Se=Y Jd“xty( 00 Dy + ) WO ) 5 5 J AT [Fyu (x)F o ()] (24)
=1
with the covariant derivative
Dy =03y +iAy (2.5)

and the field strength tensor for the strong interaction
Fuy = 0uAy — 0y A, +ilAL, AL (2.6)

Here we use the abbreviation A{t® = A,,.

The Euclidean gamma matrices have to fulfil the property

{Vu/Yv} = 25uv . (27)
In the chiral representation they are given by [19]
0 ey
’Y =
i <(eu)* 0 ) (28)
with ey =1, , and ex = —iok.

In the following some quantum field theories we will use in chapters 4 and 5,
namely the free Klein-Gordon theory, the free Dirac theory and QCD, will be
formulated on the lattice.
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2.1 THE KLEIN-GORDON OPERATOR ON THE LATTICE

First of all we will discretise the free Klein-Gordon operator D, on the lattice.
Spin-0 particles with mass m fulfil the Klein-Gordon equation

(—0,0y +m?) D(x) = D D(x) =0, (2.9)

where the Euclidean metric is used. On the lattice the partial derivative in the
Klein-Gordon operator is discretised using the difference quotient

2 d
0,0,P(n) — —a—(zi -D(n) + ; 2 (O(n+ap) + P(n—ayp)), (2.10)

where n are the coordinates in lattice units, n + au are the coordinates of the
neighbouring point in p direction, a is the lattice spacing and d the dimension-
ality.

In total the Klein-Gordon operator on the lattice can be written as

d

)= Y L (@n+an) +om—ap) .| @)
n=0

2.2
ma—i—Zd@

D
a2

d(n) =

KG

D,. can be seen as an N x N matrix where N is the total number of lattice points.
The matrix D, can be separated into two parts, a part which is proportional to
the unit matrix and a part H that only couples nearest neighbours. Therefore
D, can be written as

D, =C(1—«H), (2.12)
where for the Klein-Gordon operator « is defined as

a2

2(m?a? 1 24) 1)

K =

and C = 1/(2«). Since applying H means “hopping” from one lattice point to a
neighbouring point, H is called hopping matrix and « the hopping parameter.

2.2 NAIVE DISCRETISATION OF THE DIRAC OPERATOR

In the following the Euclidean QCD action (2.4) will be discretised as described
in [19]".

As a starting point for the discretisation of QCD we look at the (Euclidean)
action S? of a free fermion. In the continuum it is given by

SY = Jd4x‘l’(x) (Yudu +m)¥(x). (2.14)

When introducing the 4D lattice (2.1) with lattice spacing a the integral in (2.14)
has to be replaced by a sum over all lattice points and the derivative by a

1 similar derivations can also be found for example in [20, 21, 22, 23]
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symmetric difference quotient. Thus we obtain the discretisation of the free
fermion action

3
5= a* Y ) ( S yrmran FHnz e m%n)) )
u=0

neA

2.3 QCD ON THE LATTICE

As in the continuum, invariance under local SU(3) transformations
Y(n) - ¥'(n) = QMm¥(n) Yn) > ¥ m)=¥Ymn)omt (216

is required. Obviously the first summand of (2.15) is not gauge invariant. To
construct a gauge invariant action one needs objects transforming like [19, 23]

Uy (n) = U} (n) = Q(m)U,(m)Q(n+ap)t. (2.17)

Objects that have the required transformation behaviour are the so-called parallel
transporters

X
U(x,y) =P.O.exp (szAu(z)) , (2.18)
Y
where “P.O.” stands for path ordering. Under SU(3) gauge transformations (1.5)
the U(x,y) transforms as
U(x,y) = Q(x)U(x,y)Q(y)T. (2.19)
A parallel transporter between two neighbouring points n and n + ap
Umn,n+ap) =U,(n) = U, (1) = 0m)U,(n)Q(n+ ap)’ (2.20)

is exactly what we need. The gauge fields U, (n) are elements of the gauge
group SU(3). They “live” on the links between two lattice points and therefore
are called link variables. Some link variables are shown in figure 2.1.

B v vt s

Uy (n) U_,(n)=Uy(n— ap)t

Figure 2.1: Link variables

Now a gauge invariant action can be constructed.

3
Sp=a* Z Y(n) (Z Yuu“(n)w(n+ o) ;au”(n)w(n_ ap) +m‘1’(n))
neA nu=0

(2.21)



10

QUANTUM FIELD THEORIES ON THE LATTICE

The smallest closed loop on the lattice, a so-called plaquette U, (n), can be
constructed as a product of four link variables,

Uyy(m) = U, MUy (n+ ap)Uy (m+av) Uy, (n)t. (2.22)

A picture of a plaquette is shown in figure 2.2.

U, (n+ av)t

n-+ av n—+ag-+av
Uy (n)f Uy (n+ap)
n n—+ap
U (n) *

Figure 2.2: Plaquette U+ (n)

Under the gauge transformation (2.17) the plaquette transforms as
Upy (1) = Q) Uy (O (). (2.23)

Therefore the trace of a plaquette is gauge invariant. These traces can be used to
construct the Wilson gauge action

2 Z Z Re Tr [1 — U, (n)] . (2.24)

neA up<v

2.4 FERMION DOUBLING AND WILSON-DIRAC OPERATOR

Rewriting the fermion action (2.21) as

a? Z Y(n)D(nm)¥(m) (2.25)

nmeA

results in the naive Dirac operator on the lattice

n+au,m - ufu(n)énfau,m
Z Vu

D(njm)
| 2a

+ Mén,m - (2.26)

To calculate the Dirac operator in momentum space, D(n|m) has to be Fourier
transformed according to

D(pla) = 3 & e Dlnimelame (2.27)
n,meA

where |/l is the total number of lattice points. Inserting (2.26) into the Fourier
transformation one obtains

.3
D(plq) =8(p—q) m]H—% Zyusin(pua) ) (2.28)
n=0

D(p)
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In addition to p = (0,0, 0,0), the massless Dirac operator in momentum space
D(p)lm=o also vanishes if the components of the four momentum are either 0
or /a. This leads to 16 poles representing 16 fermions on the lattice compared
to one pole in the continuum. This problem is known as the so-called fermion
doubling. It can be solved by adding an additional term to the Dirac operator in
momentum space.

. 3 3
= i ) 1
D(p) :m]l+a Zyusm(pua)vﬁla Z (1 —cos(pua)) (2.29)
n=0 n=0
Obviously the new summand in (2.29) only vanishes for the physical pole
p = (0,0,0,0). Transforming back to postition space one obtains an additional
term in the Dirac operator

7 (2'30)

3
. a 6n+a}1,m - 2671,111 + 6n7a}1,m
2 Z a?
n=0

which has the form of a discretised second derivative. This term can also be
made gauge invariant using gauge fields as done for the naive discretisation of
the Dirac operator. In total the so-called Wilson-Dirac operator can be written as

4
D, (njm) = (a + m> dmn

;3 (2.31)
~ Z (uu(n)“ _Yu)6n+au,m + U,u(n)ﬂ +Yu)6nfau,m) .
n=0
Like the Klein-Gordon operator (2.11) the Wilson-Dirac operator consists of two
parts. One part is proportional to the unit matrix 1 and the other part couples
neighbouring points. Therefore it can be rewritten as

D,, = C(1—«H) (2.32)
with the hopping parameter
1

= = 4
K T am 4] and C=m+4%a. (2.33)
In total the Wilson action is given by
Sy=a*) ¥n) (m—i— 4) Y(n)
a
neA
3 (2.34)
o Z (T -y JUm)¥Y(n+ap) + (T +y JU ()Y (n—ap)
2a
n=0

The additional Wilson term explicitly breaks the chiral symmetry even for
massless quarks, thus (2.34) is not invariant under

Y(x) — e Y5y (x) Y(x) = Y(x)e s (2.35)

for m = 0 due to the non-vanishing anticommutator of the massless Wilson-
Dirac operator D, [m—o and ys5 [19]

Y5 - Dy lm=0+ Dy lm=0-v5 #0. (2.36)

11
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The No-Go Theorem

In an ideal theory the massless Dirac operator D on the lattice should fulfil the
following properties [23]:

* D islocal

* D has the right continuum limit a — 0

* The theory is free of doublers

* Chiral symmetry is preserved, thus ysD + Dys =0

In their no-go theorem [24] Nielsen and Ninomiya have shown that these four
properties cannot be fulfilled simultaneously.

In lattice QCD several formulations of a discretised Dirac operator have been
developed. However, due to the no-go theorem, in each formulation at least one
of the four properties shown above has to be violated. Some common examples
for discretised Dirac actions in lattice QCD are

WILSON-DIRAC (2.34): As we have already seen, the Wilson-Dirac operator
breaks the chiral symmetry.

STAGGERED FERMION ACTION [25]: With staggered fermions the doublers are
reduced to 4, while simultaneously a subgroup of chiral symmetry is
preserved.

GINSPARG-WILSON [26]: The Ginsparg-Wilson action completely removes the
doublers. It does not fulfil the property ysD + Dys =0 but ysD + Dys =
aDys5D, which is a modified formulation of chiral symmetry on the lattice.

In the following we will concentrate on the Wilson-Dirac operator, which we
will use for our calculations in chapters 5 and 6.

2.5 THE O(a)-IMPROVED WILSON-DIRAC OPERATOR

The Wilson action (2.34) can be further improved following the guidelines of the
so-called Symanzik improvement programme [27]. Here additional terms that
vanish in the continuum limit a — 0 can be added to the action

Seff = a Z (L(O](n) +alMm)+a?L@m)+ ) , (2.37)
neA

where £(°)(n) is the Lagrangian for the Wilson action. Since the action has to

be dimensionless the improvement terms £ (%) have to be of dimension length
1~ (4+%)

Sheikholeslami and Wohlert have shown [28] that O(a) improvement can be
achieved by adding a term (see also the discussion in [29])

(2.38)

Y 132 12
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where c,, is a real coefficient, o,y = % [Yw V+v] and IA:u\,(n) is the lattice form
of the field strength tensor

N

1
Fuv (n) = 8a2 {pr (n) — Qvu(n)} . (2.39)
In (2.39), Q. is the sum of 4 plaquettes,
Quv(n) =Upy(n) + Uy () + Uy —v) (M) + Uy (n). (2.40)

According to the form of Q.+, which is shown in figure 2.3, the Sheikholeslami-
Wohlert term is also called clover term.

VL : : :

Figure 2.3: Clover Term Qv

The real coefficient c,, has to be adjusted for each lattice spacing a to remove
lattice artifacts [29]. This can also be done at a non-perturbative level [30].

In total the O(a) improved action S, is

Sqw = Sy +Cgp @ Z % Z Y(n)ouy Fuv (M)¥(n) (2.41)

neA  u<v

with the Wilson action S,,, from (2.34).

2.6 CORRELATION FUNCTIONS AND WICK’S THEOREM

To calculate matrix elements for pion form factors such as (1.17) and (1.18), one
needs to consider two- and three-point correlation functions. In this section we
will derive Wick’s theorem, which can be used to calculate n-point functions. In
section 6.2 we will show how the form factors can be extracted from the two-
and three-point correlation functions.

In the path integral formalism an Euclidean correlation function on the lattice
can be written as

] _ . _ _
(0102) =5 J DY, FDIU] eS¢ ¥U O, [y, §, U0, [W, T, Ul (2.42)

13
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with the partition function
7= J@[‘P, Yp[U) e SeW WU (2.43)

Since the action Sg is a sum of a fermionic S¢[¥,¥, U] and a gluonic Sg[U]
action, (2.42) can be separated in a fermionic and a gluonic part.

(0102) = ((0102)F)g (2.44)
The fermionic expectation value is given by

1

<O1 OZ>F = ZF[U]

J VAT AR T VAR (2.45)
with
Ze[U] = J DY, §) e Sr¥ YU (2.46)

The gluonic part is defined as

(B) = ;J@[u] eSalW Z (B[, (247)

so that (B) 5 = (010;) for B = (0102)¢.

If one wants to calculate the fermionic expectation value of a product of spinor
fields

<1yn1‘ynz o "PTLN‘?TTL] te "?mN >F ’ (248)

one has to consider that, due to Fermi statistics, interchanging two fermion fields
produces a minus sign. Such anticommuting numbers are called Grassmann
variables. Some properties of Grassmann numbers* are

nny=-nme = N =0 (2.49)
Jdﬂﬂ =0 Jdﬂini =1. (2.50)

First of all we want to calculate the fermionic partition function

k
ZF = Jd‘i’kd‘Pk cee d\y] d@] exp Z WiMijwj . (2.51)
i,j=1

With M = —a?D the exponent of (2.51) is the fermionic action S¢[V¥, Y U]. Now

a transformation of variables

k
v = Z MjmWm (2.52)

m=1

can be performed. The measure of the integral transforms as

AWy d¥y. - - - dW;d¥; = det[M] W, d¥y, - - - d¥]d¥; . (2.53)

2 An introduction to Grassmann numbers can be found for example in [2] or [19].



2.6 CORRELATION FUNCTIONS AND WICK'S THEOREM

Inserting (2.52) and (2.53) in (2.51), one obtains

k
Zr = det[M] J'd‘l’ﬂd\l’k - d¥id¥; exp (Z ‘Pﬂl’{)
i=1
k
= det[M] H J d¥{d¥; exp (¥i¥]) . (2.54)
i=1
Due to (2.49), the Taylor series of the exponential in (2.54) stops after the first
two terms. Therefore the fermionic partition function is

k
Zf = det[M] H J dy{d¥; (14 ¥;¥{) = det(M], (2.55)
i=1
where in the last step (2.50) was used. det[M] is the so-called fermion determi-
nant.

Now one can calculate the expectation value (YW ).

3
_ 1 _ _ _
(Yn¥m)p = 7 Jd‘ifkd‘yk - dWdWy Wn Wi, exp ( > \yiMijwj) (2.56)
ij=1
Inserting the transformation (2.52) and applying the Taylor series to the expo-
nential, one obtains

k k k
(n)p = 3 ML | [T dwid® [0+ %) w7, (2:57)
h=1 i=1 j=1
k
—exp(Z ‘Fﬂi’;)
j=1

where 1/z; has been cancelled by the factor det[M] from the transformation of
the d¥. Due ton? = 0 and [ dn;1 = 0 the integral in (2.57) only does not vanish
if the integrand is a product that contains each ¥’ and ¥ exactly once. This only
is possible for h = m and the one summand of [ [(1 —H?j‘ifj’ ) where ¥/, and ¥,
are missing. Additionally ¥/, and ¥,, have to change positions producing a
minus sign. Since pairs of Grassmann variables commute the pair ¥,,, ¥/, can be
brought to the position where it is missing. For the expectation value (W5 Wr, ).
one obtains

(W), = —Mnfnjd‘i’{(d\i’k AW T, T Tl
=M, =a D]} . (2.58)

Thus the propagator (¥n¥m); is the inverse of the Dirac operator DL Tt
describes the propagation of a fermion from lattice point n to lattice point m.

(2.58) can be generalised to the N-point function (Wn, Wn, -+ Wi Wm, - Y )¢
(W, Yy ¥m, o Yimg, >F

= (=N 3 sign(@) (M) (M) (259)
P(1,...n)

15
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where a sum over all permutations P is performed. This is equivalent to a sum
over all possible contractions. (2.59) is known as Wick’s theorem

As an example we will consider the correlator
(FrYM)¥m)rY(m))p =(Yo,o (M)lap¥p,a(M)¥y,b (M)Tys¥s,p(m))p, (2.60)

where all ¥ and ¥ have the same quark flavour. Greek letters denote Dirac and
Latin letters colour indices. For the indices the Einstein summation convention
is used. I" is one of the 16 Dirac matrices I' = {1, v, V5, Y. Y5, Ouv ). In (2.60) two
Wick contractions are possible:

r

<@oc,a (TL) r(xBWB,a (TL)W
+<1?oc,a (n) I—‘ocﬁ"yﬁ,a(n)W

b(m) yé‘l’éb m)), (2.61)
b

(m)Tys¥s,b(m)); .
Aty
After interchanging the spinors and performing the contractions one obtains
(FmIrY(¥mre(m)), =—M""(m n)sapalapM ™' (0, M)gy,ablys
+M (M, M) paaalapM ™ (M, M) 5y bblys
=—Tr., [M_] (m,)ITM ™' (n, m)F]
+Trep M7 ()T Tre, M7 (m, m)I7],

(2.62)

where Tr., denotes a trace in colour- and Dirac-space. The first summand of
(2.62) is quark connected, while the second summand is quark disconnected.
The two contributions are shown in figure 2.4.

o OO

Figure 2.4: Connected part on the left-hand side, disconnected on the right

In general, all diagrams with quark lines that are not connected to each other
are called quark disconnected.

So far we did not consider the gauge expectation value, which has also to be cal-
culated. Therefore one creates gauge configurations U,,. A gauge configuration
is a collection of link variables U,,(n) for all links in the lattice. A set of gauge
configurations is called an ensemble. In an ensemble the gauge configurations
U,, are distributed with a probability proportional to the weight exp(—S_ [Un]).
Therefore the gauge expectation value can be approximated by calculating the
mean over the N different gauge configurations of an ensemble

(0) % J DiUe s MO ~ < Z olu (2.63)

The configurations are generated in a Markov chain [31]
Uy (x)o = Up(x)r = Up(x)2 — ... (2.64)

In each step the configuration is either accepted or rejected due to its weight by
the Metropolis algorithm [32]. An overview of the whole procedure of generating
ensembles can be found for example in [19].



INVERSION ALGORITHMS

3.1 POINT SOURCES

According to Wick’s theorem (2.59), one has to invert the Dirac operator to calcu-
late an n-point function of fermions. On the lattice this requires an inversion of a
12M x 12M matrix®, where M = 1.3 x T is the total number of lattice points. For
many applications it is sufficient to calculate so called point-to-all propagators,
which describe the propagation of a quark from a fixed point m to an arbitrary
point on the lattice. To obtain a point-to-all propagator the corresponding col-
umn of the inverse Dirac matrix is needed. This can be calculated using point
sources. Therefore the point source has to be placed at point m and one has to
solve the Dirac equation

Dls) = (0,...,0,1,0,...,0)" . (3.1)

This calculation has to be repeated for all combinations of Dirac- and colour-
indices. Therefore 12 equations of the type (3.1) have to be solved to obtain a
point-to-all propagator.

3.2 INVERSION WITH STOCHASTIC SOURCES

For the calculation of the scalar pion form factor (and also other quantities) one
is interested in diagrams containing a disconnected quark loop, i.e. a quark that
propagates from an arbitrary lattice point to the same point.

D Trep M7 ()] =Tr [MT'T] (3.2)

Thus a calculation with point sources is very expensive, since it requires to solve
the Dirac equation 12 - L3 x T times. To avoid this, one can use stochastic sources
[8, 9, 33]. For this method N random vectors n') with i ={1,..., N} are needed,
where N can be chosen small (N < 12- L3 x T). The random vectors [n') have to
fulfil the properties

%Z mY =0(//N), and (3-32)
i

AT

N2 mHmi=1+0(/vN). (3:3b)

1 12 because of the four Dirac and the three colour components

17
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Now one has to (numerically) solve the N sets of linear equations

Dis') =mn'), (3-4)

where D is the lattice Dirac operator, so D! is the propagator of interest. This
results in

s =D 'int)
= [sHn =D "mHn'
1 & 1Y
o .
= N_Z\S‘Mn‘l =D NZIﬂ‘)(nl
i=1 i=1
~1
~ D_], (3-5)

where one makes use of (3.3b) in the last step. Therefore

D' = %Z sy ('l (3:6)

is an estimate for the propagator D~'. (3.6) implies that D~ can be calculated
as the average over |st)(n!| for all stochastic sources mt).

In the following sections some methods discussed in [9] will be introduced,
which either reduce the stochastic error on D! or the computer time needed
for the calculation.

3.3 DILUTION

For dilution [34] the vector space R = lattice sites ® colour ® spin is decomposed
into m subspaces RX;.

R =P (3-7)

j=1

Now the N source vectors Inlij) are set to zero outside the subspace R;. The solu-
tions of (3.4) with m') = In‘ij> are called |s‘ij>. The propagator then is computed
by

m 1 N
:Z Z|S\IJ nIJ (3-8)

j=1 i=1
Some possibilities for dilution are:

TIME DILUTION: The sources only have non-vanishing entries for one timeslice.

EVEN-ODD DILUTION: The sources only have non-vanishing entries for lattice
sites n where the sum ng +n7 +n; +n3 is even for one subspace and odd
for the other one.

One can also have non vanishing entries only on the even or odd points in
one timeslice, which is a combination of even-odd and time dilution.



3.4 THE HOPPING PARAMETER EXPANSION

sPIN DILUTION: The sources only have non-vanishing entries for one Dirac
component.

COLOUR DILUTION: The sources only have non-vanishing entries for one
colour component.

3.4 THE HOPPING PARAMETER EXPANSION

The Hopping Parameter Expansion (HPE) as described in [9] is suitable for
matrices of the form

2k-D=1—-«k-H
~p=l1-lu (3-9)
2k 2
like the Klein-Gordon operator (2.11) or the unimproved Wilson-Dirac operator
(2.31). For the Dirac operator the unit matrix 1 in (3.9) is a unit matrix in space-
time, Dirac-space and colour-space 1, ® 1, , ® 1, _,. H only has entries that
link neighbouring lattice points. The propagator can be written as

D' = l]l—lH - (3.10)
“\ 2 ‘ >
If one applies a geometrical series to (3.10), one obtains
D! :2|<Z(|<H)"L (3.112)
i=0
k—1 ) o) )
=2k ) (kH)'+2k ) (kH)'. (3.11b)
i=0 i=k

(3.11a) implies that the entry D~'(n, m) of the propagator can be seen as a sum
over all possible paths from n to m [19]. A path of the length i is suppressed by
a power k' of the hopping parameter.

(3.11b) can be rewritten as

k—1
D! =2« Z(KH)i—I—(KH)k-D*1 . (3.12)
i=0

On the right-hand side of (3.12) D~! can be replaced by the inverse calculated
using stochastic sources (3.6).

k1 . T
D' =2« é(KH)l + (kH)* - N; ls*) (| (3.13)

The idea of the hopping parameter expansion is to calculate the shortest paths,
which are the largest contributions to D!, explicitly and to estimate the remain-
ing terms with stochastic sources. Thus one expects the stochastic error of the
propagator to decrease when using the HPE. When the hopping parameter « is
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small, the influence of the longer paths decreases and the HPE is expected to
converge faster.

For the Wilson-Dirac operator the hopping matrix has the form

3
Hy (nm) = 3 (W) (1 =v1)8n - am + U (W (1 4+108n—apm)
n=0
+3
= Z uu(n)“ _Yu)6n+au,m (3.14)
n==+0
with
Y—u="Yu- (3~15)

To calculate disconnected loops, the trace Tr (F . D*1) has to be taken. If the
hopping parameter expansion (3.13) is used, one needs the trace of the powers
of the hopping matrix (3.14). Trivially the trace of all odd powers vanish since
it is not possible to jump from one lattice point to the same point with an odd
number of jumps. Therefore one only has to look at the even powers of the
hopping matrix. Hev(n, m) is just a unit matrix in space-time, colour and Dirac
space. Therefore Tr (F . HSV (n, m)) =Tr (F . ]]‘12N><12N) = 0 except for I' = 1 where
the calculation of the trace is trivial.

For the second power H\ZN (n, m) one obtains [19]

+3

H (nm)= ) (1—vu)(1 =y ) Uu)Uy(n+ aw)dntaprav,m. (3.16)
w,v==%0

If one takes the trace Tr (F . H‘ZM(n, m)), v has to be —p because of dnap+avn,
which means jumping to a neighbouring point and jumping back again. But
doing so one gets in (3.16)

(1 _'Yp.)(] +’Yu) =0. (3.17)

Thus jumping backwards to get back to the starting point is not allowed.

In the forth power of H,,(n, m), one can jump around a plaquette from a lattice
point to the same point. Therefore Tr (F . HfM(n, m)) #0forI'={1,vs,0uv}. For
I' ={y., YuYs5} this trace vanishes due to the trace theorems of the y-matrices.
For v, and vy, vys also Tr (F - Hsv(n, m)) vanishes.

For the hopping parameter expansion (3.12) with the Wilson-Dirac operator it is
appropriate to take k =4 for I' ={1,v,, o} and k =8 for I' = {ys5, y.v5} [9].
2kTr (1) +«*Tr (H'D™') T'=1
-1
Tr(F-D7') = q «*Tr (F- H4D) M= (Y Ouv) (3.18)

K8Tr (M- H3D 1) F={ys, vuys}
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HPE with clover Term

The O(a)-improved Wilson-Dirac operator (2.41) does not have the form (3.9).

Its form is
1 1
Dsw = TK]llszlzN +CSWB_§H (3-19)

with a real constant c,, and

i
B=a oufuy. (3.20)

B contains a unit matrix 1, , in space-time but not in Dirac-space (due to
o,v) and in colour-space (due to F,,y). The complete diagonal part of Dy,,, is no
longer proportional to the unit matrix 1,,,.,,,, Wwhen adding the clover term.
Therefore the hopping parameter expansion as described above cannot be used.

The hopping parameter expansion can be adapted to the O(a)-improved Wilson-
Dirac as follows.

At first (3.19) has to be rewritten as

D, =A— % H (3.21)

1 4
with A = 7e 1+cg,B= <m+ a> 1+cg,B. (3.22)
The matrix A can now be factored out.

1
Dyw =A(l -5 A"TH)

This way one obtains for the inverse of the O(a)-improved Wilson-Dirac operator

_ 1T _ 1A
stlz(]l—z/\ TH)"TAT. (3.23)

The left factor of (3.23) can now be calculated using a geometrical series as done
for the hopping parameter expansion.

(]1—;/\‘ H)1 :i (;A1 H>i

i=0

= Z (ZA H) + (ZA H) (]1—2A H)
i=0
(3-24)
To obtain the inverse of the O(a)-improved Wilson-Dirac operator one has to
insert (3.24) in (3.23).
1

-1 _ —1 =11
Doy =(—5ATH) A

=y <2 AT H> A4 <2 AT H> D, (3.25)

i=0
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DS_M‘/ on the right-hand side of (3.25) can now be replaced by the inverse of the
O(a)-improved Wilson-Dirac operator calculated using stochastic sources.

To calculate the hopping parameter expansion (3.25) with clover term, one
additionally has to invert the matrix A which was defined by (3.22)

4 i .
A= <m+ a) +cgpa iowa . (3.26)

Using the definition of the Euklidean gamma matrices in chiral representation
(see (2.8)), one obtains the following block diagonal form in Dirac space [35]

A= ( o i\) (3-27)

with the 6 x 6 matrices

. 3
5 4 1
Agl = (a +m+cswﬁ Z Ox (€k :FBk)> . (328)
k=1

€x and By are the electric and magnetic components of the field strength tensor,

3
& = 8Fox, By = Z 4€ijkf:ij . (3-29)
i,j=1

Due to the block structure of A, for the calculation of A~! two 6 x 6 matrices
A+ have to be inverted for every lattice point.

3.5 THE TRUNCATED SOLVER METHOD

The truncated solver method (TSM) [36] is a method to reduce the computational
costs of the calculation of the propagator. The idea of TSM is to solve equations
(3.4) for N random sources using a lower number n. of solver iterations. The
obtained solutions are called Is}nt)). Additionally more exact solutions |st) are
calculated for a small subset of these sources. The propagator is then calculated

by

1 N; 1 N;+N3y

D' = Y st 2 (59— lst)) ' (3-30)

i1 2 NG +1

with the number Ny of sources for which only the inexact solution is calculated
and the number N, = N — Ny of sources for which unexact and more exact so-
lutions are calculated. The second summand in (3.30) can be seen as a correction
to the inverse calculated only with the solutions Isi(nt)>.



THE KLEIN-GORDON OPERATOR IN TWO DIMENSIONS

In this section as a toy model the free Klein-Gordon propagator will be calculated
using stochastic sources. The calculation will be performed on a two-dimensional
10 x 10 lattice, thus in one time and one spatial dimension. It will be tested
whether or not dilution, HPE and TSM improve the calculation.

According to (2.11)

d

2.2 2
%;d ®(n)— Z é (@(n+ap) +O(n—ap))
n=0

D .®(n) =

KG

the Klein-Gordon operator on the 10 x 10 lattice can be written as a 100 x 100
matrix since the lattice has in total 100 lattice points. The entry Dy; with i,j =
1,...,100 of the Klein-Gordon matrix denotes the link between lattice point
i and lattice point j. For our two-dimensional (d = 2) toy model we will use
m = 1 and a = 1, thus the matrix associated with the Klein-Gordon operator is

5 i=]
Dij = { =1 ineighbouring point of j (4.1)
0  otherwise.

In the following we will use periodic boundary conditions. Thus the last lattice
point in one dimension is a direct neighbour of the first point in the same
dimension. An example for a 10 x 10 lattice with periodic boundary conditions
is shown in figure 4.1.

° ¢} X X X X X X X o
o X X X X X X X X X
X X X X X X X X X X
X X X X X X X X X X
X X X o X X X X X X
X X o e o X X X X X
X X X o) X X X X X X
X X X X X X X X X X
X X X X X X X X X X
9] X X X X X X X X X

Figure 4.1: 2-dimensional 10 x 10 lattice with periodic boundary conditions: The points
marked with o are the neighbours of those marked with e in the same colour.

To calculate the propagator, the 100 x 100 matrix (4.1) has to be inverted.
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4.1 INVERSION WITH STOCHASTIC SOURCES

For the inversion of the Klein-Gordon operator Z (2) sources were used. Every
element of the random vector is either 1 or —1 with a probability of 50% each.
These sources fulfil the required properties (3.3a) and (3.3b). The solution of the
sets of linear equations

Dis') = ') (4.2)

was done using the Biconjugate Gradient method [37]. The Biconjugate Gradient
stops when

[Dls)x — M)l
)]

is fulfilled, where |s)y is the solution after k iterations. For the 10 x 10 lattice k
is about 14 to 15.

To test whether the calculation of the propagator with stochastic sources works,
additionally the linear equation

Dls’) = (1,0,...,0)T (4-4)

< 0.00001 (4-3)

was solved with a point source (1,0, ... ,0)T using the Biconjugate Gradient
method. The solution |s’) is the first column of the exact inverse of D.

For calculating the propagator 1000 stochastic sources were used, thus the
inverse of the Klein-Gordon operator can be estimated as the average over
Isi)(ni| for 1000 [n;i). In our case of a 100 x 100 matrix an exact calculation
where only 100 point sources have to be used would require less computer time.
However, we want to test the method of stochastic sources for this toy model
with a certain amount of sources. Later we will use much larger lattices and the
number of stochastic sources will be much smaller than the number of required
point sources, which equals the number of lattice points.

The first 10 entries of the first column of the propagator calculated using stochas-
tic sources and calculated exactly are shown in table 4.1.

Dfl Dfl

stoch exact

0.246271 | 0.254066
0.062522 | 0.067582
0.024498 | 0.019774
0.000174 | 0.006275
0.009105 | 0.002279
0.001559 | 0.001387
-0.013380 | 0.002279
0.004310 | 0.006275

0.041162 | 0.019774

0.051289 | 0.067582

Table 4.1: The first 10 entries of the first column of the inverse of the Klein-Gordon

operator with stochastic sources (Ds_t; ) and calculated exactly (Dot

In this table one can see that the method of stochastic sources works quite well.



4.2 TESTING DILUTION

4.2 TESTING DILUTION
Time Dilution

First of all it will be tested if time dilution improves the calculation of the
propagator. For time dilution the random sources have to be changed such that
only the entries for one timeslice are random numbers. All remaining entries
are set to zero. Therefore the lattice points are labelled such that the points
for timeslice ng = 0 come first, then the ones for ny = 1 and so on. Doing so,
the Klein-Gordon operator has a block structure, where in each 10 x 10 block
only lattice points from two certain timeslices are linked. In the blocks on the
diagonal all points from the same timeslice are connected. Lattice points that
are linked in blocks that are further away from the diagonal blocks of the matrix
have a larger distance in time, where periodic boundary conditions have to be
taken into account, as depicted in figure 4.2. Since the matrix only couples a
lattice point with itself and its direct neighbours, only the blocks on the diagonal
and the blocks next to the the diagonal blocks contain entries that are non-zero.
All other blocks contain only zeros.

Figure 4.2: Schematic picture of the Klein-Gordon matrix: Every block is a 10 x 10 matrix.
The diagonal blocks in dark blue contain all entries that couple points from
the same time, thus a point with itself and with all direct neighbours in
spatial directions. The blocks in light blue contain the entries that couple
points with a direct neighbour in time direction. The green blocks contain
only zeros, since they link points that have a temporal distance which is
larger than one in lattice units. The lighter the green of these blocks, the larger
is the time distance of the linked lattice points, where periodic boundary
conditions are used.

For the 10 x 10 lattice the time diluted sources look like

10 entries
T
m) = (%1,...,£1, 0,...,0)
10 entries 10 entries (45)

—N T
) =(0,...,0,%1,...,41, 0,...,0)
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To have the same computational cost as for the calculation without dilution, 100
sources were used for every timeslice. In total these are 10 x 100 = 1000 sources.
Therefore 1000 sets of linear equations have to be solved as for the case without
dilution.

Now one can compare the first row of the propagator D;rle 4i1 calculated using
time dilution with the propagator Ds_t; ., calculated without time dilution. Since
the propagator also has a block structure in time, one can compare the entries

block by block. The block structure is illustrated in figure 4.3.

Figure 4.3: Schematic picture of the Klein-Gordon propagator: Every block is a 10 x 10
matrix. The blocks labelled with 1 to 10 will be used for the comparison of
the propagator calculated with and without time dilution. The yellow blocks
are the diagonal blocks. The darker the colour of a block the larger is the
temporal distance in time.

For the comparison of Dt;r:\e 41 and D;; o the first column of the propagator is

used, thus the first columns of blocks 1 to 10. In figure 4.4 it is shown in how

many cases the values for dilution are better.

One can see that for block 1 the difference of Ds_tc: « and D, in most cases is

smaller than the difference between Dt*h;e 41 and D, het- In block 2 and 10 about

half of the entries are closer to the exact value when using time dilution. For
the other blocks for most entries Dt_in?le 4 18 better. Thus time dilution works best
for the blocks that are far away from block 1, which is a block on the diagonal
of the propagator. If one looks at other columns of the propagator it turns out
that time dilution improves the calculation best in the blocks that are farthest
away from the diagonal, thus blocks that link lattice points with the largest time
separation. For the diagonal blocks, thus blocks that link lattice points from the
same timeslice, time dilution does not improve the result. The darker the blocks
in figure 4.3 the larger is the distance to the diagonal of the propagator and the

better time dilution improves the values.



4.2 TESTING DILUTION

Dilution is better

0 2 4 6 8 10
first column of block

Figure 4.4: Number of entries in the first column of blocks 1 to 10 for which the the
value calculated using time dilution is closer to the exact value than the one
calculated without time dilution.

In addition the propagator was calculated ten times using different seeds to
compare the variances of the values calculated with and without time dilution.
Here one can see that the variances show a similar behaviour as the differences to
the exact solution. For the blocks on the diagonal the variance of the propagator
calculated without time dilution is smaller. For the other blocks the ones with
time dilution are better and the variance is the smallest for the blocks that
are farthest away from the diagonal, taking periodic boundary conditions into
account.

Since for the disconnected loops one needs the trace - and therefore only the
diagonal entries - of the propagator, time dilution does not help.

Even-Odd Dilution

With even-odd dilution the stochastic sources look like

10 entries 10 entries
Me) = (£1,0,£1,...,0,0,41,...,£1, ...)T
10 entries 10 entries (46)

o) = (0,£1,0,...,%1,%1,0,...,0, ...)T.

To have the same number of sets of equations as for the calculation without
dilution, I used 500 sources for the even and 500 sources for the odd points,
which are 1000 sources in total. In figure 4.5 it is plotted for the first column of
D' how many entries of the propagator calculated with even-odd dilution are
closer to the exact value than the ones calculated without dilution.

If one compares the propagator calculated with and without even-odd dilution,
one can see that the numbers with even-odd dilution are better in about 40% to
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10 .

Dilution is better

| | | | |
0 2 4 6 8 10
first column of block

Figure 4.5: How many entries are better with than without even-odd dilution

50% of the cases, whereas the other numbers are better without dilution. Also
no dependence of the block of the propagator is observed. Therefore even-odd
dilution does not seem to improve the propagator.

4.3 TESTING THE HOPPING PARAMETER EXPANSION

For a =1, m = 1 and d = 2 the hopping parameter for the Klein-Gordon
operator (2.13) is

a? 1

2(m2az12d)  10° “47)

K=
The Klein-Gordon matrix (4.1) can be split into a matrix proportional to the unit
matrix and a hopping matrix H as described in (2.12). The hopping matrix H,
which only couples nearest neighbours, is given by

2 1ineighbouring point of j
Hy = & gp ) (4.8)

0 otherwise.

Now the hopping parameter expansion (3.13)

k—1

) 1 o
D' =2« ;)(KH)‘+ (kH)* - N; Is*) (n’| (4.9)

can be applied for different numbers of terms k. The first part of the HPE

k—1
2K Z (kH)! (4.10)

i=0
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was calculated explicitly by inserting a unit matrix and applying (kH)" for every
summand in (4.10). For the second part

N
(kH)¥ - % Z |Si><ﬂi| (4.11)
i=1

again 1000 random sources m') were used.

k = 0 is equivalent to calculating only with stochastic sources without per-
forming a hopping parameter expansion and therefore gives the same result as
before.

The difference of the (0,0)-component of the propagator from the exact value is
shown in figure 4.6 for different numbers of terms k in the HPE.

0.01

0.008 - . N

0.006 —

0.004 |

0.002 |~ -

difference (0,0)-component

Figure 4.6: Difference of the (0,0)-component between the exact solution and the one
calculated with stochastic sources and HPE

As one can see, the difference of the (0,0)-component to the exact solution
decreases when more terms in the HPE are calculated. Between an even number
of terms and the next odd number (from 0 to 1, from 2 to 3 and so on) the
difference nearly stays the same. This is because the diagonal elements of all
odd powers of H and therefore all diagonal elements of the odd terms in the
hopping parameter expansion vanish. It is not possible to jump from one lattice
point to the same point with an odd number of jumps. The variance of the
(0,0)-component calculated using ten different seeds, which is shown in figure
4.7, shows a similar behaviour.
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Figure 4.7: Variance of the (0,0)-component of the propagator calculated using stochastic
sources and HPE with 10 different seeds

Also for the other components of the propagator the difference to the exact
solution and the variance decrease when calculating more terms in the HPE.

Obviously the hopping parameter expansion improves the calculation of the
propagator. The difference to the exact solution as well as the variance decreases
if more terms of the HPE are calculated. Since for the disconnected loops one is
interested in the diagonal elements, one should use an even number of terms
since the next odd number does not improve the value of the propagator.

4.4 TESTING THE TRUNCATED SOLVER METHOD

Since the aim of the truncated solver method is a reduction of the computational
costs, also the CPU time for the calculation has to be measured. The truncated
solver method (3.30)

.I N, 1 N7+N,

I’ ] z ~ . ) . )
Ni] = ‘SE t)>< l‘ N72 N (|81> |SElLt)>> < 1| (4.12)

_ Z] n

was applied for N1 = {950, 970, 980, 990} with a fixed number of Nj + N, = 1000
sources. For the N7 + N> solutions Isi(nt)) 4,6,8 and 10 were used as a maximum
number of iterations for the biconjugate gradient. The N, more exact solutions
Ist) were calculated with the same condition (4.3) as before which is fulfilled
after about 14 or 15 solver iterations.

As expected the CPU time needed for the calculation decreases if fewer iterations
are used or fewer solutions N are calculated more exactly. Since the calculation
of the propagator is not done as accurately as without the TSM, the differences to
the exact solution and the variances get worse using the truncated solver method.
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To check if the time reduction is worth the bigger error of the propagator, the
variance of the (0,0)-component after 10 calculations times the CPU time needed
for the calculation was considered. In figure 4.8 this is plotted for the different
values of N; against the maximum number of iterations used.
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Figure 4.8: TSM: variance of the (0,0) component of the propagator times CPU time
used. The horizontal black line shows the value for the calculation that is
done only with stochastic sources.

As one can see, the variance times the CPU time is smaller for most combinations
of N7 and maximum numbers of iterations than the value for the calculation
without TSM. This means that the reduction of computational costs is bigger

than the increase of the variance. The TSM is doing what it was supposed to do.

But one has to keep in mind that the bias is increased using TSM.
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TSM and HPE

The truncated solver method can also be combined with the hopping parameter
expansion. Therefore the inverse of the Klein-Gordon operator calculated with
TSM is used as a starting point for the hopping parameter expansion. For all
different combinations of parameters for the TSM that had been used before,
the propagator was calculated with k = 0,2,4,6 and 10 terms in the HPE. In
addition the CPU time was measured for each calculation. Again one can look
at the variance of the (0,0)-component of the propagator times the CPU time.
For N7 = 950 the obtained values are shown in figure 4.9. For the other N the
plots look quite similar.
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Figure 4.9: TSM and HPE: variance of the (0,0) component of the propagator times CPU
time used

If no hopping parameter expansion is done or only few terms are used, the
values for TSM are clearly lower than the ones without. But one can also see,
that the effect of taking more terms in the HPE is bigger than the effect of the
TSM. If enough terms in the hopping parameter expansion are used the effect of
the truncated solver method is negligible.
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In the last section we have seen that the hopping parameter expansion is the
best of the tested methods to improve the calculation of the propagator from a
lattice point to itself. The HPE reduces the errors of the diagonal entries of the
propagator, while the required computer time is negligible compared to the time
needed for the inversion. Since, as the Klein-Gordon operator, the Wilson-Dirac
operator connects every lattice point only with itself and with the immediate
neighbours, the effects of the three tested methods should be similar when
applying them to the Wilson-Dirac operator. Therefore in the following we will
focus on using the HPE.

5.1 THE UNIMPROVED WILSON-DIRAC OPERATOR

To calculate a quark propagator, the Dirac operator on the lattice has to be
inverted. This can be done using stochastic sources. Since the hopping parameter
expansion is easier in this case, at first the unimproved Wilson-Dirac operator

(2.31)

D, (njm) = (i + m> dmn

13 (5.1)
~7a ZO (uu(n)“ _Yu)5n+au,m + U,u(n)ﬂ +Yu)6nfau,m)

n=

will be looked at. For this a 4-dimensional 8 x 83 lattice with nearly free quarks,

i.e. the SU(3) gauge fields U, (n) are close to the unit matrix for every lattice

point, was used. For the quarks isospin symmetry is assumed, so m,, = mq4. As

hopping parameter k = 0.1 was chosen. For the random sources U(1) sources

were used. Thus one has an entry exp(iz) with a random number 0 < z < 27

for every lattice point, Dirac- and colour-component of 7). These sources fulfil

the required properties (3.3a) and (3.3b). As a starting point for the calculation

of the propagator the DD-HMC (domain decomposed Hybrid Monte Carlo [38])

code’ by Martin Liischer was used. Here the Dirac equation

Dis) = n) (5-2)

is solved using a SAP-GCR (Schwarz preconditioned Generalised Conjugate
Residual) solver. A detailed description of the algorithm can be found in [31, 39].
The general idea of the Schwarz procedure is to decompose the lattice in
rectangular blocks of equal size and solve the Dirac equation block by block. The
Schwarz procedure is used as a preconditioner for the Generalised Conjugate
Residual method where the residuals [p)x = [n) — Dls)x with the solution [s)y
after k solver iterations are minimised.

1 The code can be downloaded from http://luscher.web.cern.ch/luscher/DD-HMC/index.html
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Implementation of the Hopping Parameter Expansion

A lattice point is called even when the sum of its coordinates ng +nq +n, +ns
is even and odd when this sum is odd. Now one can label the lattice points such
that all even points come first and then all odd points. By doing this, the Dirac
matrix can be split into four blocks

Qee Qeo)/
Qoe Qoo

where Q is the hermitian Dirac operator. Qece (Qoo) contains all entries that
couple an even (odd) point with an even (odd) point. Since two neighbouring
points cannot both be even or both odd, Qe and Qo are diagonal in space-time.
Qeo and Qoe then contain all entries that couple two neighbours.

Q=vsD = < (5-3)

With
1 1
D= RH_EH:YSQ (5.4)
for the hopping matrix H one obtains
H=-2(vy5Qe0 +V5Qoe¢) (55)
with
.
co = (O ng) etc. (5.6)

For the powers of the hopping matrix one obtains

H = (=2)* (v5Qe0 +¥5Qoe)®
(_z)k("'YSQeo'YSQoe"‘"'YSQoe'YSQeo)- (5.7)

k factors k factors

In (5.7) one makes use of

0 'YSQeo 0 YSQ eo
eo ’ eo — : =0
Y5Qeo - ¥5Q (0 0 ) (o 0 )

Y5Qo0e - ¥Y5Q0e =0.
To make the calculation of the hopping parameter expansion as easy as possible
one should use a maximum number of 8 terms for I' = {ys, v Y5} and 4 terms
otherwise as explained in section 3.4. Then only

(5-8)

N
D' = (cH) Y Ishn (59)
i=1

has to be considered. Taking the trace Tr (F D! ) and inserting (5.7) one obtains
Te (T-D )

N
="Tr (r(—ZK)k(' : 'YSQeoYSQoe +-- 'YSQeo)% Z |Si><ﬂi|>
=1

N

= (_2K)k% Z<ni|r ( ' 'YSQeoYSQoe + - 'YSQeo) |Si> . (5-10)

i=1
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In the last step the cyclicity and the linearity of the trace were used. This can
now be used to implement the HPE in the DD-HMC code:

1. Solve the Dirac equation D|s) = ) with a stochastic source ).

2. Apply v5Qeo and y5Qoe on |s) in turns until k factors have been applied.
Here two terms have to be calculated, one starting with y5Q¢, and one
starting with y5Qoe. These two terms have to be summed.

~+Y5Qe0 - Y5Qo0eIs) + - V5Q0e - ¥5Qeo0 IS)

k factors k factors

3. Apply the Dirac matrix I".
4. Calculate the scalar product with the source (.

5. Repeat 1. to 4. N times with N different random sources and sum the
results up. Divide by N and multiply with (—2k)k.

The result in the end is a stochastic estimate for Tr (I"'- D~') with N stochastic
sources and k terms in the hopping expansion.

For all tests in this chapter only one gauge configuration is used. Thus in the
following only statistical means and no gauge means are calculated.
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Testing the Hopping Parameter Expansion - pseudoscalar case

To test the hopping parameter expansion for the case of the unimproved
Wilson-Dirac operator, the pseudoscalar case was chosen, thus I' = y5 and
Tr (y5 . D*1) was calculated. This was done for different numbers of random
sources N = {5, 10, 20, 30,50, 100,200} and different numbers of terms for the
hopping parameter expansion k = {0, 2,4, 6,8}. The calculation was performed
12 times with different seeds for the random number generator, whereas the
same seeds for every combination of the parameters was used. With the values
from the 12 seeds the mean and the standard deviation o for the real part of
the traces were calculated. All obtained means are approximately 0 and in most
cases smaller than the standard deviations, thus in agreement with a vanishing
pseudoscalar loop. The standard deviation o one expects to be proportional
to 1/VN. In figure 5.1 the standard deviations are plotted against 1/v/N for the
different values of k. Additionally a function f(x) = a - x was fitted to the data
with gnuplot [40] to show the proportionality.
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Figure 5.1: Standard deviation after 12 seeds of Re [Tr (ys - D~ )] calculated with hop-
ping parameter expansion without clover term

It is obvious that also for the Wilson-Dirac operator the calculation of the
propagator is improved when the hopping parameter expansion is applied. The
standard deviation gets smaller if more terms are considered. For 8 terms, o is
more than a factor 10 smaller then for 0 terms.
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Testing the Hopping Parameter Expansion - scalar case

As a next step one can test if it depends on the choice of I' how much the
hopping expansion improves the calculation. Therefore I' = 1 was tested with
the same 8 x 83 lattice as before. For the calculation k = {0,2,4} terms were
used in the HPE. If k > 0 additionally the first term in the hopping parameter
expansion has to be calculated which is trivial (see section 3.4).

Tr (1-D') =2k Tr(1) +«*Tr (H*D ') 0<k<4
——

=12x84

(5.11)

As for the pseudoscalar case N = {5,10,20,30,50, 100,200} random sources
were used. Every calculation was performed 12 times with different seeds for
the random number generator and the mean and the standard deviation of
Re [Tr (1 - D~')] were calculated. For the mean one gets values of the order of
the volume of the lattice, so the scalar loop does not vanish. This is expected
since the gauge mean of the scalar loop would be the quark condensate on the
lattice. In figure 5.2 the standard deviations are plotted against /v/N.
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Figure 5.2: Standard deviation after 12 seeds of Re [Tr (1 - D~ ")] calculated with hop-
ping parameter expansion without clover term

Also for the scalar case the calculation of the trace is improved if more terms
of the hopping parameter expansion are calculated. The effect of the hopping
expansion seems to be independent of the choice of T.

In addition one can see that like in the pseudoscalar case o is proportional to
1/v/N which is shown by the linear fits.
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Testing of Spin Dilution

With the Dirac operator also spin dilution can be tested. Here the random
sources have only non-vanishing entries for one Dirac component. For the test
the pseudoscalar case Tr (ys - D) was used. To obtain about the same numbers
of sources as for the calculation without spin dilution, Ny ={1,3,5,7,12,25, 50}
sources for every Dirac component were used. This are in total N = {4,12, 20,
28,48,100,200} random sources. Again the calculation was performed 12 times
with different seeds and the standard deviation o was calculated. In figure 5.3
the standard deviations are shown for the calculation with spin dilution and for
the calculation without spin dilution. For these values no hopping parameter
expansion was performed.

14 T \ \ ‘
with spin dilution _ " *

12 |- without spin dilution _ ~ -
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++
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1/\/ﬁ

Figure 5.3: Standard deviation after 12 seeds of Re [Tr (ys - D~ ')] calculated with and
without spin dilution

As one can see for the standard deviation of Re [Tr (ys -D! )] it makes no
difference if spin dilution is used in the calculation.
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5.2 THE WILSON-DIRAC OPERATOR WITH CLOVER TERM

For the O (a)-improved Wilson-Dirac operator the hopping parameter expansion
has to be adapted as described in section 3.4. The propagator then can be
calculated according to (3.25).

k—1

DS_M]/ = Z (;A‘l H> AT+ <; ) . le (5.12)

i=0

Implementation of the hopping parameter expansion for the O (a)-improved Wilson-
Dirac operator

As already mentioned in the case of the O (a)-improved Wilson-Dirac operator
additionally the matrix

N

4 i
A= <m+ a) +co @ 0puvFuy (5.13)

has to be inverted. In section 3.4 it was shown that this requires the inversion of
two 6 x 6 matrices for every lattice point. In the DD-HMC code this is done by
Householder triangularisation [35].

The first part of the hopping parameter expansion

k=1 g i

> (2 AT H) Al (5.14)
i=0

now also has to be calculated since the traces do not vanish up to some order
k. This can also be done stochastically by inserting a unit matrix in (5.14) and
calculating it with M stochastic sources |0') using (3.3b).

M
S O =140 (/)
=1

For the traces Tr (T - Ds_vl) one obtains
;M
Tr (I Dg,)) ZM.Z

+1ian< >k|si>.

Therefore one has to calculate the powers of (% Al H). The hopping matrix H
can again be replaced by H = (—2) (y5Qeo +VY5Qoe). Then one obtains

(5.15)

(; Al H) = (=A"" (v5Qeo JrYSQoe))i

:(_])i( : "A_1Y5Qeo 'A_]YSQoe +: "A_1V5Qoe 'A_]YSQeo ) (5.16)

i factors i factors




40

THE WILSON-DIRAC OPERATOR

The code for the second term in (5.15)

N
_ _ _ Kk, s
Zn F(--A7"v5Qeo A" "Y5Qoe + - A7 'y5Qe0) Ish) (5.17)

can in principle stay the same as for the unimproved Dirac-Wilson operator,
except that one has to apply A~ after every step where y5Q¢, Or Y5Qoe has
been applied and also the factor (—2k)* has to be replaced by (—1)¥.

For the first term of (5.15)

M k—1

‘MZZ HOIIr (- A7 y5Qoe + -+ A ¥5Qe0) A7) (5.18)
j=11=0

one first has to apply A~! to the source |07). After this

(' o A71Y5Qeo 'AiLYSQoe + - 'AiLYSQeo)

has to be applied on A~'/07) which can be done in the same manner as for the
other term. Then T is multiplied and the scalar product with (6] is performed.
Now all scalar products for the different values of i have to be summed up. A

sum over M different random sources has to be performed and the result has to
be divided by M.

For the standard deviation of the traces, one now has two influences: The part
in the hopping expansion where the inverse calculated by N stochastic sources
is needed and the other part which is calculated by M stochastic sources. One
expects that the variances for these two parts add up, thus for the standard
deviation a behaviour

a b

C=VNTM (5.19)

is expected. M can be chosen quite large, since no solution of the Dirac equation
is required for the M sources, and therefore the calculation is cheap.

The 8 x 83 Lattice

A first test of the hopping parameter expansion with clover term is done with
the same 8 x 82 lattice as before. The HPE adapted to the improved Wilson-Dirac
operator, should also work for c,,, = 0. For the matrix A one simply obtains

4 i . 4 1
A= (m+ a) +cspa ZGWFW = <m+ a) =5c (5.20)

The trace was calculated for the scalar case Tr (1 - H) with N = {5, 10, 20, 30, 50,
100} sources for the inversion and M = {100, 200,500} sources for all other terms
in the hopping expansion. The HPE was calculated with k = {0, 2,4, 6} terms.
This again was done with 12 different random seeds for every combination
of the three parameters N, M and k. The same seeds were used for every
combination of the three parameters, so that the first estimation of D! with



5.2 THE WILSON-DIRAC OPERATOR WITH CLOVER TERM

stochastic sources is the same for all calculations with the same N, no matter how
many terms in the HPE are calculated afterwards. In figure (5.4) the standard
deviations are plotted against 1/vN for M = 500. The plots for M = 100 und
M = 200 can be found in the appendix (A.1,A.2). To show the behaviour (5.19)
a function f(x) = vV ax? + b with x = 1/v/N was fitted to the data with hopping
parameter expansion. For the data without HPE (0 terms) f(x) = ax was used
again since here no additional terms have to be calculated.
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Figure 5.4: Standard deviation after 12 seeds for Re [Tr (1- D~ ')] of an 8" lattice calcu-
lated with HPE and M = 500 sources for the additional terms

One can clearly see, that the HPE improves the inversion of the Dirac operator
even with the additional error of the extra terms that are also calculated stochas-
tically. The standard deviations show the expected dependence on the number
of sources N.

If one compares the data for the different values of M, one can see that for
bigger M the y-axis intercept decreases a bit as expected. But in the region of
interest, namely only few sources for the inversion and therefore high 1/v/N, the
influence of the different values of M gets negligible.

CLS configurations

For the following tests and calculations with the O(a)-improved Wilson-Dirac
operator we will use configurations from gauge ensembles created as a part
of the CLS (Coordinate Lattice Simulations) project [41]. Each CLS ensemble
is labelled with a letter and a numeral, for example A5 or E4. Ensembles
with the same letter have the same lattice size and the same inverse gauge
coupling 3 = 6/g2. Within the ensembles with the same letter an increasing
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numeral denotes an increasing value of the hopping parameter k. In table 5.1
the ensembles we will use are shown with their parameters [42, 43].

Label | Ilattice ‘ alfm] ‘ my[MeV] ‘ B ‘ K ‘ Cow
A5 | 64 %323 | 0.082 305.9 | 5.2 |0.13594 | 2.01715
E2 | 64 x 323 | 0.0689 696.5 5.3 | 0.13590 | 1.90952
E4 | 64 x 323 | 0.0689 554.2 5.3 | 0.13610 | 1.90952

Table 5.1: Parameters of the CLS configurations used in this thesis

E4 Lattice

As the first lattice with c,,, # 0 an E4 configuration was used to test the
hopping parameter expansion. The E4 lattices have 64 x 323 lattice points. The
hopping parameter is k = 0.13610, the inverse gauge coupling is § = 5.30 and
Copy = 1.90952.

The scalar loop Tr (1 - D) was calculated for one E4 configuration. For this N =
{3,5,7,10,15,20} sources for the inversion and M = {50, 100, 200} sources for the
other k = {0, 2,4, 6} terms in the hopping expansion were used. The calculation
was repeated with 15 different seeds for the random number generator for all
possible combinations of the parameter N, M and k. For M = 100 the obtained
standard deviations for Re [Tr (]l DT )] are shown in figure 5.5. For the other
M the plots can be found in the appendix (A.4,A.6). Again f(x) = ax was fitted
to the data with 0 terms and f(x) = v axZ +b to the data with HPE, where
x =1/VN.
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Figure 5.5: Standard deviation after 15 seeds for Re [Tr (1 - D~ ')] of an E4 configuration
calculated with HPE and M = 100 sources for the additional terms
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In the plot one can see that the hopping parameter expansion improves the
calculation when just a few sources N are used for the inversion. Since the
calculation of D~ with stochastic sources is very expensive in computer time
one is interested to minimise the numer of sources N. In the region of interest,
i.e. small N, the hopping parameter expansion improves the calculation. In the
region of many sources for the stochastic calculation of the propagator, thus
small 1/v/N, the hopping parameter expansion worsens the result, because every
additional term that is calculated stochastically introduces an additional error.
This can be seen in the increasing y-axis intercept for higher k.

As in the case of the 8 x 83 lattice when using more sources M for the additional
terms in the HPE the y-axis intercept trends to become smaller. But if only few
sources N are used for the inversion, the influence of M is small compared to
the influence of the number of terms k in the hopping parameter expansion.

If one compares the effect of the HPE for the E4 lattice and for the 8 x 83 lattice,
one can clearly see that the hopping parameter expansion decreases the standard
deviation more for the 8 x 83 lattice. This is because of the smaller hopping
parameter, which was k = 0.1 for the 8 x 83 lattice compared to k = 0.13610 in
the case of E4. Since the HPE is an expansion in k, one expects the hopping
parameter expansion to better improve the result for smaller k, thus higher
quark masses.

To figure out which set of the parameters is the best, additionally the CPU
time needed for every combination of N, M and k was measured. The CPU
time turned out to be linear in every parameter except for a slightly larger gap
between k = 0 and k = 2. This is because of the required inversion of A =
(m + %) +cgya %Gmfzw for the hopping parameter expansion. This inversion
has to be done only once, no matter how many terms are calculated. Additionally
one can see that computing more terms in the HPE is cheap compared to more
sources for the inversion. Most of the time needed for the calculation is used for
the solution of the sets of linear equations D|s) = ).

In figure 5.6 the variances (standard deviation squared) are plotted against
1/crutime. Points lying on a vertical line need the same CPU time in the cal-
culation, while the ones that are lowest have the smallest variance for this
computational cost.

In the plot one can see that the variance is approximately linear to 1/CPUtime. The
points marked with arrows are the combinations of parameters M, N and k for
which the computational costs seem to be most efficient. These are from left
toright (N =7,M =100,k =6},{N=7,M =100,k =4}, {N =7,M =50,k = 6}
and {N=7,M =50,k =4}.
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Figure 5.6: Variance after 15 seeds for Re [Tr (1 - D~')] of an E4 configuration calculated
with HPE against 1/CPUtime

E2 Lattice

To investigate the dependence of the hopping parameter expansion of the hop-
ping parameter k, the same as for the E4 lattice was done for an E2 configuration.
B =5.30 and c,, = 1.90952 are the same for E2 and E4. For E2 k = 0.13590 is
smaller than for E4 (k. = 0.13610).

Again Re [Tr (1 - D~ ')] was computed using 15 different seeds for the random
number generator. In figure 5.7 the standard deviation is plotted against 1/vN
for M = 100 stochastic sources for the additional terms in the HPE. For M = 50
and M = 200 the plots can be found in the appendix (A.7,A.9).

One can see that for the E2 lattice the curve for 2 terms in the hopping parameter
expansion lies below the other curves. So 2 terms seems to be even better than 4
or 6. This means that for more terms than 2 in the HPE the additional error from
the extra terms calculated stochastically is bigger than the gain of the hopping
parameter expansion. For this smaller value of k for the E2 lattice the hopping
parameter expansion seems to converge faster.

Additionally the CPU time was measured for every calculation as for the E4
lattice. In figure 5.8 the variance is plotted against 1/CPUtime. As expected 2 terms
is best, since the standard deviation is the smallest and less terms need less CPU
time in the calculation.
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Figure 5.7: Standard deviation after 15 seeds for Re [Tr (1 - D~')] of an E2 configuration
calculated with HPE and M = 100 sources for the additional terms
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Ab Lattice

To obtain more information on the dependence of the HPE on the value of k,
the calculation was repeated for an A5 configuration. Here k = 0.13594 is in
between the values for E2 and E4. The other parameters of the A5 lattice are
B =5.2and c, =2.01715.

In figure 5.9 the standard deviations of Re [Tr (1 - D~')] after 15 different seeds
are plotted for M = 100 random sources for the additional terms. Again for
M = 50 and M = 200 the plots can be found in the appendix (A.10,A.12).
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Figure 5.9: Standard deviation after 15 seeds for Re [Tr (1 - D~ '")] of an A5 configuration
calculated with HPE and M = 100 sources for the additional terms

On can see that for the A5 lattice the hopping parameter expansion improves the
calculation most from 0 to 2 terms. From 2 to 4 terms the standard deviations
get a bit smaller, but from 4 to 6 terms the standard deviations nearly stay the
same.

In figure 5.10 the variances are plotted against 1/CPUtime as done for E4 and E2.

The point marked with the arrow seems to be the best one. This is N = 7
stochastic sources for the inversion, k = 4 terms in the hopping parameter
expansion and M = 50 sources for the additional terms. If one looks again
at the plots of standard deviation against 1/vN one can see that for N = 7
(1/vN ~ 0.378) the values are below the fit curves due to statistical fluctuations.
All standard deviations with 7 sources for the inversion are too small, because the
same seeds were used for the random number generators for every combination
of the parameters. Therefore all values with N = 7 start with the same estimation
of D~ before HPE is applied. So if the trace of D~ without hopping parameter
expansion is too small, also the term in the HPE containing D! is too small.
All points lying in the circle in figure 5.10 belong to calculations with N = 7
and therefore should have a slightly higher variance. But also then the value
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Figure 5.10: Variance after 15 seeds for Re [Tr (1- D~ ')] of an A5 configuration calcu-

lated with HPE against 1/CPUtime

for N =7, M =50 and k =4 would be one of the best. But to really figure out
which combination of parameters is the best, one would need more statistics,
which means more different seeds, to remove such statistical fluctuations.
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Comparison of E4, E2 and A5

Now one can compare the three different lattices for which Tr (1 - D) was cal-
culated. For the hopping parameter expansion one expects a different behaviour
of convergence for different values of k. In table 5.2 the values of k and the pion
masses m,; are shown for the three different lattices. In the last row one can find,
how many terms k in the hopping parameter expansion it was figured out to
be best for the calculation. The columns E2, E4 and A5 are sorted in ascending
order of k.

E2 A5 E4
K 0.13590 0.13594 0.13610
my[MeV] 696.5 305.9 554.2

HPE 2 terms best | 4 terms best | 4-6 terms best

Table 5.2: Comparison of E4, E2 and A5

In the table one can see that the number of terms, for which the calculation of
the propagator is best, increases with increasing k. This means for small values
of k the hopping parameter expansion converges faster, as expected. Further
dependencies on other lattice parameters could not be observed.

To really confirm the dependency of the convergence of the HPE on the hopping
parameter, one would need higher statistics for the lattices already calculated
and additional lattices with different values of k.

The number of sources N can be chosen relatively small for all lattices if HPE is
used additionally, for example N = 7. Since the inversion with stochastic sources
is the most expensive part in CPU time during the calculation, it is favourably
that N is as small as possible.

For all lattices one has seen that the number of sources M for the additional
terms does not seem to have a big influence on the standard deviations. Therefore
M = 50 should be sufficient for following calculations.



THE PION FORM FACTOR

6.1 HPE AND GAUGE MEAN

For the calculation of observables such as form factors on the lattice, one
additionally has to calculate the gauge mean. Taking the gauge mean one
obtains two contributions to the variance of the loop, on the one hand the
variance due to the gauge fields — the gauge noise — and on the other hand
the variance of the stochastic estimate for the propagator. Now one has to
check if the reduction of the standard deviations with HPE is also visible after
calculating the gauge mean. This is the case if the gauge noise is smaller than
the statistical error introduced by the stochastic sources, which can be decreased
by the hopping parameter expansion. To obtain the gauge mean, the loop has to
be calculated for different gauge configurations of a gauge ensemble. Then the
mean of the values for the different configurations has to be taken.

For the form factors one needs the loops at a fixed timeslice, so the traces that are
taken are traces over colour-, Dirac- and space-indices. Therefore random sources
are used that only have non-vanishing entries for one timeslice as done in time
dilution. First of all the scalar loop for 33 different configurations of E4 was
calculated for every timeslice. While the number of sources for the additional
terms in the HPE was fixed to M = 50, the number of terms k = {0, 2,4, 6} in the
hopping parameter expansion and the number of sources N = {3,5,7} for the
inversion were varied. For each combination of k and N the gauge mean over the
33 configurations was calculated for every timeslice. In figure 6.1 the obtained
standard deviations divided by the means, i.e. the relative errors o/(loop), are
plotted against 1/v/N for the timeslice 0.

Clearly one can see that the hopping parameter expansion improves the calcula-
tion of the propagator also in the gauge mean. The y-axis intercept of the linear
tit without hopping parameter expansion is the pure gauge noise. The y-axis
intercepts gets a bit larger for higher k because of the statistical error from the
calculation of the additional terms. One can also see that for 6 terms in the HPE
3 sources for the inversion are sufficient since one gets near the gauge noise and
reduction of the standard deviation gets small if more sources are used.

6.2 THE SCALAR CHARGE OF THE PION

As already mentioned in the introduction, in order to calculate the scalar form
factor for the charged pion, one has to consider the matrix element [4, 14, 15, 18]

(= (p")ISIm™ (p)) =F, (Q%)  with S =mgdd+myTu. (6.1)

In the following we will concentrate on the scalar charge of the pion, thus the
form factor for Q? = —(p’ —p)? = 0. Therefore all momenta in (6.1) are set to

49



50

THE PION FORM FACTOR

0.0007 [~ o terms
+
2 terms
0.0006 - . .
4 terms

0.0005

6 terms

0.0004

9/ (loop)

0.0003

0.0002

0.0001 [~ —

o | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

1/\/ﬁ

Figure 6.1: Standard deviation divided by gauge mean for the scalar loop at timeslice O
calculated with stochastic sources and HPE using 33 E4 configurations

zero. For the calculation of the scalar charge one has to calculate three-point
functions of the form

C3pt(q2 =0) =
Y (TW)aavs)ap¥(¥)p,a(2)y,0¥(2)y,0¥(Y)sc (v5)5e ¥(Y)ec) - (02)
XY,z

Greek letters denote Dirac- and Latin letters colour-indices, respectively. In (6.2)
time ordering is assumed, so xo > zo > yo. For simplicity we choose yo = 0.

As shown in Wick’s theorem (2.59) one has to take the sum over all possible
contractions. Since only a spinor and an anti-spinor of the same flavour can be
contracted only two contractions are possible.

[ T 1 1
<W(X) xalYs) ocﬁ‘y(x) (B,a‘?(z)y,bw(z)y,b\?(y)é,c (’YS)ée\y(y)e,C>
F 6.3)

+ <W(XP oc,a(YS ) ocﬁ\y(x) B,GW(Z)y,bW(Z)y,bW(U)E,C (YS)Sew(yJ) e,c>

=

- =
Y,z

&l

Now the spinors have to be interchanged such, that they are in the right position
for the contractions. For the contraction shown below (6.3) this in total produces
a minus sign. For the contraction shown above (6.3) one obtains a plus sign.
Performing the contractions one finds

C3pt(0) =—=) (Tr{S(Y,0; X, x0)v5S(X, x0; Z,20)S(Z,20; Y, 0)v5}) .

!

®l

(Tr{S(Y,0; X, x0)v55(X,%0; Y, 0)v5} Tr{S(Z, z0; Z, z0}) , -

—
Y,
- -
Y,z

=, T

with the propagators S(x,y) = D~ '(x,y). In (6.4) the traces are taken in colour-
and Dirac-space.



6.2 THE SCALAR CHARGE OF THE PION

The three-point function C3pt consists of two parts. The first term in (6.4) is
connected, whereas the second term is quark disconnected. The corresponding

diagrams are shown in figure 6.2.

Z0

Figure 6.2: The pion three-point function: on the left-hand side the connected part, on
the right hand side the quark disconnected part

The three-point function can also be rewritten in terms of creation and annihila-
tion operators of the pion.

Capt = (1 (p/) |01 (p)) = (Nr(x0)O(z0)nk(0)) (6.5)
with
O(z0) = ¥(z0)W(zo) .-

In (6.5) the momentum and space arguments are supressed. Using the Euclidean
time evolution operators one obtains

(M(x0)0(z0n(0))
= <nﬂ(0)e*m*°“A*O(O)ezo‘*nT (0)e=(Tmxe))
—Z in(0)e~xo~20 /" (0)e =0 (0)e~ (T M)

= Z e~ (xom20) B em2oke = (T=x0)Bi(in  (0)[5) GO (0)[K) (kink ()i} . (6.6)
ijk
For 0 <« zg < xp < T states with high energies are exponentially suppressed.

In first order only the state with lowest possible energy contributes to the
three-point function. Since 1,(0)[0) = <O|nL(O) = 0 one obtains

Capt = e~ (Xom20)Ere=20Ex (0l (0) ) (m O (0)|7r) (7t (0)[0) +
= e M0 (0)[7r) (O (0)|7t) (rtn1 (0)10) + ... (6.7)
with E; = my for p =0.

A similar calculation can be done for the two-point function (7t(p’)|7t(p)). Using
Wick’s theorem one obtains

CZpt(q2 = O) = Z<l?( )oc a('YS)ocB\y( ) ,aw( )yb(’YS yély 5 b>

~>

'l
==Y (Tr{S(¥,0; X, x0)y5S(X, x0; ¥, 0)ys}) (6.8)

Xy

51



52

THE PION FORM FACTOR
Again creation and annihilation operators can be used. Inserting time evolution
for the two-point function one obtains

Copt = € ™0 (0)|7) (i’ (0)I0) + ... (6.9)

If one takes the ratio of the three-point function (6.7) and the two-point function
(6.9) the exponential behaviour of Czpt and C3pt cancels out.

CZpt .

R(x0,20) = (n(P = 0)|0(0)In(P = 0)) = (n(F = 0)[¥¥|(P =0)) (6.10)

B CSpt
This is the form factor at Q% = 0 we are interested in.

To calculate the disconnected contribution to the ratio (6.10) one has to take into
account the non-vanishing vacuum expectation value

(Tr{S(Y,0; X,%0)v5S(X,%0; ¥,0)vs}), (Tr{S(Z,z0; Z,20}) . , (6.11)

which has to be subtracted from the disconnected part of the three-point function.
Thus the disconnected contribution Rg;s. to the ratio (6.10) is obtained through

() - (<0 (@)
(<>

where the brackets stand for taking the gauge mean.

The required loop was calculated for 81 E4 configurations with 3 stochastic
sources for the inversion and 50 stochastic sources for the additional 6 terms
in the hopping parameter expansion. The two-point functions were already
calculated [44].

To extract the disconnected contribution from the data the summation method
[10, 45] was used. Here the ratios R(xo, zo) are summed for zo up to x¢ to reduce
the influence of the higher order corrections to (6.10). For the summed ratios
one expects that

Z R(xo0,20) = (M| WY |r) - xo . (6.12)

zo=0

The summed ratio is calculated up to xo = 31, i.e. for half of the timeslices of
the lattice. The timeslices xo > 31 would have to be treated differently due to
the periodic boundary conditions of the lattice and time ordering.

The errors for the summed ratios were calculated using the jackknife procedure
[19]. Using jackknife the value of interest, here the summed ratio, is calculated
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once for all measured configurations. Then one configuration is left out. This is
done for all configurations. An estimate for the error of the value is obtained
through

N

N—1

2 _ 2

0% = T_Z(e—el) , (6.13)
i=1

where 0 is calculated using all configurations and for 6; configuration i is left

out. N is the total number of configurations that are used in the calculation.

In figure 6.3 the summed ratios for the scalar case are plotted against the
timeslice x¢. Since one expects a linear behaviour, where the ascending slope
is the disconnected contribution to the scalar form factor at Q% = 0, a linear
function was fitted to the data. For the fit timeslices 8 to 31 were used. The
errors of the fit parameters were calculated using jackknife.
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Figure 6.3: Summed ratios for 81 E4 configurations for the disconnected contribution to
the scalar charge of the pion

In figure 6.3 one can see the expected linear behaviour of the data, although
the errors for the summed ratios are large. When calculating the disconnected
contribution one has to subtract two large numbers, the disconnected part of
the three point function and the vacuum expectation value. This results in large
errors. For the descending slope, which we are interested in, the fit returns

a=-0.894+0.40. (6.14)

Even with the large error the value is more than 20 away from a vanishing
contribution of the disconnected diagram. Of course one should increase the
statistics, i.e. calculate more configurations, to reduce the errors of the summed
ratios.
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Currently it is not possible to compare the disconnected contribution to the
connected one, since the connected part of the three-point function has not been
measured yet for the scalar case.

63 THE VECTOR CHARGE OF THE PION

Additionally the calculation of the ratios described in the previous section
was repeated for the vector form factor. The vector form factor is given by

[4, 14, 15, 16, 17]

(e (p) IVl (p)) = (p+p)uFy (Q?) with V, = %ﬁyuu— % dyud. (6.15)
One can show [7] that in the gauge mean the disconnected loop vanishes in the
vector case. Therefore one expects the disconnected contribution to the vector
form factor to be zero. In figure 6.4 the summed ratios with y,, = y¢ for 61
E4 configurations are plotted against the timeslices. Again the errors for the
summed ratios were calculated using jackknife.

§ ) II;EHHIHTTTH H W
§ “WHHM \
S

timeslice

Figure 6.4: Summed ratios for 61 E4 configurations for the disconnected contribution to
the vector charge of the pion with g

One can see that this plot is in perfect agreement with a vanishing ascending
slope, so a vanishing contribution to the pion vector form factor. If one compares
the plots for the disconnected contributions to the scalar form factor 6.3, which is
expected to be non-vanishing, and the vector form factor 6.4, which is expected
to vanish, one can clearly see a big difference. For the disconnected contribution
to the vector form factor no ascending slope can be observed and for the
disconnected contribution to the scalar form factor the descending slope is
non-zero in a range of 2o0. Thus we have a clear evidence for a non-vanishing
contribution to the scalar form factor.



CONCLUSION AND OUTLOOK

The computation of diagrams with quark disconnected loops on the lattice has
to be done stochastically, since an explicit calculation with point sources is too
expensive in computational costs. Therefore one uses the method of stochastic
sources to obtain an estimate for the propagator. Since solving the Dirac equation
needs much computer time, one is interested in using as few sources as possible.
However, few sources result in larger statistical errors. Thus techniques to
improve the stochastic estimates are required. In total three methods - dilution,
the hopping parameter expansion and the truncated solver method - have been
tested whether they improve the calculation.

Dilution was tested with several dilution schemes. Time dilution turned out
to improve the calculation for most entries of the propagator but not for the
diagonal ones, which are relevant for the trace and thus for disconnected loops.
For even-odd dilution as well as for spin dilution no improvement could be
observed in the calculation.

The truncated solver method on the one hand reduces the computer time needed
for the calculation, but on the other hand it introduces an additional bias. Thus
we decided not to use the TSM for further calculations.

The hopping parameter expansion turned out to improve the stochastic estimates
of the quark loops. If the hopping parameter expansion is applied, the statistical
error of Tr(I'- D~ ') decreases without requiring much additional computer time.
We were also able to adapt the hopping parameter expansion to the case of
the O(a)-improved Wilson-Dirac operator. Even though the additional terms
that do not contain the inverse of the Dirac operator also have to be calculated
stochastically in this case, a reduction of stochastic errors could be observed
when using the HPE. For the lattices we looked at so far (E4, E2 and A5) we
figured out that a number of sources N of O(1) for the inversion is sufficient,
if the hopping parameter expansion is used in addition. Also the number of
sources for the terms that do not contain the inverse of the Dirac operator can
be chosen relatively small, for example M = 50. A slight trend was observed
that more terms in the HPE are needed for larger values of « . It seems that the
hopping parameter expansion converges faster for smaller k, thus fewer terms
are sufficient. But this trend has to be confirmed with more different lattices and
more statistics for a single lattice.

For the E4 lattice the standard deviations in the gauge mean were calculated
for various combinations of the number of sources N for the inversion and the
number of terms k in the hopping parameter expansion with fixed M = 50.
When calculating 6 terms in the HPE it turned out that N = 3 sources for the
inversion are enough, since the reduction of standard deviation gets small when
using more sources. For N = 3 the standard deviation decreases by a factor of
~ 2 from 0 to 6 terms. Thus the hopping parameter expansion is an effective tool
to improve the stochastic estimate of the disconnected loop. For the calculation
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of the form factors we decided to use N = 3 sources for the inversion and 6
terms in the HPE.

For the future we have planned to calculate the form factors also on different
CLS ensembles, thus different lattice sizes, different hopping parameters « etc.
To perform the calculation of the form factors on other lattices one first has to
figure out the best combination of the number of sources N for the inversion, the
number of sources M for the additional terms and the order k of the hopping
parameter expansion. For this one should start calculating the loop at a single
configuration and look at the standard deviations as already done for E4, E2
and A5 in chapter 5. To finally decide which parameters one wants to use for
the calculation of the disconnected contribution to the form factor, one has to
examine the standard deviations when taking the gauge mean of the loop for
different configurations of an ensemble. For E4 this was done in section 6.1.

For in total 81 E4 configurations the disconnected contribution to the scalar
charge of the pion was obtained using the ratios of the three-point and the two-
point functions and applying the summation method. Here we could confirm in
the range of 20 that the disconnected contribution to the scalar charge of the
pion does not vanish. Currently the absolute value

a=—0.89+0.40

we obtained cannot be combined with the connected contribution, which has
not been calculated for the scalar case yet. Nevertheless, the data have shown
how important it is to look at the disconnected contribution to the scalar form
factor, since it does not vanish.

For the disconnected contribution to the vector charge, which was calculated
on 61 E4 configurations, the obtained data are in complete agreement with a
vanishing disconnected contribution as expected. This shows that the applied
methods work quite well. But the relative error of the disconnected contribution
to the scalar charge still is 0-40/0.89 ~ 45%. Thus one needs higher statistics, i.e.
more configurations, to further reduce the statistical error of the gauge noise.
One also could aim at developing new methods that are even better than the
ones used so far.

So far we only have looked at the form factors for momentum transfer Q? =
0. To investigate the Qz—dependence of the form factors, the disconnected
contributions have to be calculated for different momenta.

The developed methods will also be used for other physical quantities containing
disconnected contributions. An example is the strangeness content (N|[ss|N) of
the nucleon [5] where these methods can be adapted directly. For some other
quantities like the anomalous magnetic moment of the muon [46] the developed
methods need further adaptation.



APPENDIX

In the following, some plots for the hopping parameter expansion for the O(a)-
improved Wilson-Dirac operator are shown, thus the plots belong to section 5.2.
There the trace of the propagator was calculated using 5.15:

M k—1 i
Tr (T- - YOEX e)|r< ) A~1e)

j=11=0

N ko
+ Zmr( ) st

1:1

For the tests of the hopping parameter expansion four different lattices were used
(8 x 83, B4, E2 and A5). In all plots the standard deviation is plotted against 1/vN
each with k = {0, 2,4, 6} terms for the hopping parameter expansion. The data
for k = 0 is fitted with f(x) = ax and the data for k > 0 with f(x) = Vax? + b,
where x = 1/v/N. For all lattices three plots are shown for three different values
of M (M = {100, 200,500} for 8 x 8 and M = {50,100, 200} for E4, E2 and Ab5).

8 X 8 58
B 60
B e 62
A 64
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The 8 x 83 Lattice
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Figure A.1: Standard deviation after 12 seeds for Re [Tr (1- D~ ')] of an 8* lattice calcu-
lated with HPE and M = 100 sources for the additional terms
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Figure A.2: Standard deviation after 12 seeds for Re [Tr (1 - D! )] of an 8* lattice calcu-
lated with HPE and M = 200 sources for the additional terms
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Figure A.3: Standard deviation after 12 seeds for Re [Tr (1 - D~')] of an 8* lattice calcu-
lated with HPE and M = 500 sources for the additional terms
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The E4 Lattice
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Figure A.4: Standard deviation after 15 seeds for Re [Tr (1- D~ )] of an E4 configura-
tion calculated with HPE and M = 50 sources for the additional terms
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Figure A.5: Standard deviation after 15 seeds for Re [Tr (1 - D~')] of an E4 configura-
tion calculated with HPE and M = 100 sources for the additional terms
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Figure A.6: Standard deviation after 15 seeds for Re [Tr (1 - D~')] of an E4 configura-
tion calculated with HPE and M = 200 sources for the additional terms
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The E2 Lattice
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Figure A.7: Standard deviation after 15 seeds for Re [Tr (1 - D~ ')] of an E2 configura-
tion calculated with HPE and M = 50 sources for the additional terms
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Figure A.8: Standard deviation after 15 seeds for Re [Tr (1 - D~ )] of an E2 configura-
tion calculated with HPE and M = 100 sources for the additional terms
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tion calculated with HPE and M = 200 sources for the additional terms
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tion calculated with HPE and M = 50 sources for the additional terms
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Figure A.11: Standard deviation after 15 seeds for Re [Tr (1-D~')] of an A5 config-
uration calculated with HPE and M = 100 sources for the additional
terms
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